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Continuum mechanics

e Definition
— Materials are modeled as a continuum
— Matter

* Is continuously distributed &
 Fills the entire region of space the body occupies

« Consequences

— The body can be continually sub-divided into infinitesimal elements

o Kinematics and material behavior laws are deduced from these infinitesimal
elements analysis

— Kinematics and material behavior obey to
» Constitutive equations
— Elasticity
— Elasto-plasticity
e Conservation laws
— Conservation of mass
— Conservation of linear momentum
— Conservation of angular momentum
— Conservation of energy
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Continuum mechanics

ldea

— Areal material is

* Heterogeneous
— Grains
— Inclusions

* Made of discontinuities
— Cracks
— Grain-boundaries
— Plastic dislocations

e Composed of molecules/atoms
— Fluids, Solids

— Instead of studying the motion of every atoms,
continuum mechanics models these

* Heterogeneities
 Discontinuities

at the macroscopic level through
* Material laws

LA ]
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Continuum mechanics

 Examples

— Dislocation motions are modeled using an elasto-plastic material law
» Grain sizes, inclusions, ... are accounted for through the hardening law

A

\E True ¢

+“—>
&P e®
— Each grain can also be modeled by continuum mechanics

e A crystal plasticity model is used in each grain

= 4
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Continuum mechanics

e Limitations

— The model should be able to capture the physics

— Example

» Tensile test with an homogeneous elasto-plastic material

P

-

PK(/\)J
T~

\

— Deformations (plastic & elastic) will be uniform in the central zone

— This can be a good model as long as grain size is small compared to the

macroscopic characteristic length

* Real structure with grain size comparable to the macroscopic length

— Plastic deformations at the surface are not uniform
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Continuum mechanics

e Limitations (2)
— Example (2)

» Real structure with grains size comparable to the macroscopic length

— Plastic deformations at the surface are not uniform

3 3 10 12
X

e |t does not mean continuum mechanics cannot be assumed, but the moJeI should
be enhanced to consider crystal plasticity
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Continuum solid mechanics

e Application to solid mechanics

— Strong form of continuum mechanics
« Equations that are satisfied

— At every point x of

body B in its deformed T
configuration

— At every point X of Oy B
body B, in its initial
configuration

— Static assumption

e Linear momentum conservation V.ol +b=0V X <€ B,
. T

« Angular momentum conservation oc=0 VX &b

 Neumann BC on surface traction o-n=T VX e€dyBy

« Dirichlet BC on surface displacement uw =4 V X € 0p By

— Remark, B is an open manifold of boundary B
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Continuum solid mechanics

e Deformations & strains
— Deformation (or motion) mapping
« Current position x of the material point X is obtained

from a mapping ¢: * = (X) : By — B

— Two-point (non symmetrical) deformation gradient

7, Dpi
. F:V()(p:% . By — GL, (3, R) or Fijza—;
J

« Where the Lie group GL, (3, R)
— |Is the smooth manifold in the Euclidean space,
in which matrix can be inverted (as smooth)
— + means the determinant is positive: J = det (F') > 0

* Fis non-symmetrical

— Jacobian J =det (F) > 0

» Corresponds to the change of (infinitesimal) volume

« Using mass conservation leads to B J = Po for any material point X in B,
0 P
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Continuum solid mechanics

« Deformations & strains (2)

— In terms of displacements
- p(X)=X+u(X) : Bp— B

» The deformation gradient is rewritten

dp 0X  Ou Ou
F=ox~"ax Tax 'Tax

* The symmetrical part

— Which corresponds to material deformations

— Which removes rotation

— Is obtained from the (symmetrical) right Cauchy tensor

core (r () (10 20)

-

A et
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Continuum solid mechanics

 Small deformations
— Small displacements (including rotations) assumption
. Satisfied if ||u| << |B]
e Implies
— Integration can be performed on the current or

on the initial configuration:/ N/
B By

— Differentiation can be performed with respect to the

0 0

current or initial configuration: V = — ~ Vg = —
J or = "7 X

— Definition of the small-deformation tensor

» From C =FTF = I+ 8—u : I+8—u
B B 0X 0X
T
':>CNI+(8—H> +8—u|:> EI%(V(@’LL—FUJ@V)E

(C-1)

1
2

Ox ox

1 0 9, 1
— Other notations: g;; = B 8$'Uj + %ui or again €;; = 5 (uj,/.i + u”)
i J
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Continuum solid mechanics

 Material law
— We have the governing equations in the strong form,

— What is still missing is the stress-strain relationship

— Linear elasticity for small deformations

« o=H:e or o;;="Hijxer for any material point X in B,

1 1
: ijﬁskl + (aéikéﬂ + 56@[(5”1”)
2u

A=K-2u73

« Which can be invertedinto € =G : o

1+v /1 1 1
with Gijkl = i3 (§5¢k5ﬂ + 551153',%) — ECS@'CM

« An internal potential U can be defined at each material point X in B,

1
— U:§s:7-£:z-: By — R*

— Stress tensor derives from the internal potential: o = 0. U ="H : €
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Continuum solid mechanics

° - Tel| A 0
Elasto-plasticity o
— Yield surface =
f < 0: elastic region
o) <0 < @ T EEEERIEIE Goa|ee
flo) = { f = 0: plasticity °Ts ,
— Plastic flow
 Assumption: deformations can be added S S 2
de = de® + deP? = do ="H : de°
0 E i
« Normal plastic flow deP = d)\—f v\ __Truee ,
Oo Y =
* Von Mises surface with isotropic plastic flow (J2-plasticity)
o tr (o)
— Deviatoric part of the stress tensor s = o — 3 I
3
— Yield surface f = 5518~ 0p (€?) <0
. . d(oi; — ztr(o)d;;) 1 1 1
— Normality: since Y3 U 2508 e =808 — =850
80'k£ 9 ik _}l+2 Y45k 3 1jYkl
of \/§ S
_ @ — — —
Jo 2\/s:s
— Then the plastic flow becomes dA = deP = gdep . deP

— Path dependency (incremental equations in d ) == no internal energy
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Continuum solid mechanics applied to beams

— Curvature radius

= 2009-2010

1-D pure bending
— Assumptions z 1

Symmetrical beam
Filled cross-section

Cross-section remains plane

(Bernoulli or Kirchhoff-Love)
Only for thin structures (h/L << 1)
Limited bending: s << 1

T

ox?

kK =
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Continuum solid mechanics applied to beams

e 1-D pure bending (2)

— Kinematics ;4 (£ + 2)sinra =
e U, — RIZ T + K2 + O (KQQ??) + Z!‘{S:Z?S)

= : I

i 2009-2010
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Continuum solid mechanics applied to beams

* 1-D pure bending (3)

1 I A l 1 _
— Kinematics (2) ; (£ + 2)sinra =
o = i x+kKkrz+ O (&2:1?3 + ZﬁJS:I:?’)
R 9
U. — ——2x o~ R
° z 2 | L. | ) X
Section remains plane, J g
but the shape can change :
Ko
2
U, = -5 + f(?) )
u, =g (?) [
EQ.) S
< Q
08}
PS8
(]
i [
_|_
—| < |
~— N
_+_
) "
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Continuum solid mechanics applied to beams

N

« 1-D pure bending (4) I ’
— Kinematics (3)
o Uy = KIZ

K.
° uz:—§:r2+f(7)

*uy =g(7?)
 f& g should
— Involve quadratic terms

— Be independent of x

==> terms in y?, yz, z2

 f(-y) should be equal to f(y) =2 terms in y?, 72
e g(-y) should be equal to -g(y) == termsinyz

