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Direct links
Å Hybrid quantum annealer-classical computer variational framework for elasto-plastic materials

Å Data-driven approaches

ï Deep Material Networks from the interaction viewpoint  ;

ï Mean-Field-Based Deep Material Networks for woven composites ;

ï Stochastic Interaction-Based Deep Material Network ;

ï Recurrent Neural Network-accelerated multi-scale simulations in elasto-plasticity ;

ï Self-Consistent Recurrent Neural Network for multi-scale simulations with irreversible behaviours ;

ï Recurrent Neural Network with dimensionality reduction and break down ;

ï Multi-Scale optimisation of meta-materials ;

ï Sequential Bayesian Inference of complex model parameters ;

ï Bayesian identification of stochastic MFH model parameters ;

Å Complex constitutive models for failure prediction under complex loading states

ï Shear and necking coalescence model for porous materials ;

ï Ductile failure of High-Entropy Alloys (HEA) ;

ï Damage-enhanced viscoelastic-viscoplastic finite strain model for crosslinked resin ;

ï Finite-strain thermomechanical quasi-nonlinear-viscoelastic viscoplastic model for thermoplastics ;

ï One-Way and Two-Way Shape Memory Polymers ;

Å Homogenization & Multi-Scale methods

ï Second order Computational Homogenization for Honeycombs ;

ï Second order homogenization without RVE size effect for cellular and metamaterials ;

ï Mean-Field-Homogenization for Elasto-Visco-Plastic Composites ;

ï Micro-structural simulation of fiber-reinforced highly crosslinked epoxy ;

ï Non-Local Damage Mean-Field-Homogenization ;

ï Non-Local Damage & Phase-Field-Enhanced Mean-Field-Homogenization ;

ï Stochastic Homogenization of Composite Materials ;

ï Stochastic 3-Scale Models for Polycrystalline Materials ; 

ï Boundary conditions and tangent operator in multi-physics FE2;

Å Fracture Mechanics

ï DG-Based Multi-Scale Fracture, DG-Based Dynamic Fracture ;

ï DG-Based Damage elastic damage to crack transition ;

ï Non-local Gurson damage model to crack transition ;
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Introduction to Quantum Computing

Å Bits vs. Qubits: 

ï Superposition of states: 

ÅA quantum bit can be 0 or 1 at the same time

ï State vector of a qubit

ÅComputational basis                          &

ÅNotations:

ÅQubit represented on the surface of the Bloch Sphere

ÅGlobal phase Å has no observable consequence 

     (NB relative phase has consequence) 

ï At measurement (in the computational basis)

ÅEither ἃȿπ  or ἃȿρ with respective probability ‌  and ‍

0
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Introduction to Quantum Computing

Å Multiple (connected) qubits: 

ï Product state of 2 1-qubit states: 

ï Most general 2-qubit state 

Because of entanglement, a ὑ-qubit state is more general 

(it cannot always be written as the product of ὑ 1-qubit states)

There is not always ὑ equivalent 1-qubit states to a ὑ-qubit state, e.g. 

ï A system of ὑ coupled qubits 

ÅIs a ς -state quantum-mechanical system 

ÅWhose state can be represented by any normalised linear combination of ς basis states:

      with

ἃȿ‰ ‌ ἃȿπ ‍ ἃȿρ

ἃȿ‰ ‌ ἃȿπ ‍ ἃȿρ

ἃȿꜚ ἃȿ‰ ṧ ἃȿ‰ ‌‌ ἃȿππ ‌‍ ἃȿπρ ‌‍ ἃȿρπ ‍‍ ἃȿρρ

ἃȿꜚ ‌ ἃȿππ ‌ ἃȿπρ ‌ ἃȿρπ ‌ ἃȿρρ

ἃȿꜚ ‰ ἃȿπṧ ἃȿπȣṧ ἃȿπ ‰ ἃȿπṧ ἃȿπȣṧ ἃȿρ Ễ ‰ ἃȿρȣṧ ἃȿρ ṧ ἃȿρ

‰ ρ

ἃȿꜚ ἃȿππ π ἃȿπρ π ἃȿρπ ἃȿρρ

Because of superposition, potentially, a quantum computer with ὑ 

qubits can take ς bitstrings of size ὑ in parallel at the same time.

A classical computer can only take 1 bitstring of size ὑ

ἃȿπ

ἃȿρ

ἃȿπ Ὥἃȿρ

ς

ἃȿπ ἃȿρ

ς

ἃȿ‰—

•
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Introduction to Quantum Computing

Å Quantum annealer

ï Goal: finding the ground state of a Hamiltonian ἒ   

ï Based on quantum adiabatic theorem: 

ÅConsidering a time-varying Hamiltonian ἒἝἋὸ initially at ground state, if its time evolution is 

slow enough, it is likely to remain at the ground state  

ï Adiabatic quantum computing: 

ÅStarts from the ground state of an easy to prepare Hamiltonian ἒ 

ÅEvolves to the ground state of the Hamiltonian ἒ which encodes the sought solution 

ï Quantum annealing

ÅExploits quantum effect such as quantum tunneling

ÅLess sensitive to noise than Gate-based QC

ÅLess versatile than Gate-based QC

ἒἝἋὸ
ὸ ὸ

ὸ
 ἒ

ὸ

ὸ
 ἒ

Thermal 

annealing

Quantum 

annealing

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ
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Ising Hamiltonian-based quantum annealing

Å Ising Hamiltonian

ï Goal: finding the ground state of a Hamiltonian ἒ   

ï Some definitions

ÅSet of ὑ qubits 

ÅSet of interactions between 2 qubits

ÅPauli- Z operator                             and identity

ÅPauli- Z operator applied on qubit Ὥ: 

ÅPauli- Z operator applied on qubits Ὥ and Ὦ: 

ï Ising Hamiltonian represented by an undirected graph ὠȟὉ:

Å 

ÅIs a ς ς diagonal operator in the computational basis

ὠ πȟȣὑ ρ

ὉṒ ὭȟὮ ȿ Ὥɴ ὠȟὮɴ ὠȟὭ Ὦ 

Ἠ
ρ π
π ρ

ἓ
ρ π
π ρ

Ἠ ἓṧỄṧἓṧἨṧἓṧỄṧ ἓ

Ἠ ἓṧỄṧἓṧἨṧἓṧỄṧἓṧἨṧἓṧỄṧ ἓ

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ
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Ising Hamiltonian-based quantum annealing

