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ObjectivesObjectives
Resin mortarsResin mortars

grain

porosityporosity

Heterogeneous milieu

Homogenization Methods:
 Finite Element
 Asymptotic Homogenization

Homogenization

 Asymptotic Homogenization
 Generalized Method of Cells
 Fast Fourrier Transform 
 Mean-Field Homogenization
 …
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Basis of MFH MethodBasis of MFH Method

Key idea: Based on assumptions of the interaction lawsKey idea: Based on assumptions of the interaction laws
between the different phases (which define the homogenization
scheme)give a macroscopic response as well as basic
information on the state of deformation within the phases

 Very efficient on a computational point of view.
 Some models have a good accuracy in the linear elastic

regime for both inclusion-reinforced materials and poly-
crystals.

 Extension of MFH schemes to rate independent and Extension of MFH schemes to rate independent and
dependent elasto-plastic behaviors is the main challenge

MFH ‐ Introduction  5



Basis of MFH Method (2)Basis of MFH Method (2)
Limitation:
 unable to predict any strain or stress localization.
 cannot take into account clustering, percolation and size effects.

Complex geometries fair

Ease of discretization good

Accuracy macro response fair

Accuracy microfields weak

Computational cost good

Nonlinear behaviors fair

MFH ‐ Introduction  6
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Results of Eshelby and HillResults of Eshelby and Hill

C
Figure (a)

 Results of Eshelby: the resulting strain field inside the inclusion ( ) is

 Homogeneous linear elastic material of stiffness in which an embedded
ellipsoidal inclusion made of the same material undergoes an eigenstrain

C
*

1Results of Eshelby: the resulting strain field inside the inclusion ( ) is
uniform.

1
*

1 : S
S : Eshelby’s tensor See Appendix A for more detailsS

 The homogeneous stress field inside the inclusion:

: Eshelby’s tensor See Appendix A for more details

1
C *C

: polarization tensor

, : 11  C *: C


P 1

: Hill’s tensor
( ) (b)

, :1  P -1:CSP 
P
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Results of Eshelby and Hill (2)Results of Eshelby and Hill (2)
Figure (b)

C The single inclusion of stiffness undergoing an eigenstrain embedded in
a matrix with a different stiffness

000 : C

1C
)( 10 CCC 

In the matrix000

1111 :  C

010 :  C

In the matrix

In the inclusion

 Hypothesis of Hill: is uniform in the inclusions :

010

where 110 :   C
1
  001 : CP

  11
*

1 : CC 

: Hill’s tensor
( ) (b)

  111

0
1* :CPC 

*C 1
*

1 : C
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Expressions of localization tensorsExpressions of localization tensors
 Concentration tensors enable to link a local property to the corresponding
macroscopic one

   
: Strain concentration tensor

         :xDx 
D       :xDx 

Each point of the RVE belong to phase r whose behaviors is given by a Each point of the RVE belong to phase r whose behaviors is given by a
linear elastic relation as:

   xCx r  :
 Macroscopic relation:

 :effC
effC : effective tensor

 The macroscopic stress computed from the volume average of the stress
microfield becomes:

        :::: CxDCxCx         :::: CxDCxCx rr 

Hypothesis on give a which is eigher an estimation or a
bound of the effective stiffness

D C
effC

MFH ‐ Homogenization of isothermal elastic composites  10
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Various homogenization schemesVarious homogenization schemes
 Expressions of concentration tensors and

:  B
A B

01 

  :
1

 


A

  1
 Relation between the concentration tensors

    1: 1
11


 IvBvBA 

    1
11 :1 

  AvIAvB
: fourth-order symmetric identity tensorI

 Macroscopic stiffness:

     1:1: -1IvBvCvBCvC         ,1:1: 110111 IvBvCvBCvC 

      *
11

0
*

1
1

1
*

1 1 CCCvCCv 


  ACCC
Hypothesis on the strain concentration tensor defines an homogenization
scheme so that the composite behavior can be predicted

  ACCvC :0110 

MFH ‐ Homogenization of isothermal elastic composites  11
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Various homogenization schemes (2)Various homogenization schemes (2)
Dilute solution

• Each inclusion is considered as swimming in a infinite milieu having• Each inclusion is considered as swimming in a infinite milieu having
the properties of matrix and there isn’t interaction among the inclusions.