1
« No shearing==¢,, = 5 (20,2 f +yDy.g) =0 & €,. =0 €4y =0 (OK)

* For linear elasticity there is a Poisson’s effect

K ;
u, — 5 [[I?z + v (@i2 —@yQ)]
— A solution satisfying these constraints \\» 5
u, = ﬁ;v@yz '
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Continuum solid mechanics applied to beams
 1-D pure bending (5)

s .
— Small deformations Caw = RZ
U, = KTZ Eyy = —KOVZ
U, = —I{-Vﬁyz = < £.. = —RKQUZ
N0 2 @2
U, = —— | +viaz—0
2[ ( y)} Exy = Eyz = Egz = 0
X 1
— For linear elasticity
Ev E 1 1
e0="H:e with H;jp = 0; 0k + —— | =001 + =00k
W TRk = T (11— 20) J“+1+u(2 k0I5 "””)
f kEz >
_— l—v—(a+0
7 (1+u)(1—2y)[ v—(a+h)v]
kEvz

(14+v)(1—-2v)
rEvz

L= T T oy e tve-F)

« Balance equation: V - o =0

1 —v

or v=20

2009-2010
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Continuum solid mechanics applied to beams

e 1-D pure bending of beams

— Small deformations & linear elastic%y
s = e B RiLZ f p 2
i: = mﬁ:ﬁvz o o 25(57 2v) 1-v=(a+p)]
{ o rws { Oyy = 1) (1" ) [1-06+v(8—a)
§ Exy = Eyz = Exz = 0 Kﬂo'zz — (1 n S)E:’I’Z 21/) {1 7 ;l T v ((1 o 8)]
yA
— Beam

o Stress-free on all
cross-section edges

|=>a:lB:1

« Balance equation

1 — Bv I
S - satisfied
1—v 1
Oyw = kb2 E
[
o-yy = O-ZZ — 0
—~ia— 2009-2010
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Continuum solid mechanics applied to beams

e 1-D pure bending of beams (2) 2
— Equations

Orx = KBz

Oyy =0z, =0

— Momentum

M., = / &EZQdde = rkET
A

e |nertia

I/ZQdde
A

— Rigorously we should call it I,

. bh?
 For a rectangular cross-section | — 53

i 2009-2010
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Continuum solid mechanics applied to beams

e 1-D pure bending of plates

— Small deformations & linear elasticity
(E0x = 12 5 (o0 = g v @+ 9]
Evy — —RDOIVZ
) EZ = —RaVz 4 Ty = (1+ S)E(IIZ 2v) 1=F+v(f—a)
ey == e =0 o= @ via-d)
yA

— Plate (plane - ¢ state)
* No deformation along y
=> (=0
o Stress-free on upper and lower
sides =>o0., = 0
== a=1/(1-v)
» Balance equation
1 1512

1 —v

""""""""""

X

satisfied
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Continuum solid mechanics applied to beams

e 1-D pure bending of plates (2)

— Small deformations & linear elasticity
(E0x = 12 5 (o0 = g v @+ 9]
Evy — —RDOIVZ
) EZ = —RaVz 4 Ty = (1+ S)E(IIZ 2v) 1=F+v(f—a)
ey == e =0 o= @ via-d)
yA

— Plate (plane - ¢ state)
* No deformation along y
=> (=0
* No deformation along z

=> q=0

\4

v

» Balance equation
1 — B
1—v

» This state actually requires v =0

= NOT satisfied

. 2009-2010

Alternative numerical methods: FE summary 21



Continuum solid mechanics applied to beams

1-D pure bending of plates (3) ; ¢
— Back to plane - o state

« Equations
- kEz
1 — 12
< O.. = 0
viEz
LYY 2

 Momentum

» Flexural rigidity
ER?

b= 12 (1 — 12)

v

"""""""

x| =

A 2009-2010
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Continuum solid mechanics applied to beams

« Strong form of pure-bending beam

— Equations $2 M>0 p |
4 ‘ u, =0 /N X
M., = / ﬁ:Ezzdydz = rkE]T du, /dx =0 {\ ) >
X A — B3 K n
0w, L
k= —— " & Ou: =kE2
L O
— Concentrated load bhS
e For a uniform cross-section hxbh: I = ﬁ
0*u, P (Lz* 3
Pll—o)=Zz Bl = quI( > 6
e Stress
h Ph 6P
0'3333‘2__% = —I‘{Ea = T (L — fIf) = W (L — ZI?)
e Shearing a1 , B
— Thereisashearing T,=P: T, = d{\;[a:x = oF (fx L) =P
Ox ox

— Its effect on shearing stress can be neglected if h/L << as

P h h
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Continuum solid mechanics applied to beams

e Strong form of pure-bending beam (2)

I Al A A f(X) TI -F —_—
— Equations T w 2 M

r ‘ u, =0 ﬂ FaARRNE TX X

iz\ja.’a? — / %Ezzdydz = w1 dUZ/dX =0 (\ I\V1>(> >

) A 9 ¥ X
92

R = —C) ILfJZ & Opp = KBz -

L Ox?

— Non-uniform loading

e Internal energy variation

OF. .« = / / O 0 OE pndAdy = / f FErorz’dAdr =
M,
/ /Eé—r‘szd:rcS/ : e

e Work variation of external forces

5w, |
OW st / f(x)du.dx + T,,éu,,} - M,,—=
ox 5
)2 B {) B L
= / —FEI ¢ dif’ / f ’U,.A,dfl’ + T’vu'v}L - 47\"{;1':‘;?:‘(1i
C):rz oz |,

- Université [ | 14
de Liage o
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Continuum solid mechanics applied to beams

« Strong form of pure-bending beam (3)

— Energy conservation 2257 f(X) T —
(P’ ]
L 0%u., u = AFEERNE TX
/ §EI( )2 ) dr = du,/dx =0 (\ I‘v’I>Q >
0 . ox ] 3« -
/[j\ f ('T) u‘zdx + TZH’Z}O _ iﬂ/j;z:;z:% .

 Integration by parts of the internal energy variation

b, 2 L L . 02
Pu. 0*du. 0w, Odu., 9, J“u. \ dou.,
OEint = EI “dr = |EI = — | BFI—= “d
' /0 ox2 9z [ ox?  Or ]o /0 o ( Ox? ) or

wou.]” [0 92w, Lol g2 52
5B, = pr&u: 9%u 9 (ErZY= ) su, +/ 2 (ErZ% ) su dz
ox? Ox |, ox Ox? o Jo 0Ox? Ox?