Å Quadratic Unconstrained Binary Optimization (QUBO)

ï Goal: finding the ground state of a Hamiltonian ἒ   

                                                         with

ï In terms of spin variables

Å Computational basis of ἒ                                         with

Å We have successively

Å Defining the vector of spin variables: 

 The eigenvalue of ἒ reads

                   with                               &

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ

Ἠ
ρ π
π ρ

Ἳ ρ  ᶅὭɴ ὠ

Ἠ ἓṧỄṧἓṧἨṧἓṧỄṧ ἓ

Ἠ ἓṧỄṧἓṧἨṧἓṧỄṧἓṧἨṧἓṧỄṧ ἓ

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ

ἃȿꜚ ἃȿὦ ὦ ȣὦ ὦᶰπȟρ 

Ἠ ἃȿὦ ρ ἃȿὦ ἃȿπ
ρ

π
ἃȿρ

π

ρ

Ἠ ἃȿꜚ ρ ἃȿꜚ

Ἠ▒ ἃȿꜚ ρ ρ ἃȿꜚ

ꞈ

ᶰ

Ὤί

ȟᶰ

ὐίί Ἳἰ ἻἔἻ

ἰ Ὤ ᶅὭɴ ὠ ἔ ὐ ᶅ ὭȟὮᶰὉ

ἃȿꜚ ÁÒÇÍÉÎ
ꜚ
 ἂꜚȿἒ ἃȿꜚ Ἳ ÁÒÇÍÉÎ

Ἳ
ꞈ ἻȠἰȟἔ

User programmable 

parameters
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Ising Hamiltonian-based quantum annealing

Å Quadratic Unconstrained Binary Optimization (QUBO)

ï Goal: finding the ground state of a Hamiltonian ἒ   

                                                         with

ï In terms of spin variables

Å Computational basis of ἒ                                         with

Å Vector of spin variables: 

 The eigenvalue of ἒ reads

                   with                                  &

ï In terms of binary variables

Å Vector of binary variables 

Å Spin-binary variable transformation                                                     & property

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ

Ἳ ρ  ᶅὭɴ ὠ

ἃȿꜚ ἃȿὦ ὦ ȣὦ ὦᶰπȟρ 

ꞈ

ᶰ

Ὤί

ȟᶰ

ὐίί Ἳἰ ἻἔἻ

ἰ Ὤ ᶅὭɴ ὠ ἔ ὐ ᶅ ὭȟὮᶰὉ

ἃȿꜚ ÁÒÇÍÉÎ
ꜚ
 ἂꜚȿἒ ἃȿꜚ Ἳ ÁÒÇÍÉÎ

Ἳ
ꞈ ἻȠἰȟἔ

User programmable 

parameters

ί ςὦ ρḊπȟρᴼ ρȟρ ὦ ὦ

ꞈ

ᶰ

Ὤί

ȟᶰ

ὐίί ꞈ

ȟᶰ ᷾ ȟᶪᶰ

ὃὦὦ ἪἋἪ

ἃȿꜚ ÁÒÇÍÉÎ
ꜚ
 ἂꜚȿἒ ἃȿꜚ Ἢ ÁÒÇÍÉÎ

Ἢ
ꞈ ἪȠἋ

User 

programmable 

parameters

Ἢ ὦ ᶅὭɴ ὠ

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ
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Ising Hamiltonian-based quantum annealing

Å Summary

ï Goal: finding the ground state of a Hamiltonian ἒ   

                                                         with

ï Adiabatic annealing

Å Starts from the ground state of an easy to prepare ἒ 

Å Evolves to the ground state of the Hamiltonian ἒ

ï Problem reformulated in terms of binary variables

Å                               with

Å Eigenvalue 

Å QUBO optimization

ï In practice

Å Provide the QUBO matrix A 

Å Set the annealing time ὸ (typically 20 µs)

Å One annealing returns a sample of Ἢ

Å A single run may not provide the global minimum due to environmental noises, hardware 

imperfections, pre- and post-processing errors              requires several reads

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ

ὦᶰ πȟρ 

ꞈ ἪἋἪ

Ἢ ÁÒÇÍÉÎ
Ἢ
ꞈ ἪȠἋ

User programmable 

parameters

Ἢ ὦ ᶅὭɴ ὠ

ἒἝἋὸ
ὸ ὸ

ὸ
 ἒ

ὸ

ὸ
 ἒ

Quantum 

annealing

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ
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Quantum computing & finite elements

Å Set of PDEs to be solved

ï Strong form           Weak form: 

ï Constitutive model:

                                   with evolution law

Å Finite element formulation

ï Displacement field at quadrature point ɧ from nodal displacements vector ἣ 

ï Resulting non-linear system of equations on time intervalὸ ὸ

          with

ẗⱭ● ╫ ● Ɑ●ȡɳṧ ♯◊●Ὠὠ ╫ẗ♯◊Ὠὠ ▪ẗⱭẗ♯◊Ὠ‬ὠ

Ɑ●ȟὸ Ɑ ṧ ◊●ȟὸȠἹ●ȟὸ Ɑ●ȟὸȟἹ ṧ ◊●ȟ†ȡ† ὸ

◊ɧ ὔ ɧ╤ Ⱡɧ ṧ ◊ɧ Ἄ ɧ╤

█ Ἄ ɧ Ɑɧ‫ ὔ ɧ ╫ ɧ‫ █

♯╤╫ẗ Ἄ ɧ Ɑ ɧ ‫ ♯╤╫ẗ ὔ ɧ ╫ ɧ‫

Ɑ●ȡɳṧ ♯◊●ȟὸὨὠ ╫ẗ♯◊Ὠὠ ▪ẗⱭẗ♯◊Ὠ‬ὠ

Ɑɧȟὸ ⱭἌ ɧ╤ ȠἹɧȟὸ▪

Ɑɧȟὸ ȟἹɧȟὸ ȟἹɧȟὸ

Omitting surface tractions
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Quantum computing & finite elements

Å Consider classical finite element resolution on Quantum Computers?