• only apply to heterogeneous materials containing the low volume
fraction of inclusions.

Mori-Tanaka model
T ki i t t i t ti b t th i l i• Taking into account interactions between the inclusions.

• fit for the heterogeneous materials with the moderate volume fraction
25-30%.

Self-consistent model
• Assuming that each inclusion is isolated and embedded in a fictitious
homogeneous matrix possessing the unknown macroscopic stiffnesshomogeneous matrix possessing the unknown macroscopic stiffness
that is being searched.
• generally giving good predictions for poly-cristals but is less

ti f i i th f t h it

MFH ‐ Homogenization of isothermal elastic composites  12
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Various homogenization schemes (3)Various homogenization schemes (3)
Bound of Voigt and Reuss

 Bound of Voigt

• Assuming a uniform strain within the RVE
• The Voigt model gives good predictions in the longitudinal

 Bound of Reuss model

• The Voigt model gives good predictions in the longitudinal
direction of materials reinforced by long fiber.

• Assuming a uniform stress within the RVE

Bound of Hashin-Shtrikman-WalpoleBound of Hashin Shtrikman Walpole
• Similar as Self-Consistent model but equivalent homogeneous
material surrounding the inclusions is replaced by a material of

i D di th t i l f i th t icomparison. Depending on the material of comparison that is more
or less rigid, we have the inferior or superior boundary of
composite.

MFH ‐ Homogenization of isothermal elastic composites  13



Various homogenization schemes (4)Various homogenization schemes (4)

Dilute  Self‐consistent Mori‐Tanaka

MFH ‐ Homogenization of isothermal elastic composites  14



Various homogenization schemes (5)Various homogenization schemes (5)

Voigt Reuss H.S.W max H.S.W min

MFH ‐ Homogenization of isothermal elastic composites  15



Various homogenization schemes (6)Various homogenization schemes (6)
Application: Reinforces less rigid than matrix
Lightweight concrete Young’s modulus (MPa) Poisson’s ratioLightweight concrete Young’s modulus (MPa) Poisson’s ratio

Matrix 23630 0.20

Granules (spheroid) 5679 0.15( p )

E
24

26 Diluée
Mori-Tanaka
AutoCohérent

E
(MPa)

18

20

22 Voigt
Reuss

12

14

16

Volume fraction
0 0.1 0.2 0.3 0.4 0.5

10
 

16MFH ‐ Homogenization of isothermal elastic composites 

(programmed by T.VU & M.TRAN )



Various homogenization schemes (7)Various homogenization schemes (7)
Application: Reinforces more rigid than matrix
Concrete of resin Young’s modulus (GPa) Poisson’s ratioConcrete of resin Young’s modulus (GPa) Poisson’s ratio

Resin of epoxy 2.518 0.413

Standard sand (spheroid) 73.08 0.172( p )

mEE / mGG /
25

30

Diluée
M i T k

30

35
Diluée
Mori-Tanaka
AutoCohérent

15

20

25 Mori-Tanaka
AutoCohérent
Voigt
Reuss 20

25

AutoCohérent
Voigt
Reuss

5

10

15

5

10

15

Volume fraction Volume fraction
0 0.2 0.4 0.6 0.8 1

0

5

 
0 0.2 0.4 0.6 0.8 1

0

5
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Influence of inclusion’s geometryInfluence of inclusion s geometry 

(a) (b) (c)

Case (a) Case (b) Case (c)

Macroscopic

Eshelby
tensor

Isotropic

Dilute 
i

Isotropic Transversal
i

Transversal
iMacroscopic

stiffness 
tensor

solution Isotropic Isotropic

Self-
consistent

Isotropic

Mori-
Tanaka

Isotropic Transversal
Isotropic

Transversal
Isotropic
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Influence of inclusion’s geometryInfluence of inclusion s geometry 

(programmed by TVU & MTRAN )
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Orientation of inclusionsOrientation of inclusions 