 Work variation of external forces

L
oW, ext — / f (.T) 6’u-zd[r -+ Tzé‘uz}é/ — i?\?ja_-:r
0

oou .. o
dr |,

) Sy - : @
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Continuum solid mechanics applied to beams

« Elastic pure-bending beam (4)
— Energy conservation (2) ‘% 17
1]

» Asdu, is arbitrary: u, =0

- : du. /dx =0 ————=F
==> Euler-Bernoulli equations 10X = \ g
. 3 K .
I3 2 I3 2
0 0-u. L
o« o\l ) =f(z on [0, L] &
e ( 52 f(z) [0, L]
4 =
0 0., _
T(E%z) = Teo.
. J ox ! oxr 0.L )
0“u. _
o E I ;) 5 I\'Jztm }0 L
. or= o L ’
i% 2009-2010 Alternative numerical methods: FE summary 26 mw@



Weak form of the continuum equations

 Introduction to Hilbert space
— When writing weak formulations of the continuum equations, solutions in
usual C" manifolds do not always exist
» Because derivative is not always defined/continuous everywhere
« However sometimes a numerical solution can be found

 C"manifolds are not the correct ones to be considered

— Instead it is more convenient to consider manifolds where

* Derivatives are understood in a weak sense: For non-differentiable functions, if
they exist, the generalized derivatives are defined as

b b
~ ) () € TP ([a, B]) : / fak¢sd:c=(—1)’“/ f M pdx

- Ve ™ ([a. b)) & dla) = ¢(b) = 0

— For differentiable functions, application of Greens’ formula leads to classical
derivatives

A norm can be defined

— Sobolev spaces are the modern replacements for C" manifolds
» Hilbert spaces are particular cases of Sobolev spaces
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Weak form of the continuum equations

* Introduction to Hilbert space (2)
— 1-D Sobolev space W ™ p

« For afunction f(x) : f () € W™ P ([a, b]) if the function and its generalized

derivatives up to order m have a finite p-norm on [a, b]

1
e p-norm is define as HgHLP la, b)) — (/ Zgzpd:r)

— For p = 2 & for tensors, we have the Euclidean norm and H™ = W"" 2

» As the p-norms of the derivatives are finite, the Sobolev norm is also finite:

= I Fllwm. # (fa, o) ZHf(k)‘

— Sobolev space and continuity

L7 ([a, b])

« If a function belongs to W1P then almost every line parallel to the coordinates is

absolutely continuous
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A 2010

Weak form of the continuum equations

1-D exemple in Hilbert space

— Considering the function f(x) on [-1, 1]
f(@)=1—|z| Vze[-1,1]

e Useful in FE methods
» Derivative is not defined in [-1, 1]

fect(-1,1)

— But we still want to use this function

Alternative numerical methods: FE summary
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Weak form of the continuum equations

 1-D exemple in Hilbert space (2)

— Derivative in a weak sense of f(z)=1—|z| Vo€ |-1,1]
» Considering ¢(z) € C* (|1, 1]) arbitrary, but with ¢(—1) = ¢(1) =0

dzr/ fla ,)d:z:Jrflf(:z:)cp’dm

cﬁf@1+f@m]"f dﬁ/]’

e AS

— f is continuous at 0 (this is also the case for ¢(x) € C* (|—1, 1])) &

(1) =0

o(—1)=¢
=»/‘f x/ifuwuwx

where f' is the usual derivative of f , and which is not defined at O

. So weak derivative fM(z) = f'(z) Yz € [-1, 0[U]0, 1]

1, if—1<z<0
(1) _ ) =
—/ W){L if1>2>0 }

A 2009-2010
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Weak form of the continuum equations

 1-D exemple in Hilbert space (3)

— Function fla)=1—|z] Voel|-1,1]

1. ﬁ1<x<0}

— Derivative in a weak sense f(l) (z) = { 1. ifl1>a >0

— Norms

e L2 norm of the function

1
2
1f @) 2211 = \//1 (1 —|z|)” de
1 0

-1

e L2 norm of the weak derivative

0 1
J/ Mm+/‘wa§
L2([-1,1]) 1 0

|#@@)]

— As these norms are finite
o Thefunction f € H* ([-1,1])  but f¢ C'([-1, 1))

2
e with 1@ haigor iy = W@ + [£@0)]

=1/ + V2
r2(-11) V3
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Weak form of the continuum equations

* Linear elasticity: Equations

— Linear momentum equation becomes

1
*V. {§H:(V®u+u®V)} +b=0VX € By

— Boundary conditions

. n- {%H:(V®u+u®V)} =T VX € OvBy

. u=u YV X € 0pBy

— Itis assumed that
* Boundary conditions &
* Loadings
are smooth enough, so

. uexact (X) c H2 (BO)

exact

where u IS

 The exact solution

» Satisfying these equations (in the strong form)
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Weak form of the continuum equations

* Linear elasticity: Virtual displacement

— Let us defined an admissible virtual displacement (not infinitesimal)
» Displacements are known on Dirichlet boundary

. su € H' (By) = {6u e H" (By) : du(dpBy) =0}

— Which multiplies the linear momentum equation

1
- V. {EH:(V®u+u®V)} +b=0VX € By

1
=V . {ﬁH:(V@)quu@V)} du+b-du=0YX € By You € H! (By)

— As this equation is satisfied at any material point of B,, we can integrate it
* We choose the actual configuration B, as gradient are related to this one
« Butin small deformations: B~B, (we assume that for the following)

» For large deformations, we could write down everything on B,

1
'/V-lﬁ’H:(V@quu@V)]éudVJr/ b-dudV =0 Vou € H., (By)
B B
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Weak form of the continuum equations

» Linear elasticity: Volume integration

— Integrating by parts, and using Gauss theorem:

1
. / V. [57'[ (Vou+u® V)] -6udV+/ b-dudV =0 Yéu € H. (By)
B B

= [V A[3H: (Vau+ua V)| ju}dV -

[ (MM (Vou+ue V)] : Ve oudV +
[ b-dudV =0 You € H (By)

—_ faBn{[%H(V®u+u®V” .5u}d5‘_
[ [AH: (Vou+ue V)] : Ve oud +
[ob-dudV = 0 Vou c H! (By)

- Université [ | 14
de Liage o

2009-2010 Alternative numerical methods: FE summary 34



Weak form of the continuum equations

Linear elasticity: Volume integration (2)

— As
« 0u (0pBy) =0
1 _
e n- §H:(V®u+u®V) =T VX ¢ OyBy

« Hooke’s tensor is symmetrical: ‘H,,x; = Hyiij = Hjint = Hijik
— Equation can be simplified
e [opgn-{[ZH: (Vou+ux V)| -du}dS—
[z[3H: (Voau+u® V)] : VoiudV +
[pb-dudV =0 Yéu € H! (By)

=> [3(Ve@ou+iuaV):H:53(Vou+ua V)dV =
Joup T oudS + [, b-oudV =0 Vou € H! (By)
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Weak form of the continuum equations

Linear elasticity: Weak formulation

— Existence of solution

’ fB%(V®6u+6u®V) 3H1%(V®u+u®V)dV:
Joop T - oudS + [ b-oudV =0 Vou € H! (By)

* |t can be shown that

— A solution in C2(B,)NC'(B,) does not always exist BUT
— For adequate boundary conditions (suchas u (X) € H! ),

a solution u (X) € H' (By) always exists*

— This explains why we are looking for a solution (with virtual displacements
defined) in the Sobolev spaces instead of looking in usual C spaces

— Weak form is stated as
- Finding w(X) € H' (By)

+ Suchthat [p3(V@du+duaV): H: 1 (Vaut+tua V)dV =
Joup T 0udS + [5b-6udV =0 You € H! (By)

*Finite elements: theory, fast solvers, and applications in solid mechanics, Dietrich Braess, Cambridge Press,
2001, ISBN 0521 011957
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Weak form of the continuum equations

* Linear elasticity: Bilinear form

— Bilinear form
» Let us define the bilinear form H' (By)xH"'

1
a(u, ’U)/B§(V®U+U®V):H

(Bo) — R
1
§(V®u+u®V)dV
— Which is symmetrical a (u, v) = a (v, u) &

— Positive a(u, u) >0 Yu € H' (By), u#0

« Let us define the linear form H' (By) — R

b(v) = T-vd8+/b-vdV
on B B

— Weak form of the problem can be stated as finding u (X) € H! (By)

such that a (u, du) = b(6u) Yéu € H! (By) c H! (By)

A 2009-2010
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Weak form of the continuum equations