ï What can be solved on a Quantum Computer?

ÅOptimization problems can be solved (Actually Quantum Annealers look for a ground state)

ÅSome operations can be achieved efficiently on classical computers like assembly

ï Do we need the same resolution structure?

ÅDo we need intricated NR loops?

ÅDo we even need to use the discretized form of the weak form?

FE Newton-Raphson iteration Ὥᴺ Ὥ ρ

Constitutive NR iteration  Ὧᴺ Ὧ ρ

Ἱ▓ ɧ
‬

⸗Ἱ
Ἱ▓ ɧ

Ɑ▓ ɧ Ɑ Ἄ╤ 
░
ȠἹ▓ ɧ

5
‬█

‬ἣ
█ Ɑ╤ 

░
 Ὢ

█ Ἄ ɧ Ɑɧ‫ █Ɑ●ȡɳṧ ♯◊●Ὠὠ ╫ẗ♯◊Ὠὠ
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Quantum computing & finite elements

Å Linear finite element resolution on Quantum Computers?

ï Assuming linear elasticity

ÅExistence of a free energy                                            with 

ÅStress results from

ï Finite element form:

ÅAt quadrature point using nodal shape function derivatives:

ÅFE equations

ÅDefining the internal energy and work of external forces

                                                                          with

                          The solution of the FE equations minimizes the energy

ï We are looking for the ground state of a Hamiltonian

Ɑ●
‬ 

‬Ⱡ
ᴇὼȡⱠὼ ᴇὼȡ ṧɳ ◊●

Ⱡὼ ṧɳ ◊● 
ρ

ς
ⱠὼȡᴇὼȡⱠὼ

 
ρ

ς
╤ἕ ╤ ὡ ὡ █ ╤

█ Ἄ ɧ Ɑɧ‫ █

Ἄ ɧ╒ὼἌἕ ╤‫ ╤ █

Ɑɧ ╒ɧἌ ɧ╤

ἣ ÁÒÇÍÉÎ
ἣ

ρ

ς
ἣ ἕἣ Ἦ ἣᴂ 

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ
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Quantum computing & finite elements

Å Non-linear finite element resolution on Quantum Computers?

ï Weak form:

ï Assuming non-linear elasticity

ÅExistence of a free energy                      with 

ÅStress results from

                The weak form becomes

ï Introduction of a functional

Å                                                                                         &   

ÅThe weak form results from nulling the G©teaux derivative 

                  

 The solution of the weak form minimizes the energy: 

ï We are looking for the solution of a minimization problem

ÅThe potential is convex 

ÅBut it is not quadratic

ÅQuid inelastic materials?

    

Ɑ●ȡɳṧ ♯◊●Ὠὠ ╫ẗ♯◊Ὠὠ

Ɑ●
‬ 

‬Ⱡ

Ⱡὼ ṧɳ ◊● Ⱡὼ

‬ ●

‬Ⱡ
ȡ♯Ⱡ●Ὠὠ ╫ẗ♯◊Ὠὠ

 ◊ὠ   ṧɳ ◊● Ὠὠ ὡ ◊ὠ ὡ ╫ẗ◊●Ὠὠ

  ◊ὠȠ‏◊ ὠ Ɑ●ȡɳṧ ♯◊●Ὠὠ ╫ẗ♯◊Ὠὠ

◊ὠ ÁÒÇÍÉÎ
◊
 ◊ᴂὠ
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Quantum computing & finite elements

Å Non-linear finite element resolution on Quantum Computers?

ï Inelastic materials

ÅExistence of a Helmholtz free energy                            with

ï Dissipation ꜠ and Clausius-Duhem inequality

Å                                      with  

ÅEquality holds in case of a reversible transformation

                                                  for an irreversible process:                             with

ï Postulate the existence of a pseudo-potential ῸἹ and its convex dual Ὸᶻἧ

Å                                                                                       &

ï Power functional ꜡

ÅNew independent variablesⱠȟἹ

Å 

                                                                          ꜡has to be minimized with respect to internal state

ÅEffective power functional*                                               with

ï The constitutive model is also a minimization problem

꜠ ⱭȡⱠ   π

Ⱡὼ ṧɳ ◊●

 ⱠὼȟἹὼ

꜡ⱠȟἹ   ῸἹ
‬ 

‬Ⱡ
ȡⱠ ἧẗἹ ῸἹ

internal variables Ἱὼ 

Ɑ
‬ 

‬Ⱡ

 
‬ 

‬Ⱡ
ȡⱠ

‬ 

‬Ἱ
ẗἹ

꜠ ἧẗἹ π

ῸἹ ÍÁØ
ἧ
ἧẗἹ Ὸᶻἧ  ἧ

‬ῸἹ

‬Ἱ
Ἱ
‬Ὸᶻἧ

‬ἧ

‬꜡

‬Ἱ
ἧ
‬ῸἹ

‬Ἱ

꜡ Ⱡ ÍÉÎ
Ἱ
꜡ⱠȟἹ Ɑ

‬ 

‬Ⱡ

‬꜡

‬Ⱡ

*Radovitzky, R. Ortiz M, CMAME 1999

  Ortiz, M., Stainier, L., CMAME 1999

ἧ
‬ 

‬Ἱ

May 2025 - CM3 research projects



Beginning

Beginning16

Quantum computing & finite elements

Å Non-linear finite element resolution on Quantum Computers?