 3 Euler angles (α, β, γ) describing
the diverse orientations of
inclusions.

 Transformation tensor Qij(α β γ): Transformation tensor Qij(α, β, γ):

  










 


 cossincoscoscossinsincoscossinsincos
sinsinsincoscoscossinsincossincoscos

Q  





 





cossincossinsin
cossincoscoscossinsincoscossinsincos,,ijQ
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Orientation of inclusions (2)
2 Methods:
 1st M th d id fi it b f f ili f i l i

Orientation of inclusions (2) 

 1st Method: consider a finite number of families of inclusions,
each of which is oriented in the directions well determined.

1
   NfNf ff

11 





























  

Nf

i i

dl

r

r
m

Nf

i i

dl

rmr

r

m

MT

Nf
A

Nf
fIfACC

Nf
fCC

pqrslskrjqipijkl XQQQQX 
:the number of families of inclusions oriented in a given directionNf
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Orientation of inclusions (3)Orientation of inclusions (3) 
2 Methods:
 2nd M th d l th ODF f ti t t th

1


 2nd Method: couple the ODF function to present the
divers orientations of inclusions.

1







 






  dl

r
rm

dl

rmr
r

m

MT

ODF
AfIfACCfCC

(case of the biphasic composite)

       
  


2

sin,,, dddODFXijkl

(case of the biphasic composite)

     
 



 



0

2

0

0 0

sin, dddODF
Xijklwith

pqrslskrjqipijkl XQQQQX 
 0 0

where and      2
2

2
1 expexp,  ssODF 

See Appendix B for more details
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Constitutive equationsConstitutive equations

Homogeneous linear thermo-elastic material of elasticHomogeneous linear thermo elastic material of elastic
stiffness and thermal expansion :C 

       ,  : xxCx th     xTxth 

or

       ,

    ,  : xTxC  
   xTx 

 :C

     xxCx th   :1or      xxCx   :

MFH ‐ Homogenization of thermal elastic composites  24



Homogenization techniqueHomogenization technique
Problem: 2 phase composite

Ar, orientation
,0C 0

Matrix
,1C 1

Inclusions

Isothermal Elasticity
Homogenization model

Boundary conditions

,A B

Boundary conditions

T  ,  

Thermal Elasticity
Macroscopic properties

C 

MFH ‐ Homogenization of thermal elastic composites  25
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Homogenization technique (2)Homogenization technique (2)
First step: The composite is subjected  1s

 l i l i th l t f ti
and 01  sT

The per phase strain averages:
classical isothermal transformation

:1  As   1 11   ss vv
The stress averages:

,:
1

 A
w

  1
01

11  
ww

vv

,: 11
1

ss C   11 :0
ss C  ,

11
1 ww 0

00 ww

Second step: The RVE witnesses
2s


TT s  2

d i t i i t
The uniform strain and stress increments are obtained:

2and a macroscopic strain increment

TsCTC sss 
22 2::  TsCTC  1100 :: 

    TCCs
 

01
1

01
2 : 
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Homogenization technique (3)Homogenization technique (3)
Third step: The composite is subjected to linear boundary
displacements corresponding to a macroscopic total strainp p g p
increment 3s

 03  sTand

,: 33
ss A     1 333

11
sss vv  ,

1w
 

01
11 ww

, :
1

3

1

3
1 w

s

w

s C  
0

3

0

3 :0 w

s

w

s C  
Superposition:Superposition:   23

1
: ss

w
A   

 1 32 ssvv    1
01

11 ww
vv  

23 - ss  

  and   




 

0

1

0

12
11

w

s

w

ss v 






  31

1
ssv 
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Homogenization technique (4)Homogenization technique (4)
Final expressions:

TaA    :

(*)

TaA 


 :
1      01

1
01 ::   CCIAa

   1 11   vv
Macroscopic thermo-elastic response:

 
01

11 ww

TC   :
   

is given by the isothermal expression,

     aCCvvv :1 0111101 

:1  
 CC a by (*) andg y p , a y ( )

Special case: When
step 1 is unchanged

CCC  10

p g
steps 2 and 3 are replaced by

02 
s

TT s  2

and
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Homogenization technique (5)Homogenization technique (5)
Application: Short glass fiber reinforced composite 

I l i E 72 5 GP 20 161094  KInclusion: E1 =72.5 GPa, ,2.01  16
1 10x9.4 K

,58.35rA %8v1 
M t i E 1 57 GP 3350 16103108 KMatrix: E0 =1.57 GPa, ,335.00  16

0 10x3.108  K
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Constitutive equationsConstitutive equations
The constitutive model of Homogeneous viscoelastic material:

t .