« Linear elasticity: Weak form & consistency

— Weak form of the problem can be stated as finding « (X) € H! (By)
such that a(u, du) = b(du) You € H. (By) c H! (By)
— Remarks
- This weak form is written Vdu € H: (By) C H! (By)
— As du is arbitrary in H'_, it can be shown* that
» If the exact solution ue*x@t of the strong form exists in C?(B,)NC'(B,)
» The solution u (X) € H' (By) of the weak form corresponds to the
exact solution uexact
— Reciprocally, the exact solution satisfies the weak form
» Directly obtained by integration by parts
* For a general weak formulation
— A solution of a weak form is sought in a particularized subspace of H'
for du arbitrary in this subspace (see finite-element method)

— In that case, the solution of the weak form does not verify the strong form at
each material point X of B,

— This solution verifies the strong form equations on average

*Finite elements: theory, fast solvers, and applications in solid mechanics, Dietrich Braess, Cambridge Press,
2001, ISBN 0521 011957 — chapter 3, boundary-value problems
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Weak form of the continuum equations

« Linear elasticity: One-field functional
— Weak form of the problem can be stated as finding « (X) € H! (By)
such that a (u, du) = b(du) VéueEI{i(BO)CililﬁBo)
— In Hilbert spaces, the directional Gateaux derivative can be used:
« For a functional I (u) / f(u)dV
e The Géateaux derivative "’
— In the direction v-u
- Yu, v € H' (By)  (v-uis not necessarily infinitesimal)

— Reads

I’(u;vu)/Bf’(u)-(vu)dVlimI(u+€(vu))I(u)

e—0 €

A et
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Weak form of the continuum equations

* Linear elasticity: One-field functional (2)

— In linear elasticity the stress tensor derives from an internal potential

1
° U:§e:H:s By — R™

« As B ~ B, we can write

1 1
a(u, du) = /;§(V®6u+6u®V):Hzg(V®u+u®V)dV

= /65:H:st/8sU(s): {(1V®+1®V>5’U}dv
B B 2 2

« Internal energy of the body is defined by FE;,; = / U(e)dV
B

» The bilinear term is the directional derivative of the internal energy with respect to

the displacements a (u, du) = E!

¢ (w; du) , with u = v-u (not infinitesimal)
— Similarly

cbow = [ Toouds+ [ beswdv - W,
On B B

« With the work of the external forces Wext (u) = T -udS +/ b-udV
On B B
B e

(u; ou)

T

Alternative numerical methods: FE summary 40 m%



Weak form of the continuum equations

« Linear elasticity: One-field functional (3)
a(w, ou) = E! , (u; du)
b(ou) =W/ (u; ou)

— We can define the one-field functional | (u): H' (By) — R

T(w) = Ein () =Wy (1) = /

B
== [’ (u; du) = a(u, du) — b (du)

— Starting from {

Ul(e(u))dV— T u dS/ b-udV
on B B

— Functional extremum
+ As u is known on Dirichlet boundary, v-u = 0 on 9,8 == du € H_ (By)
- Gateaux derivatives are valid Vu, v € H' (By)
— in expression I’ (u; du) = a(u, Su) — b(du) , duis arbitrary in H! (By)
- At the extremum of the functional a (u, du) = b (du)
» So the functional extremum corresponds to u (X)) € H! (By)
such that a (u, du) = b(du) Vou € H! (By) c H' (By)

— The functional extremum corresponds to the solution of the weak form

« Which corresponds to the exact solution u®x@t of the strong form in C%(B,)NC'(B,),
if it exists
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Weak form of the continuum equations

« Linear elasticity: Two-field functional

— Weak form of the problem can be stated as finding u (X) € H! (By)
such that a (u, du) = b(du) You € H! (By) ¢ H! (By)

— The solution corresponds to the extremum

« Of the two-field functional I (u, o) : H! (By) x H° (By) — R

I (u, 0)/3 [0:1(V®u+u®V)U(a)] dV —

T u dS/ uw — ul-on dS/ b-udV
Oy B opB B

)

. . . 1 1
» With the internal potential U (o) = 59 H 0= 50 G:o
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Weak form of the continuum equations

* Linear elasticity: Two-field functional (2)

— Functional I (u, o) /
B

T -u dS/ [u u}-a-ndS/ b-udV
on B OpB B

— Directional derivative with respect to o

) |

B

/ u — u|-dondS
op B

* As on Neumann boundary o is known, this equation holds for
Véo € HY (By) = {60 € H"(By) : 60 (OyBo) =0}
» As oo is arbitrary in By, and on dB, equaling the derivative to zero leads to

UZ%(V®U+U®V)U(U)] AV —

1
5 (Voau+umV)—0,U (0')] dodV —

- u=u on dpB
1

2

 Extremum of the functional satisfies the material behavior and Dirichlet BC

i 2009-2010

— OyU(o)=H':0 (Voau+uz V) in B
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Weak form of the continuum equations

« Linear elasticity: Two-field functional (3)

— Functional I (u, o) /
B

T -u dS/ u —ul-on dS/ b-udV
on B opB B
— Directional derivative with respect to ou
o I' (u, o; 5?1,)/
B

T-5u a’S/ ou-o-n dS/ b-ou dV
Oon B op B B

- suc H! (By) = {ouecH (By) : du(dpBy) =0}

UZ%(V®U+U®V)U(U)] AV —

1
o (V& dou+du @V)] dV —

* Applying integration by parts and Gauss theorem

I' (u, o; du) / 5u-0'-ndV/ [V .ol -oudV- T -du dV/ b-ou dV
on B B dn B B

« As duis arbitrary in B and on d,B, equaling the derivative to zero leads to

_ VO'T+I):0 in B

- o-n="1T on 4B
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Weak form of the continuum equations

« Linear elasticity: Two-field functional (4)

— Extremum of functional I (u, o) : H!'(By) x H (By) = R
1
[(u, o) / [0 : §(V®u+u®V)U(o)] dV —
B

T-u dS/ u u]-a-ndS/ b-udV
on B OpB B

» Satisfies

- V.ol +b=0 B

- 9U(e)=H ':0==(Vout+uxV)inB

bo | —

- u=u on dpB
» So the extremum satisfies the equations

— Weak form is the stationary point of the functional in H* (By) x H® (By)

— Corresponds to the exact solution u®xact of the strong form in C2(B,)NC'(B,), if
it exists

i 2009-2010
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Weak form of the continuum equations

* Linear elasticity: Three-field functional

— Weak form of the problem can be stated as finding u (X) € H* (By)
such that a (u, du) = b(du) You € H! (By) ¢ H! (By)

— The solution corresponds to the extremum

« Of the three-field functional I (u, o, €) : H!'(By) x H’ (By) x H’ (By) — R
1
[(u, o, ¢) / {U(s)+0': [5 (V®u+u®V)s]}dV
B

/ T-udS/ [uu]-a-ndS/b-udV
oy B dpB B

. . . 1
« With the internal potential U (g) = 5" H:e

A 2009-2010
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Weak form of the continuum equations

« Linear elasticity: Three-field functional (2)

— Functional I (u, o, s)/ {U(s)+0': [%(V®u+u®V)s]}dv

B

T-udS/ [uu]-a-ndS/b-udV
on B OpB B

« Directional derivative with respect to

|
I' (u, o, &; 60‘)/ oo : [§(V®u+u®V)s] dV —
B

/ u — ul-do-ndS
opB

* As on Neumann boundary o is known, this equation holds for
Véo € HY (By) = {60 € H"(By) : 60 (OyBo) =0}