ï In elasticity we had 

Å                                               with

ï Double minimization problem in inelasticity

Å Power functional ꜡

                                                                     &                                              

Å Volume power functional

Å Incremental volume energy functional on time interval ὸ ὸ *

                                                                                                          

          with                                                                           &                                          ,

Å The problem solution reads

꜡ⱠȟἹ
‬ 

‬Ⱡ
ȡⱠ ἧẗἹ ῸἹ ꜡ Ⱡ ÍÉÎ

Ἱ
꜡ⱠȟἹ Ɑ

‬꜡

‬Ⱡ

*Ortiz, M., Stainier, L., CMAME 1999

 ◊ὠ   ṧɳ ◊● Ὠὠ ὡ ◊●◊ὠ ÁÒÇÍÉÎ
◊
 ◊ᴂὠ

 ◊ὠȟἹὠ ꜡ ṧɳ ◊ȟἹ ὡ ◊ὠ

ɝ ◊ ȟἹ ɝ꜡ ṧɳ ◊ ȟή ɝὡ ◊

ɝ꜡ ṧɳ ◊ ȟἹ ꜡ ṧɳ ◊ȟἹ ɝ꜡ Ⱡ ÍÉÎ
Ἱ
ɝ꜡ ⱠȟἹ Ɑ

‬ɝ꜡

‬Ⱡ

Ἱ ÁÒÇÍÉÎ
Ἱ
ɝ ◊ ȟἹ

ɝ  ◊ ÍÉÎ
Ἱ
ɝ ◊ ȟἹ ɝ꜡ ṧɳ ◊  ɝὡ

◊ ÁÒÇÍÉÎ
Ἵ

ɝ  ◊ᴂ
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Å Example: J2-elasto-plasticity

ï Helmholtz free energy

Å                                                                  with

            Internal variables                         under constraints                 ,                  & 

ï Dissipation pseudo-potential 

Å   

ï Increment of the energy functional

Å 

                                                      with constraints                  ,                      &

ï The problem is stated as a double constrained minimization problem

Quantum computing & finite elements

 ⱠȟἹ
ρ

ς
Ⱡ Ⱡ ȡᴇȡⱠ Ⱡ Ⱡ ɝ‎Ἒ

ɝ‎ πἚȡἚ  Ἱ Ἒȟɝ‎

ῸἹ
„ Ὑ‎ ‎ ÉÆ ‎ π

Њ ÏÔÈÅÒ×ÉÓÅ
Ὸᶻἧ

π ÉÆ „ „ Ὑ π

Њ ÏÔÈÅÒ×ÉÓÅ

꜡ⱠȟἹ   ῸἹ

ɝ꜡ Ⱡ ȟἹ
ρ

ς
Ⱡ ɝ‎Ἒ Ⱡ ȡᴇȡⱠ ɝ‎Ἒ Ⱡ „ Ὑ‎ᴂ Ὠ‎ᴂ

 
ρ

ς
Ⱡ Ⱡ ȡᴇȡⱠ Ⱡ

ɝ꜡ Ⱡ ÍÉÎ
Ἱ
ɝ꜡ ⱠȟἹ ɝ‎ πἚȡἚ  

Ἱ ÁÒÇÍÉÎ
Ἱ

ɝ ◊ ȟἹ

ɝ  ◊ ÍÉÎ
Ἱ

ɝ ◊ ȟἹ ɝ꜡ ṧɳ ◊  ɝὡ

◊ ÁÒÇÍÉÎ
Ἵ

ɝ  ◊ᴂ

ÔÒἚ π 

ÔÒἚ π 
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Quantum computing & finite elements

Å Classical finite element resolution 

Å Finite element as a double-minimization problem

ï Quantum annealers:  ground state of an Ising-Hamiltonian

ÅNo need for Jacobians

ÅNo problem of convergence

ï But how to make the optimisation problem solvable by quantum annealing?

FE Newton-Raphson iteration Ὥᴺ Ὥ ρ

Constitutive NR iteration  Ὧᴺ Ὧ ρ

Ἱ▓ ɧ
‬

⸗Ἱ
Ἱ▓ ɧ

Ɑ▓ ɧ Ɑ Ἄ╤ 
░
ȠἹ▓ ɧ

5
‬█

‬ἣ
█ Ɑ╤ 

░
 Ὢ

Loop until convergence

 Ἱ ÁÒÇÍÉÎ
Ἱ

ɝ ◊ ȟἹ Ƞ

 ɝ  ÍÉÎ
Ἱ  

ɝ ◊ ȟἹ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ
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Å Finite element as a double-minimization problem

ï Finite element problem

ï Ising Hamiltonian for Quantum annealing

ÅGoal: finding the ground state of a Hamiltonian ἒ:   

ÅProblem reformulated in terms of binary variables                                  with 

ÅQUBO optimisation problem  

ï Steps to follow

ÅTransform the constrained minimization problem into an unconstrained one

ÅTransform the general unconstrained optimization problem into a series of quadratic ones

ÅTransform each continuous quadratic optimization problem into a binarized one

ÅApply to the double-minimization framework

ἃȿꜚ ÁÒÇÍÉÎ
ἃȿꜚ
 ἂꜚȿἒ ἃȿꜚ

Double-minimization process solved by Quantum annealing

ἒ

ᶰ

ὬἨ

ȟᶰ

ὐἨ

ὦᶰπȟρ 

Ἢ ÁÒÇÍÉÎ
Ἢ
ꞈ ἪȠἋ

Ἢ ὦ ᶅὭɴ ὠ

ꞈ

ȟᶰ ᷾ ȟᶪᶰ

ὃὦὦ ἪἋἪ

User programmable parameters

Loop until convergence

 Ἱ ÁÒÇÍÉÎ
Ἱ

ɝ ◊ ȟἹ Ƞ

 ɝ  ÍÉÎ
Ἱ  

ɝ ◊ ȟἹ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ
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Å Transform the constrained minimization problem into an unconstrained one

ï Constrained multivariate minimization problem

Å                    with                                           

ÅUnder constraints                       &     

ï Augmented minimization problem 

Å                                                                                                with     

ï Unconstrained minimization problem

Å                       with 

ÅBounds will be enforced during the binarization process 

ï Definition of the double-unconstrained minimization problem

Double-minimization process solved by Quantum annealing

ÍÉÎ
Ἷ
ὪἿ Ἷ Ἷ Ἷ

ὬἿ π  ὰἿ π  

Ὢ Ἶ Ὢ Ἷȟ‗ ὪἿ ὧ ὬἿ ὧὰἿ ‗ Ἶ ◌ȟʇ π

ÍÉÎ
Ἶ
Ὢ Ἶ Ἶ Ἶ Ἶ

Loop until convergence

 Ἱ ȟ‗ ÁÒÇÍÉÎ
Ἱȟ

ɝ  ◊ ȟἹȟ‗ᴂȠ

 ɝ  ÍÉÎ
Ἱȟ

ɝ  ◊ ȟἹȟ‗ᴂ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ

Loop until convergence

 Ἱ ÁÒÇÍÉÎ
Ἱ

ɝ ◊ ȟἹ Ƞ

 ɝ  ÍÉÎ
Ἱ  

ɝ ◊ ȟἹ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ
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Å Transform the constrained minimization problem into an unconstrained one