 ,)(x,:)((x,0):)(),(
0

 dtGtGtx  

,G(x)(x,0):)(
.

 tG

Or equivalently:
t)(x,lim(x,0)

0t



where

.)(x,:)((x,0):)(t)(x,
t .

 dtJtJ  
0


,J(x)(x,0):)(
.

 tJ
t)(x,lim(x,0)

0t



where

G is the fourth order relaxation tensor
J is the fourth order creep tensor

0t 
(s):)()( ***  sGs 

(s):)((s) ***  sJ
Using the Laplace-Carson transform:

f* is the laplace-carson transform of function f and s is the laplace variable

( ))(( )
sJsG 1** )]([)( 
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f is the laplace carson transform of function f and s is the laplace variable



Homogenization techniqueHomogenization technique
Problem: 2 phase composite

Ar, orientation
(t),0E 0

Matrix
(t),1E 1

Inclusions

Laplace‐Carson 
transform

Isothermal Elasticity
Homogenization model

,A B

Thermal Elasticity
Macroscopic properties

),(tE 

32

),(tE 
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Homogenization technique (2)Homogenization technique (2)
Applying the homogenization schemes valid in linear
isothermal elasticity in order to obtain the homogenized

* *
y g

modulus or
(s):)()( ***  sGs 

)(* sG )(* sJ

(s):)((s) ***  sJ

sJsG 1** )]([)( 

Or equivalently

with

Using a numerical inversion of the Laplace-Carson
transform, the macroscopic response is calculated as:
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See Appendix C for more details



Homogenization technique (3)Homogenization technique (3)
Application: linear viscoelastic material defined by Prony series 

Inclusion (long fibers): E1 =3+17e-t/10, 38.01 Inclusion (long fibers): E1 3 17e , 38.01

Matrix: E0 =3+17e-t, 38.00 
%50v1 
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Homogenization technique (4)Homogenization technique (4)
Application: linear viscoelastic material defined by Prony series 

Inclusion (long fibers): E1 =3+17e-t/10, 38.01 Inclusion (long fibers): E1 3 17e , 38.01

Matrix: E0 =3+17e-t, 38.00 
%50v1 
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ConclusionConclusion
 Major mean-field homogenization schemes for two-phase isothermal
li l ti itlinear elastic composites

 General method allows to formulate the thermo-elastic version of any
homogenization model defined by its isothermal strain concentrationg y
tensors

 The problem of visco-elastic composite is examined

The predictions have been extensively validated against
experimental data or FE results for numerous composite systemsp p y

These homogenization schemes are used as sub-problems in the
homogenization of nonlinear materials
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Appendix A: Eshelby’s tensorAppendix A: Eshelby s tensor 
The Eshelby’s tensor for inclusions of arbitrary geometry

b dd d i i t i t i h t i d b dembedded in an isotropic matrix characterized by  and :
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Appendix A: Eshelby’s tensor (2)Appendix A: Eshelby s tensor (2)
The Eshelby’s tensor for spheroids of aspect ratio Ar
embedded in an isotropic matrix.

where
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Appendix A: Eshelby’s tensor (3)Appendix A: Eshelby s tensor (3)
The Eshelby’s tensor for case of spherical inclusions Ar=1:
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Appendix B: ODF functionAppendix B: ODF function  
The different values of two parameters of ODF function:
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Appendix C: Laplace‐Carson transformAppendix C: Laplace Carson transform 
Laplace-Carson transform:

Laplace Carson inversion:Laplace-Carson inversion:
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