» As 6o is arbitrary in By and on B, equaling the derivative to zero leads to
- u=1u on dpB
1
—5—5(V®u+u®V) in B

« Extremum of the functional satisfies the compatibility and Dirichlet BC

A 2009-2010
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Weak form of the continuum equations

* Linear elasticity: Three-field functional (3)

— Functional I (u, o, s)/ {U(s)+0': [%(V®u+u®V)s]}dv

B

T-udS/ [uu]-a-ndS/b-udV
on B OpB B

Directional derivative with respect to ¢

I'(u, o, €; d¢) / 0:.U (e) — o] : 6e dV
B

As & Is arbitrary in B, equaling the derivative to zero leads to

o=0U(e)=H:e inB

As on Neumann boundary o, and so g, are known validity is ensured
Vée € H) (By) = {de € H" (By) : de (InBo) = 0}

Extremum of the functional satisfies the material behavior
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Weak form of the continuum equations

Linear elasticity: Three-field functional (4)
— Functional I (u, o, €) = / {U(s) + o [% (Vout+ueaV)— s] } dV —
B

T-udS/ [uu]-a-ndS/b-udV
on B OpB B

» Directional derivative with respect to u

1
I'(u, o, g; du) / o §(V®6u+6u®V) dV —
B

T-5u dS/ b-du dV/ du-o-ndS
On B B Op B
o du € Hcl, (Bo) = {6u c H! (Bo) : 0u(0pBy) = 0}

* Applying integration by parts and Gauss theorem

I'(u, o, £; du) /VG‘T 6udV+/ ou-ondV—
on B

T-5u dS/ b-oudV
OnB B
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Weak form of the continuum equations

* Linear elasticity: Three-field functional (5)
— Functional I (u, o, €) = / {U(s) + o [% (Voau+uxV)— s] } dV —
B

T-udS/ [uu]-a-ndS/b-udV
on B OpB B

» Directional derivative with respect to u , integration by parts and Gauss theorem

I'(u, o, &; du) /VO‘T 5udV+/ ou-o-ndV —
on B

T-Su dS/ b-ou dV
On B B

« As duis arbitrary in By and on d,B, equaling the derivative to zero leads to

—o-n=1T on 6,B

A 2009-2010
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Weak form of the continuum equations

« Linear elasticity: Three-field functional (6)

— Extremum of functional I (u, o, ) : H!'(Bg) x H° (By) x H” (By) — R

I (u, o, s)/B{U(s)+a: [%(V®u+u®V)s]}dV

T-udS/ [uu}-o-ndS/b-udV
on B opB B

» Satisfies
- V-l +b=0 inB
— o=0U(e)="H:€inB
1
)
— o-n=1T ongpB

- e==—(Vou+u®V) inB

- u=1u on dpB

* So the extremum satisfies the equations
— Weak form is the stationary point of the functional in
I‘I1 (Bo) X HO (Bo) X HO (Bg)
— Corresponds to the exact solution u®xact of the strong form in C2(B,)NC'(B,), if
it exists

A 2009-2010
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Weak form of the continuum equations for beams

e Euler-Bernoulli beam equations o f(x =
{TT i | ( ) I Z |\/Ixx
i 82uz f ' . =0 [ nasA T)S
- Fe El T2 = f(z) forxin]OL[  du/dx=0 \\‘.v.:/\, : >
L

— Boundary conditions
0 0%y
e —— | EI—=

o ( Or? )

= ]\"'I;B:L“|0,L or 833“2‘0, L — 9_|0-. L

= TZ|O,L or u.ly ;= Uy
0.L

0. L
* Let us define the boundaries such that

— Displacement constrained on g L & vertical load known on L =dL\ gL

— Rotation constrained on d;L & momentum known on dyL =dL \ oL

— Exact solution can be found as u**t ¢ H* (]0 L)

~a— 2009-2010
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Weak form of the continuum equations for beams

Weak form \ HN () I”T_Z —
. i u, =0 x\
For xin]O L[ du, dx =0 \‘ V,ii/(\/ LD
dz C)2u~ >

ET = ) = ,
. ( %2) f (@) ]

o Multiply the equation by

du. € H2 (0 L) = {6u. e H* (JO L]) : du.|,, ; = 0.0u.l, , =0}

and integrate the product on the beam length

()2 (“)zuz L ,
.=>/ prg ( C)m2>5uzdx/0 f(x)du.dr =0 Vou, € H. (]0 L)

» Integrations by parts

L 02 02 . N2 L ) ) L
':N/ EIC)‘ - C)‘ 6?(1#’ dx + 9 EIC)‘ ) .| — EIC)‘ i dfsuz —
0 ox? Ox? Ox Ox? 0 O’ ox |,

L
/ f(x)du. dr =0 Yéu. € H* (0 L])
0

B uriversité | | Ife
de Licge | s
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Weak form of the continuum equations for beams

 Weak form (2)

— Starting from

f ’ priueoou. 0 (prou) s, T (g B
0 dr?  Ox o Ox? B Ow? or |,

L
/ f(x)du. de =0 You. € H*(]0 L)
0

L i 2 h 2 L
—_— O“u. 0“0u.
. L= s ~ T —

/0 o Ox?  OJx? dz /0 f(x)du, dx

9 524, 2u,\ dou, ‘
2 erl¥ ) nou.| + (E1ZE2) L%, You, € T2 (0 L)
o Ou:2 on I D2 o ons L ’

* With

_ (EI 52 ) =1, onoB

%
=

—EI—2= = M, on 8,,B
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Weak form of the continuum equations for beams

 Weak form (3)

— Combining previous expressions leads to the weak form statement:
- Finding w, € H?(]0 L[) - and not in H* - such that

L 2 2 L
0“u, 0<0u,
'/ EIZ> - da?/ f(x)du, do +
0 0

Oxr?  Ox?
] 9 (—du.
nT.ou.|, | + n, i1, 2=0%:) vou, € H2(]0 L[)
N ox Onr L
— Remarks 2w (%) I
- o (11 M s
« For small deflections 6, = — u, =0 L A XD
‘ dx du, /dx =0 —M>6 >
> N ;
L

* For sufficiently smooth loadings and boundary conditions
— A solution in H2(]O L[) can be found

— A solution in C4(J0 L[) cannot always by found

T

T,
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Weak form of the continuum equations for beams

e Bilinear form
— Let us define the bilinear form:

L 2 02
0“u. 0°v.
a (uza Uz) / El e ~
0

“de :H?*(J0L) xH*(J0L)) =R
e Which is symmetrical a(u,, v,) =a(v,, u,) &

Or? Ox?

. Positive a (u., u.) >0 Yu. € H*(J0 L[), u. # 0

« Let us define the linear form H? (J0 L[) — R :
0(—wv,)
O On L

L
b (vz) - /0 f ('T) v, dx + n:}:'Tz U, onL + Ny, 17\"_{3:;7:

— Weak form of the problem can be stated as finding . € H? (]J0 L|)

such that a (u., du.) = b(du.) You. € H>(J0 L)) c H* (J0 L|)

B 2009-2010
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Weak form of the continuum equations for beams

e One-field functional

— Solution u, € H*(J0 L) of the bilinear form
a(u., du.) =b(du.) You. € HZ(]0 L[) € H? (J0 L)

e L 2
0%u.. 0%v.
a(u,, v.,) / pre =2 4,
0

) R Or? Ox?
o With < L .
_ _ O (—v.
z / f(fﬁ) V. dﬁ:—}—Ter'Tz’Uz o L+TZ;BIW"1;E;EC (, UA)
\ 0 N C)'T Oy L
— Is the extremum of the one-field functional
ET .
I (u.) = = dx — . dr —
(u.) /0 5 ( 52 ) T / f(z)u, dr
. L 9(-u
neTou.|, | ?’er\[aaT H*(J0 L)) = R
Om L

* Indeed I' (u.; du.) = a(u., du,) —b(du,) =0

e Asu,is known on gL & d,u, on g,,L

WA 7y ‘rTf(X) I]-FZ —_—
L XX
du, belongs to H, du_ fdx =0 (\ M>‘r) A
S ¥ -
~LZS— - -
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Weak form of the continuum equations for beams

 Two-field functional

— Functional I (u., M,,) :H*(J0L) xH’(J0L)) =R
L 2 ] L
Iy — ;97 (-u.)
1 (uza 17\"'[33;12) — /O [I\'Ixmw -U (17\"[3:;1:)_ dr — /O f ('T) 2 dr —
+

— ny My, ——=

N, u.