ï E.g. J2-plasticity 

Å 

                                                                   

ÅUnder constraints                  ,                    & 

ÅChange of variables

                                                                  ,                                                       &

ÅDefinition of the double unconstrained minimization problem

Double-minimization process solved by Quantum annealing

ἚȡἚ ♪╣Ἑ♪  

Loop until convergence

 ɝ‎ȟ♪ ÁÒÇÍÉÎ
ȟ♪

ɝ꜡ ◊ ȟɝ‎ᴂȟ♪ᴂ ὧ ‌-‌
σ

ς
Ὠὠ

 ɝ  ÍÉÎ
ȟ♪
ɝ  ◊ ȟɝ‎ᴂȟ♪ᴂ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ

ɝ꜡
ρ

ς
Ⱡ ɝ‎Ἒ Ⱡ ȡᴇἭἴȡⱠ ɝ‎Ἒ Ⱡ „ Ὑ‎ᴂ Ὠ‎ᴂ

 
ρ

ς
Ⱡ Ⱡ ȡᴇἭἴȡⱠ Ⱡ

ἚȡἚ  ɝ‎ π

♪ ‌ȣ‌ ȟ ‌ , 
Ἒ

‌ ‌Ⱦς ‌Ⱦς

‌ ‌Ⱦς

39- ‌ ‌

Ἑ ἫἻἼ

ÔÒἚ π 

Loop until convergence

 Ἱ ÁÒÇÍÉÎ
Ἱ

ɝ ◊ ȟἹ Ƞ

 ɝ  ÍÉÎ
Ἱ  

ɝ ◊ ȟἹ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ
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Å Transform the optimization problem into a series of quadratic ones

ï Unconstrained optimization problem

Å                       with 

ï Taylorôs expansion

Å 

ï New series of optimization problems

ÅIterate on ὂ with:

ï Application to the double minimisation problem

Double-minimization process solved by Quantum annealing

ÍÉÎ
Ἶ
Ὢ Ἶ Ἶ Ἶ Ἶ

Ὢ Ἶ ὂḗὪ Ἶ ὂὪ ȟἾ ὂὪ ȟἾἾ ὂ

1&ὂȠὪ ȟἾ ȟὪ ȟἾἾ 
Ὢ ȟἾ ░

‬Ὢ

‬ὺ
Ἶ

Ὢ ȟἾἾ ░▒

‬Ὢ

‬ὺ‬ὺ
Ἶ

ὂ ÁÒÇÍÉÎ
ὂ
1&ὂȠὪ ȟἾ ȟὪ ȟἾἾ 

Loop until convergence

       Loop on    ◊ ᴺ◊ Ἵ

 ◊ ÁÒÇÍÉÎ
Ἵ

Ἵɝ ȟἽ
ρ

ς
Ἵɝ 

ȟἽἽ
Ἵ

       Loop on    ▲ ᴺ▲ Ἱ, ⱦN ⱦ ɝ‗

 Ἱȟɝ‗ ÁÒÇÍÉÎ
Ἱȟ

Ἱ ɝ‗ᴂɝ  ȟ  Ἱ ɝ‗ᴂɝ  ȟ  Ἱ ɝ‗ᴂ 

 ɝ  ɝ  ◊ ȟἹ ȟ‗

Loop until convergence

 Ἱ ȟ‗ ÁÒÇÍÉÎ
Ἱȟ

ɝ  ◊ ȟἹȟ‗ᴂȠ

 ɝ  ÍÉÎ
Ἱȟ

ɝ  ◊ ȟἹȟ‗ᴂ

 ◊ ÁÒÇÍÉÎ
Ἵ

ɝ  Ἵ
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Å Transform the optimization problem into a series of quadratic ones

ï E.g. J2-plasticity

Å Minimization with respect to the internal variables (at constant displacement field)

ï 

               with

                                                                                                           &

ÅMinimization with respect to ◊  (at constant internal variables)

ï                                                                                     with 

ï Only assembly operations required               Performed on classical computers

Double-minimization process solved by Quantum annealing

ɝ  ◊ ȟɝ‎ȟ♪ ɝ꜡ ◊ ȟɝ‎ȟ♪ ὧ ♪-♪
σ

ς
Ὠὠ ɝὡ ◊

ɝ  ◊ ɝ꜡ ◊ Ὠὠ ɝὡ ◊

ɝ ȟἽ ◊ Ἄ ɧ Ɑɧ‫ Ἦ

Ɑ
‬ɝ꜡

‬Ⱡ

ɝ ȟἽἽ◊ Ἄ ɧ ᴇ ɧἌɧ‫ Ἦ

ɝ  ȟ ɝ꜡ȟἚȡ
‬Ἒ

‬♪
ςὧἙ♪♪-♪

σ

ς
‫

ɝ꜡
ρ

ς
Ⱡ ɝ‎Ἒ Ⱡ ȡᴇȡⱠ ɝ‎Ἒ Ⱡ „ Ὑ‎ᴂ Ὠ‎ᴂ

 
ρ

ς
Ⱡ Ⱡ ȡᴇȡⱠ Ⱡ

ɝ  ȟ  ɝ꜡ȟ♬‫

ɝ  ȟ , ɝ  ȟ ,ɝ  ȟ , ɝ  ȟ

Constant material tensor
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Å Transform each continuous quadratic optimization problem into a binarized one

ï Optimization problems to be solved

Å                                                             &

ÅWith bounds: 

ÅThese are Ising Hamiltonians to be minimized, but not of the QUBO type

ï QUBO

Å                              with

ÅEigen value 

ÅQUBO optimization

ï Binary-decimal conversion of a scalar field

ÅDefinition of a ὒ-bit string under the form                                 with

ÅConversion                                                       with

ÅIntroduce the bounds 

                                                        with the scaling 

ÅOne scalar is represented (in a discrete way) by ὒ qubits  

ï Binary-decimal conversion of a vector field

ÅVector of  size ὔ represented by ὔ ὒ qubits

Å 

Double-minimization process solved by Quantum annealing

1&ὂȠὪ ȟἾ ȟὪ ȟἾἾ  ὂὪ ȟἾ ὂὪ ȟἾἾ ὂὂ ÁÒÇÍÉÎ
ὂ
1&ὂᴂȟὪ ȟἾ ȟὪ ȟἾἾ 

ὦᶰπȟρ 

ꞈ ἪἋἪ

Ἢ ÁÒÇÍÉÎ
Ἢ
ꞈ ἪȠἋ

User programmable 

parameters

Ἢ ὦ ᶅὭɴ ὠ

Ἶἵἱἶ Ἶ ὂ ἾἵἩὀ

Ἢ ὦ ȣὦ ὦᶰπȟρ 

ὦ  ȣὦḳ ὦ ς ♫Ἢ ♫ ς ς ȣ ς

ᾀɴ ᾀ ȟᾀ

ᾀ ᾀ ‭ Ἢ ‭
ᾀ ᾀ

ς ρ
 

ὂ ὂ ‭ Ἢ ÆÏÒ Ὥ πȢȢὔ ρ ὂ Ἡ ἎꜗἪ
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Å Transform each continuous quadratic optimization problem into a binarized one

ï Optimization problems to be solved

Å                                                             &

ÅWith bounds: 

ï Binarization of ᾀɴ ᴙ  into ὔ ὒ qubits

Å                          with the bounds defining                     & the scales

ï Minimization

ÅBound                      and 

ÅScale                            

ÅUpdated when building the QUBO

Double-minimization process solved by Quantum annealing

ὂ ÁÒÇÍÉÎ
ὂ
1&ὂᴂȟὪ ȟἾ ȟὪ ȟἾἾ 

Ἶἵἱἶ Ἶ ὂ ἾἵἩὀ

ꜗ
◑ ◑

ς ρ
 ὂ Ἡ ἎꜗἪ Ἡ ὂ

1&ὂȠὪ ȟἾ ȟὪ ȟἾἾ 

ρ

ς
ἪἎὪ ȟἾἾ ἎἪ ἪἎ Ὢ ȟἾ Ὢ ȟἾἾ Ἡ Ἡ Ὢ ȟἾἾ Ἡ Ὢ ȟἾ 

ꞈ ἪȠἋ

Ἡ ὂ

ꜗ
◑ ◑

ς ρ
 

1&ὂȠὪ ȟἾ ȟὪ ȟἾἾ  ὂὪ ȟἾ ὂὪ ȟἾἾ ὂ
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Å Application to the double-minimization problem

Double-minimization process solved by Quantum annealing

Loop until convergence

       Loop on    ◊ ᴺ◊ Ἵ

 ◊ ÁÒÇÍÉÎ
Ἵ

Ἵɝ ȟἽ
ρ

ς
Ἵɝ 

ȟἽἽ
Ἵ

       Loop on    ▲ ᴺ▲ Ἱ, ⱦN ⱦ ɝ‗

 Ἱȟɝ‗ ÁÒÇÍÉÎ
Ἱȟ

Ἱ ɝ‗ᴂɝ  ȟ  Ἱ ɝ‗ᴂɝ  ȟ  Ἱ ɝ‗ᴂ 

 ɝ  ɝ  ◊ ȟἹ ȟ‗

Loop until convergence

       Loop on    ◊ ᴺ◊ Ἵ

 █ Ἵ Ἵɝ ȟἽ
ρ

ς
Ἵɝ ȟἽἽ Ἵ

              Update ἩȟἎ Ἵꜗ

              ἪἽ ÁÒÇÍÉÎ
ἪἽ

ἪἽἎɝ ȟἽἽἎἪἽ ἪἽἎ ɝ ȟἽ ɝ ȟἽἽἩἽ        

       Loop on    ▲ ᴺ▲ Ἱ, ⱦN ⱦ ɝ‗

 Ὢ Ἱȟɝ‗ Ἱɝ‗ɝ  ȟ  Ἱɝ‗ɝ  ȟ  Ἱɝ‗ 

              Update ἩἹȟἎ Ἱꜗ

 ἪἹ ÁÒÇÍÉÎ
ἪἹ

ρ

ς
ἪἹἎɝ  ȟ  ἎἪἹ ἪἹἎ   ȟ  ɝ  ȟ  ἩἹ

 ɝ  ɝ  ◊ ȟἹ ȟ‗

Quantum 

annealing

Quantum 

annealing
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Å Uniaxial-strain test

Å Elastic case

ï Simple minimization conducted on the displacement field

ÅConsider different numbers ὔ of elements 

ÅConsider different binarizations ὒ of each nodal displacement:

ï Resolution by quantum annealing on DWave Advantage QPU

Application on 1D problems

ὦ

ό ὼ

ŦǊƻƳ ŘǿŀǾŜΦǎȅǎǘŜƳ ƛƳǇƻǊǘ 5²ŀǾŜ{ŀƳǇƭŜǊΣ 9ƳōŜŘŘƛƴƎ/ƻƳǇƻǎƛǘŜ
ǎŀƳǇƭŜǊ Ґ 9ƳōŜŘŘƛƴƎ/ƻƳǇƻǎƛǘŜό5²ŀǾŜ{ŀƳǇƭŜǊόύύ
ǎŀƳǇƭŜǎŜǘ Ґ ǎŀƳǇƭŜǊΦǎŀƳǇƭŜψǉǳōƻό!Σ ƴǳƳψǊŜŀŘǎҐмллΣ ŀƴƴŜŀƭƛƴƎψǘƛƳŜҐнлύ
ō Ґ ǎŀƳǇƭŜǎŜǘΦŦƛǊǎǘΦǎŀƳǇƭŜ

ὦ  ȣὦḳ ὦ ς ♫Ἢ░ 

Loop on    ◊ ᴺ◊ Ἵ

 █ Ἵ Ἵɝ ȟἽ
ρ

ς
Ἵɝ ȟἽἽ Ἵ

       Update ἩȟἎ Ἵꜗ

       ἪἽ ÁÒÇÍÉÎ
ἪἽ

ἪἽἎɝ ȟἽἽἎἪἽ ἪἽἎ ɝ ȟἽ ɝ ȟἽἽἩἽ        

Quantum 

annealing

Ἢᴂ◊ἋἪᴂ◊
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Loop until convergence