Oy L
0(—u.) -
ZN ) g

n;ra;r 17\"’[333: (uz - ﬁz) ‘aU L Tiy ir\”ja:a: [
OorL

L j\jgr
- 2EI

— Bending moment M, = Elx = E1

« With the internal energy U (M)

P (—u.)

— (obtained at the extremum)
Ox?
— Solution of the weak form corresponds to the stationary point of the

functional

e See annex |

i 2009-2010
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Weak form of the continuum equations for beams

 Three-field functional

— Functional I (u., M,,,x) :H*(OL)) xH"(J0 L)) xH (O L)) = R

L C)2
I(u., M,,., k)= U(k)— M,, dr — . dr —
ot [ s B8 [rm

= - O(—u.
ngl.u. ONL Ny My (;) ) +
‘ 0T oL
a9 1 _ ,, o(—u.) -
??’;IZC);E iT\"L?Z;IZ (u;_: _ ug) ‘aUL - ?213317\"{3733 [T — Qy
* With the internal energy U (k) = %ﬁ:z

— Solution of the weak form corresponds to the stationary point of the

functional

e See annex Il

A 2009-2010

Alternative numerical methods: FE summary 59



Finite element discretization of the weak form

 General weak form of linear elasticity

— Weak form of the problem can be stated as finding « (X) € H' (By)
such that a (u, du) = b(6u) Vou € H! (By) c H! (By)

1 1
a (u, v)[B§(V®U+U®V):'H:Q(V®u+u®V)dV

b('v)/ T-'vdS+/b-vdV
On DB B

 Finite-element method

— Instead of seeking w(X) € H' (By) , Véu € H! (By)
— We are particularizing
e The solution u — u,: test functions

*  With

« The virtual displacements 6u — du,,: trial functions
iIn a manifold which is
* A polynomial approximation
* The same for test and trial functions: Galerkin method
 Built on an approximation B,, of the body B: The finite-element discretization
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Finite element discretization of the weak form

* Finite-element discretization

— Approximation of the body

» Reference configuration
E
Bon = ) 9§
e=1
« Similar in configuration B

— With

Interior of one element €25 with Qf Nyer£e 8" —

« Boundary of one element 0€2

. QF = Q5 NN

« Dirichlet boundary of an element (can be empty): 9p€5 = Q5 N Op By, = 0
« Neumann boundary of an element (can be empty): Oy Q5 = 90925 N Oy Bop, =0

— Characteristic size
Q5

» Size of an element h, =
o025

Qe
« Size of the mesh hpax = max | he = —=
e 002
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Finite element discretization of the weak form

e Polynomial approximation
— The approximation should be
« In H' (Bon) onthe
whole body (due to the weak

form statement)

— Meaning (absolute) continuity should be

ensured

— Meaning (absolute) continuity of the derivative is not always ensured
« A polynomial approximation P* (Q€) of degree up to k on each element

— Eventually
« Test functions u;, € X~
with XF = {uh e H' (Bop) © uy,
+ Trial functions $uy, € X*

with X% = {6uh e Xy 5uh89§28 = 0 V() € BOh} C H, (Bon)

0: € PF(Q5) V5 € BOh} c H' (Byy)
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Finite element discretization of the weak form

« New weak form of the FE method

— Using the new manifolds

The problem can be restated
as finding u;, € Xff

such that

a(up, dup) = b(6uy,) Vouy, € X"
With

r 1 1

a(up, vyp) Z/ §(V®vh+fvh®V) cH §(V®uh +uj, @ V)dV

b(vh)Z/a ) T-fvhdS+Z/ b-vy,dV
\ e N (= e =

— Remark

Solution of the strong form: ueactin C2(B,)NC'(By), if it exists
Solution of the general weak form: u (X)) € H! (By)

— Corresponds to u®x@t in C?(B,)NC'(B,), if it exists
Solution of the FE-approximation: uy, (x) € X7
— Verifies the strong form only on average
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Finite element discretization of the weak form

« Does the FE weak form converge toward the exact solution?
— First mandatory property: consistency

« The exact solution of the problem uexatin C2(B,)NC'(B,), which satisfies the

strong form, should also satisfy a (uy, duy) = b(duyp) Vouy € Xff
* Proof

- a (uexactg 6u Z/ V % 5’(1.}1 -+ 6%}1 X V) H -

2 (V ® uexmct +u exact ® V) dV

1 _ .
— As for the exact solution H : 5 (V @ uSxAt g exact o V) =

= a (u™*" Suy) = [ V@du,:aldV
Bh

= — V-JT-éuh+/ duy, - o - ndS
Bh th

~As dupeXF V.ol +b=0vVXeBy &8 0-n=T VX cInBy

—> a (uexa'Ct, 5uh) = /

b-ouy ~l—/ owy, - TdS = b (5?1,;1)
Bh a\TBh

2009-2010 Alternative numerical methods: FE summary 64 m%



Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (2)?
— Second mandatory property: stability
* The deformation energy should be bounded by (half) the work of external forces

« For a conservative formulation the equality should be obtained
* Proof
— Let us assume constrained displacements (on d,B) equal to zero, so uy € Xf

— The energy norm (twice the internal energy) : Hi (Bon) — R

: 2
s defined as [|Jul|* = 3 Hx/ﬂ v ®u‘

L2(e)

» This is a norm as it is equal to zero only if u=0 on By, (in H (Bop) )

— Considering u;, € X* c H! (Byy,) a particular choice for duy, € X*

VVext/ b-uh+/ uthS:b(uh)
By on By

— The bilinear form allows to write

Wext = b (up,) = a (e, up) = |||ul|*
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Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (3)?
— Third property: what is the convergence rate toward the exact solution?

e Some preliminary results
— Energy norm |||ul|[° Z H\/_ V@u)

1 +
Lae e (Bon) =R

— Upper bound of the blllnear form in H1 X H1 — R

(Vou+uo V)dV

l\DIr—L

—(V®U+U®V):H

S'e

1
V®U+U®V) H - §(V®u+u®V)dV

— |a(u, fv\<z
= |a (u, v\<ZH\/_ V@Eu)

» Using the Cauchy Swartz inequality

wiwor s (SR Tl o]

L?(Qe’)
= |a (u, v)| < [[Jul]|[||v]]

"\/W:V@v)

L2(Q¢) L2(Qe)
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Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (4)?
— Third property: what is the convergence rate toward the exact solution (2)?

e Some preliminary results (2)
— Orthogonality relation
» By linearity: a (wp — u®™*", v;,) = a (up, vy)—a (W, vy)
» Using consistency & weak form statement leads to
a (wy, — u™* vy) = b(v,)=b(v) =0 Yuy, v, € X"

— Interpolation u" € X* of the exact solution u™*** (X) € H? (By)

in the FE representation is defined such that

/ (u™t — ¥ v dV =0 Vo c XF
By,

— Interpolation theory: for uf e P¥(QF) interpolating u®**<t ¢ H*+1 (25)

it can be shown* that ||u®** — u;””Hq(QD) < ChEHI=a |yt FE4 (05 )

with C independent on the element sizeh,and V0 <¢g¢<k+1

*Ciarlet PG. The Finite Element Method for Elliptic Problems. North-Holland: Amsterdam, 1978, ISBN 0 4448 5028 7

"f'*‘//@ 2009-2010 Alternative numerical methods: FE summary 67 m%



Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (5)?
— Third property: what is the convergence rate toward the exact solution (3)?
« Some preliminary results: Summary

— Energy norm |||ul||® Z H\/_ V® u‘ ' H! (Bop) — RT

L2(Qe)
— Upper bound of the b|||near formin H X Hl — R a(u, v)| < |[ul]| |||v]]

— Orthogonality a (uh — et vh) =0 Yuy, v, € Xf
— Interpolation theory: for u* € P* (Q¢) interpolating u®** ¢ H*™! (Q¢)

one has ||uexaLCt —u”

AHHQ(QS') , g <k+1

< Chles+1—q |uexact ‘Hk—l-l (QS)

 If the method converges
— The interpolated error el = wp — u* should converge toward zero

— With an optimal rate with the mesh size

2
I

- Analyzing |||e — a(up —u”, up, —u”)  &using the preliminary results

exact

— Annex lll: == |||e*||| < Ch

A et

max |

H+1(B),)

-

Alternative numerical methods: FE summary 68 m%



Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (6)?

— Third property: what is the convergence rate toward the exact solution (4)?
« Convergence rate in the energy norm
— With respect to the mesh size || |ek||| < Ch* |uexa"3t ‘Hk+1(Bh)
— Is equal to the polynomial order

A
Log [Ejy — Eine™*|

A et
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Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (7)?
— Fourth property: what is the convergence rate of the displacement?

* For the problem under consideration
— a(up, dup) = b(0uy) Vou, € X*

— With b(’Uh)Z/ T-vhdS+2/ b v, dV
e Infde e ©

» Let us consider a dual problem governed by loadings (Td, b’ ), with

= bd('vh)Z/a ) Td-vhdS+Z/ bl vy, dV
e N E2° e °

— With 4§ the FE solution satisfying a (wf, sup) = b (Suy) Vou, € XF
— With u® * the interpolation in X* of the exact solution u® ¥t ¢ H2 (B,)

of the dual problem

exact

» Let us consider the error of the initial problem: e = u;, — u

— e is a possible particular choice as virtual displacement

— bd (6) —q (ud,exa.ct’ (—3)
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Finite element discretization of the weak form

Does the FE weak form converge toward the exact solution (8)7?

— Fourth property: what is the convergence rate of the displacement (2)?

. Starting from b? (e) = a (u™ =, e)

— Particularize the loading of the dual problem bl=e & T =0
2
i o) =3 [ e ondV — (@) = llellizip,,
— Developing 5% (e) , annex IV

[——>4 HeHLQ(BDh) S Chﬁi;}]& ‘uexa-ct|Hk+1

(Br)

Alternative numerical methods: FE summary 71



Finite element discretization of the weak form

 Does the FE weak form converge toward the exact solution (9)?

— Fourth property: what is the convergence rate of the displacement (3)?
« Convergence rate in the L2-norm
— With respect to the mesh size lellLz(,,) < Chhtl |uexa'0t|Hk+1(Bh)
— Is equal to the polynomial order+1

Log |u _ uexactl

A et
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Implementation of the finite element discretization

« Shape functions
— In order to define
e The test functions uy, € Xff
with X;f = {uh c H! (Bon) : wp
« The trial functions duy, € X*
with X* = {5uh € X} bunlppgs =0V € BOh} - H! (Bo)

— Polynomial shape functions N&(§) are defined, with

Qg © P* (Q5) VO§ € BOh} c H' (Bop)

e athe node number

« & the coordinates in the element basis

— On one element Q¢
sy (X) =) N(&u' & duj (X)=> N“(&du" forXinoe

* With n® the number of nodes of the element

» With u? the nodal displacements at node a
— For adequate shape functions satisfying N* (£°) = 6,4
— Where &P are the coordinates of node b
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Implementation of the finite element discretization

e 1-D shape functions

— On one element from X¢1to Xe

cup (X) =) N(&u* forXin[XL, X]

Linear approximation Quadratic approximation

N2 j (E+1)/2

i(e-l Xe

v

X X
-1 1 & -1 0 1 &
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Implementation of the finite element discretization

Shape functions on the mesh
— On Body B

. uh(X):ZN“"(&)ua‘ & 6uh(X)—2n:Na(£)6ua for X in B

* With n the number of nodes of the mesh

« With u? the nodal displacements at node a
— For adequate shape functions satisfying N¢ (&’b) = Oub

— Where &P are the coordinates of node b

— 1-D linear example

uA




Implementation of the finite element discretization

* Finite-element equations

— FE formulation of the problem can be stated as finding u;, € X}f
such that a (wyp, duy) = b (duy) Véu, € XF  with

1 1
a(uh,vh)Z/ —(V@vthvh@V):H §(V®uh+uh®V)dV

b(vp,) Z/ T vhdb+Z/ b-v), dV
a\rsze

— Using uy, ( :ZN“ Hut & duy (X ZNG su® for XinB

— This is restated as finding u@ in R*™ such that

- a(u®, ou’) =b(0u’) Vou' cR¥ : su’ =0

Op Bon

Qe

,
a(u*, su’) = {Z VN’ (&) -H- VN“dV} L ® Sul

. With |

b (u’) = {Z / TN (&) dS +Z / bN ( }-mb
\ on(2e

2009-2010 Alternative numerical methods: FE summary 76 m@



Implementation of the finite element discretization

* Finite-element equations (2)
— FE formulation of the problem can be stated as finding u2 in R*" such that
. a(u®, ou’) =b(0u’) Yéu' e R* : Su =0

)

a (ua', 5ub) = {Z

o With (using symmetrical properties of #)
{ g Sy prop

D-{S [ T as ey [ e }

— This can be reformulated

« Using a (u”, du") ZKE but @ou’ & b(du) ngxf-

b‘apBoh

VNP (&) -H- VN%ZV} cu’ @ ou’
Qe

\

* As du, is arbitrary, except for the n’ values constrained on dB, the problem
s finding u? in R*"™""  suchthat » K*®u® =" f
e Remarks: ¢ ¢

— This corresponds to solving a system of 3n-n’ equations with 3n-n’ unknowns
— n’ should be large enough so the system is not singular
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Implementation of the finite element discretization

« Elementary stiffness matrix

— For one element, the second-order tensor related to nodes a and b reads

VN (&) -H-VN“aV

o KE,?a.b _

Qe
— Curvilinear coordinates

* Element and shape functions are defined in the &space

&

A

o

/

O

4

X=B(&)

—/

V¢é

1

O

Y

X

~/
"7

\

« Changing frame using mapping X = & (£) of Jacobian determinant J

-

VN =

_ON"(§) ON“(§) ¢

0X
dV = |Ve @ ®|dV*¢ = .JdV*

ot X

— VN (Ve @)

i 2009-2010
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Implementation of the finite element discretization