       Loop on    ◊ ᴺ◊ Ἵ

 █ Ἵ Ἵɝ ȟἽ
ρ

ς
Ἵɝ ȟἽἽ Ἵ

              Update ἩȟἎ Ἵꜗ

              ἪἽ ÁÒÇÍÉÎ
ἪἽ

ἪἽἎɝ ȟἽἽἎἪἽ ἪἽἎ ɝ ȟἽ ɝ ȟἽἽἩἽ        

       Loop on    ▲ ᴺ▲ Ἱ, ⱦN ⱦ ɝ‗

 Ὢ Ἱȟɝ‗ Ἱɝ‗ɝ  ȟ  Ἱɝ‗ɝ  ȟ  Ἱɝ‗ 

              Update ἩἹȟἎ Ἱꜗ

 ἪἹ ÁÒÇÍÉÎ
ἪἹ

ρ

ς
ἪἹἎɝ  ȟ  ἎἪἹ ἪἹἎ   ȟ  ɝ  ȟ  ἩἹ

 ɝ  ɝ  ◊ ȟἹ ȟ‗

Quantum 

annealing

Quantum 

annealing

Å Uniaxial-strain test

Å Elasto-plastic case

ï Double minimization

Å Binarizations ὒ of each nodal displacement and internal variable:

ï Resolution by quantum annealing on DWave Advantage QPU

Application on 1D problems

ὦ

ό ὼ

Double minimization iterations

Local iterations

ὦ  ȣὦḳ ὦ ς ♫Ἢ░ 
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Å Uniaxial-strain test

Å Elasto-plastic case

ï Effect of double-minimization & local iterations

Application on 1D problems
ὦ

ό ὼ

The number of local 

iterations decreases as 

the double minimisation 

iterations proceed
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Å 2D-elasto-plastic case

ï Double minimization

ÅBinarizations ὒ of each nodal displacement and internal variable:

ï Resolution by quantum annealing on DWave Advantage QPU

Application on 2D problems

ό ὸ ό ὸ

ὸ

ὦ  ȣὦḳ ὦ ς ♫Ἢ░ 
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Å 2D-elasto-plastic case

ï Effect of double-minimization & local iterations

Application on 2D problems

ό ὸ ό ὸ

ὸ
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Å Application of QC to FEM

ï FE resolution needs to be rethought

ï It will probably stay advantageous to solve part of the problem on classical computers

Å Quantum annealing

ï Real annealers can now be used

ï Efficient  to solve optimization problemé. FEM is actually a minimization problem

ï Main current limitation is the number of connected qubits

Å Publication

ï V. D. Nguyen, F. Remacle, L. Noels. A quantum annealing-sequential quadratic 

programming assisted finite element simulation for non-linear and history-dependent 

mechanical problems. European Journal of Mechanics ï A/solids 105, 105254 

10.1016/j.euromechsol.2024.105254  

Å Data and code on

ï Doi:10.5281/zenodo.10451584

Conclusions
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Å Architecture of mechanistic building blocks

ï Example for a 2-phase material

Deep Material Networks from the interaction viewpoint

0 1

5 6

ם ם

2 7
ם

ם

ם
3

8

ם
4

9

ם

ם

0 5 1 6 2 7 3 8 4 9

Material node i =0..9,  of weight ὡ

Constitutive behaviours:

                             if node Ὥɴ  phase ὴ for material p=0 or p=1

╟ ὸ =╟ ╕ ὸȟᾀ† ὸ 

Homogenised behaviour

╟ὸ =╟╕ὸȟᾀ† ὸ 

╟ὸ =В ὡ ╟ ὸ 

╕ὸ =В ὡ ╕ ὸ 

Weight of node i 

(parameter)
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Å Mechanism Ὧ πȢȢὓ ρ 

ï Link homogenised deformation gradient to node ones

ÅConstruction of a strain fluctuation field

ï Constraints from strain averaging

Å 

ï Weak form from Hill-Mandel 

Å 

Deep Material Networks from the interaction viewpoint

╕ В ‌ȟ ╪ ṧ╖ ╕ ȟ   Ὥ πȢȢω
 

Direction of mechanism Ὧ 
(parameter)Contribution of node Ὥ 

in mechanism Ὧ 
(parameter?)

Weight of node Ὥ 
(parameter)

Degrees of freedom of mechanism 

Ὧ definition the strain fluctuation 

╕=Вὡ ╕ ὡ ‌ȟ ╪▓ṧ╖ π ὡ ‌ȟ π 

Вὡ= ╕‏: ╟ ╟ȡ‏╕ ὡ ╟‌ȟ ẗ╖ ẗ ‏╪ π 

0 5 1 6 2 7 3 8 4 9
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Å Mechanistic building blocks: Laminate

ï Interaction ם as a laminate

ï Parameters

ÅWeight: 

ÅUnique direction for an interaction ם:

ï Constraint

Å                                                   from nodes 

                                                        weight in mechanism Ὧ

Deep Material Networks from the interaction viewpoint
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Å Mechanistic building blocks: Laminate

ï Interaction ם  as a laminate

ï Weak form

                                                   

Deep Material Networks from the interaction viewpoint

0 1

5 6

ם ם

2 7
ם

ם

ם
3

8

ם
4

9

ם

ם

╝

ם

╝

ם

ὡ ὡ
╝

ם

Ὦ πȢȢχ, ם  and ם  interactions of mechanism Ὧ ᶰם     

ὡ ╟‌ȟ ẗ╖ ẗ ‏╪ π 

ρ

ὡ ם
ɴם

ὡ ╟
ρ

ὡ ם
ɴם

ὡ ╟ ẗ╝ π 

May 2025 - CM3 research projects

Mechanism Ὧ π 
Mechanism Ὧ ρ 

Mechanism Ὧ ς 
ם

Ὥɴ ם Ὥɴ ם
╝

ם

Ὥɴ ם

╖ ╖ ╝

Mechanism Ὧ υ Mechanism Ὧ φ 



Beginning

Beginning38

Å Offline stage on a p-phase RVE

ï Topological parameters 

ÅWeight: 

Å Direction of interaction ם :

ï Using elastic data

Å Random properties on RVE

ï Direct simulations on RVE

Å Cost functions to minimise

Å « stochastic gradient descent (SGD) » algorithm

Deep Material Networks from the interaction viewpoint
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ὡ ὡ
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Ὥɴ ם Ὥɴ ם
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ᴁᴇ ᴇ ȿ ᴁ

ᴁᴇ ᴁ

Ὁȟ’ȟὉȟ’ȣὉȟ’ȟ
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Å Online stage on a particle-reinforced composite

ï Properties

ÅElastic inclusions

ÅElasto-plastic matrix

                                                   

Deep Material Networks from the interaction viewpoint

Shearing Uniaxial tension
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Å Multiscale simulation

ï Elasto-plastic composite RVE

ï Comparison FE2 vs. RNN-surrogate

ï Training data

ÅBounded at 10% deformation

Deep Material Networks from the interaction viewpoint
1
 m

m

0ÍÍ

Ὂȟό

/.02 mm

ὼ 
ώ 

ἐ 

ᴇ  

Ἔ 

Off-line FE2 FE-DMN

Data 

generation

- 10 min.-cpu

Training - 2 min.-cpu

On-line FE2 FE-DMN

Simulation 18000 h-cpu ½ to 34 h-cpu

Å Multiscale simulation

ï Elasto-plastic composite RVE

ï Comparison FE2 vs. DMN-surrogate
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Å Multiscale simulation

ï Stress-strain distribution at point A

ï For ς material nodes

Deep Material Networks from the interaction viewpoint
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Å Multiscale simulation

ï Stress-strain distribution at point B

ï For ς material nodes

Deep Material Networks from the interaction viewpoint
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Å Multiscale simulation

ï Localisation step

ï For ς material nodes

Deep Material Networks from the interaction viewpoint
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Å Alternative to laminate (e.g. for porous material)

Å Mechanism Ὦ πȢȢὓ ρ of interaction  ם

ï Homogenised deformation gradient 

Å Construction of a strain fluctuation field

ï Constraints from strain averaging

Å  

ï Weak form from Hill-Mandel 

Å  

Deep Material Networks from the interaction viewpoint

Direction of mechanism 

Ὦ (parameter)Contribution of node 

Ὥ in mechanism Ὦ 
(parameter?)

Weight of node Ὥ 
(parameter)

Degrees of freedom of 

mechanism Ὦ definition the 

strain fluctuation 

╕=Вὡ ╕ 
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Å Mechanistic building blocks: Polyhedra

ï Interaction ם , Ὦ πȢȢὓ ρ 

ï Fluctuation field

ÅIntegration by parts on a polyhedron of volume ὠ associated to node Ὥ 

ÅTo be compared with the interactions

     ‌ȟ is the weighted surface of a polyhedron face (parameter to be identified)

     ╝ is the inward or outward normal of the polyhedron face (parameter to be identified)

     ╪ is the fluctuation field (degree of freedom for online simulations)

Deep Material Networks from the interaction viewpoint
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Å Offline stage on a p-phase RVE

ï Topological parameters 

ÅNodal weight: 

ÅDirection of interaction ם:

ÅInteraction weight: 

ï Using elastic data

ÅRandom properties on RVE

ÅCost functions to minimise

ï Using non-linear response

ÅRandom loading on RVE (strain sequence ἐ)

ÅCompare stress history   Ἔἐ    and quantity of interest ὤἐ    (e.g. porosity)

ÅCost function to minimise

ï By çstochastic gradient descent (SGD)è algorithm

Deep Material Networks from the interaction viewpoint
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Å Online stage on a porous material

ï Properties

ÅElasto-plastic matrix

ÅSmall strain

ï Non-linear training 

ï Uniaxial tension

                                                   

Deep Material Networks from the interaction viewpoint

Stress-strain Porosity
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Å Online stage on a porous material

ï Properties

ÅElasto-plastic matrix

ÅSmall strain

ï Non-linear training with Material 1, on-line material 2

ï Random loading

                                                   

Deep Material Networks from the interaction viewpoint

Stress Porosity
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Å Online stage on a porous material

ï Properties

Å Elasto-plastic matrix

Å Small strain

ï Non-linear training 

ï Thermodynamically consistent

                                                   

Deep Material Networks from the interaction viewpoint

Stress Energy
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Å Multiscale simulation

Deep Material Networks from the interaction viewpoint

Off-line FE2 FE-DMN

Data generation - 0.04 (linear) ï 3.5 (non-

linear) hour.-cpu

Training - 0.16-20 hours.-cpu

On-line FE2 FE-DMN

Simulation 7200 h-cpu 0.1 to 1 h-cpu

1
 Í
Í

0ÍÍ

Ὂȟό

0-01 mm

ὼ 
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ᴇ  
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Non-linear training

Linear training
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Å Multiscale simulation

ï Stress-strain distribution at point A

ï For ς material nodes

ï Non-linear training

Deep Material Networks from the interaction viewpoint
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Å Multiscale simulation

ï Stress-strain distribution at point B

ï For ς material nodes

ï Non-linear training

Deep Material Networks from the interaction viewpoint
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Deep Material Networks from the interaction viewpoint

Å Publications (doi)

ï 10.1016/j.cma.2021.114300

ÅOpen data

ï 10.1016/j.euromechsol.2021.104384

ÅOpen data
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https://doi.org/10.5281/zenodo.5568832
https://doi.org/10.5281/zenodo.5568832
https://dx.doi.org/10.1016/j.euromechsol.2021.104384
https://doi.org/10.5281/zenodo.4743654
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Å Definition of 3 Reduced-order-models

Å Using simple micro-mechanistic grains 

ï MFH (short fibre-reinforced matrix)

ï Voigt mixture

ï Laminate theory

Mean-Field-Based Deep Material Networks for woven composites

Elementary cell
Voigt ï Mean-Field-Homogenization 

Laminate ï Voigt ï Mean-Field-Homogenization Voigt ï Laminate ï Mean-Field-Homogenization 

matrix
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Å Definition of material networks

Mean-Field-Based Deep Material Networks for woven composites
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