« Elementary stiffness matrix (2)
— Elementary second-order tensor related to nodes a and b

c Ko = [ UNY(£) . H VNV
Qe
« Curvilinear coordinates X = & (&)

o ONO(E)  ON°(&) 0%
VN = = :

— 0X o6 0X
dV = |Ve @ ®|dV: = JdV*

— VN (Ve @)

. KO = /VE (VN (Veo @) ) M- (VN (Voo @) ") Jav
— Integrating this term is not always possible in closed form

e Complex element shapes

* For non-linear elements, the expression is more complex

— This integration is performed considering evaluation points
» Gauss points
e Lobatto
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Implementation of the finite element discretization

e Gauss integration
— 1-D example

1 1 1 _oo 1
f /1 fdé — f(0)2 f » fd¢ — (f(0.578) 5 + £ (0.578) 5) 2
f2
f : : :

»
»

-1 0 1 & -1 -0.578 0.5781 ¢

» Depending on the element shape, dimension, polynomial approximation, ... there

is an optimal number of Gauss points n,, to capture the field
Mpg

¢ Ry 2
/wfdv ;)f@)u v

— &is the location of the n" Gauss point
— Ww"is the weight of the n'" Gauss point

 What is the optimal number?
— Too many: computational cost
— Not enough: hourglass modes

T,

T
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Implementation of the finite element discretization

« Gauss integration (2)

— Hourglass modes
» Correspond to deformation modes leading to a zero-internal energy
o 1D-example
— Assume
» Linear strain approximation d:u 4
» Antisymmetrical deformation

— For one Gauss-point the stiffness __— R
matrix will be equal to zero T 0 1 4
— So two Gauss points are required
« 2D-example &4

— Assume linear square element -6 @

— With a single Gauss-point integration ‘\\ X 1 X 1)

— For some deformation modes K / &
» Deformation gradient at the center is zero —7 \\\ V55 S ]
» Zero internal energy (zero stiffness) WX _; >§II

— At least 4 Gauss points are required o= ©

» Or hourglass control
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Implementation of the finite element discretization

o Gauss integration (3)

— Locking
» Elementary stiffness matrix reads
Koot =3 (VeN' (67) - (Ve &) (67) .
n=>0

(VeN™ (") - (Vew ®) ' (€7) T (€ uV

§2A
o 2D-example
— Assume linear square element e ; @7
/
— At least 4 Gauss points are required to avoid Y X X !
hourglass modes \ rg
. >
— If a constrain is added to the system —1 |\ veé /|1
A - U
» Incompressibility (rubber, plasticity) \X ; ><,I
. ) ML W C
there are more equations than unknowns and © ©

the solution of the system is zero deformation
« Solutions
— Linear element with 1 Gauss point & hourglass control
— Linear element with Selected Reduced Integration
— Higher polynomial approximation
— Internal degrees of freedom (Enhanced Assumed Strain elements)
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Finite element discretization of the weak form for beams

FE weak form for beams
— The problem is finding «, € H*(]0 L) such that

a(u., du.) =b(du.) You. € HZ(]0 L[) € H? (J0 L)

L a2, 92
( 0“u. 0°v.
a(uw,, v,) = / FEl dx
0

. or?2 Ox?
o VVﬂh<

L .
_ _ 0(—w.
b (’Uz) - / f (‘T) U dT+ TZ;E.Tz(vz o L+ ﬁfﬂjj\jﬂjx (; v")
) 0 N Ox On L
[} _
Az A A f(X) T
— Finite element approximation . {H r WT
u, = | . X
e Let us try to write a displacement du, /dx =0 ’\ M>(} >
FE formulation, with Y ¢ ; |
' 0 L L2 L3 L4
U.jp, € U;f = {uzh c H? (J0 L]) :
k e—1 1e e—1 e 2
Wenlpes pop € PF (L L) VL1 L[} < B2 (J0 L]
e Is it possible?
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Finite element discretization of the weak form for beams

 FE weak form for beams (2)

AL Ty f(x) -Fz —
— Finite element approximation (2) u =0 {H(/ T 13 TX M,
: NAS : >
e Let us try to write a displacement du, /dx =0 777 \\‘!‘”:/Y 5 "
FE formulation, with 0 |1 |2 Ls L4 |_=

w.p € UF = {uh cH2(|0 L]) :
wenlipe s po €PF (L7 D) VILETL L[} c W2 (J0 L))
« The problem is that, even for quadratic shape functions in each element, the H?2

condition is not ensured at inter-element boundaries
u A
Z

[
|

|_e-2 Lm Lel-l |_Im+1 Le

e Solution?

i 2009-2010
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Finite element discretization of the weak form for beams

FE weak form for beams (3)

Al 23 f(X) TZ —
— Solutions 0, =0 {H(/ ! b TX M,
; A~ ; >
* Special shape functions C*]0 L[ du, /dx =0 77 \\‘QV':/*:/ ' "
— Shellin 3D ? 0 LI L2 13 L L=
 Considering formulation with U A

displacement & rotation degrees
of freedom
— Requires shearing

— More degrees of freedom

v

|_e-2 Xm Lel-l |_Im+1

|_e
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Limitations of the FE methods

* High order equations
— Clis difficult to enforce strongly

— Solutions
» Discontinuous Galerkin methods
* Meshless methods
 Mesh compatibility
— Problem of mesh definition: crack propagation, at material boundaries
— Solutions
« XFEM
* Smooth Particles Hydrodynamics
 Mesh deformation
— For large deformations

— Solution

e Smooth Particles Hydrodynamics
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Annex |: Weak form of the continuum equations for beams

 Two-field functional for beams

— Extremum with respect to M,

L 02
) - P
e I (uza 17\"{3:3:; 617\"{3:;1:) — / 617\[:1 x [ﬂ — 81’\-’1’ i U (ir\ja’.:c) da —
0

Ox2

o [0(-u.) -
LM, | M g
7. : [ (“)Qf’ ’y]

JF na:aa:(sir\'{a?a? (u‘z o ﬁz)‘(;)b.-L
orL

« YoM, € Hy(J0L]) = {6M,, € H(JOL]) : 0M,,]| onL = 0}

B 2009-2010

Due to the arbitrary nature of oM,,

a2 [ M.
SN G U (Mo, T - EI on ]0 L[, satisfying bending law

Oxr?
- % =6, on oL, satisfying constrained rotations
ox :

— U, = U. on d, L, satisfying constrained displacements
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Annex |: Weak form of the continuum equations for beams

« Two-field functional for beams (2)

— Extremum with respect to u,

L 2 L
)< (—du.
. T'(us, Myu: ou,) = / a,, 2L 2“") dr — / f () ou, do —
0 Ox= 0
_ _ J(—dou. 0 (—du.
Ny 'Tz 6uz o~ My ﬂjﬂ:ﬂ: M — Ny 17\"'{3333 M +
8 A PN A P

Ty 83: 17\"{;12 x ou z ‘ Oy L

e Odu; € Hf GO LD = {5’% € H? (}0 LD : 6“’2‘8[;1, - 8:35“2‘%1, - O}

* Integration by parts

L D2 A L

) ]\"’[TT

T (w., Moy Su.) f —C‘) L S, dm/ f (z) du, dr —
0 ox 0

— ‘) J_T\Ia’ r w ‘) T 6 Z
T?} € [Tz - C P . ] 5u z - T?; T |: J_T\f":ja: T - J_ﬂ'{a‘_{ T :| C ( r u_) p— 0
Ox On L R P

o universite || I
de Licge | Jid
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Annex |: Weak form of the continuum equations for beams

Two-field functional for beams (3)
— Extremum with respect to u, (2)

b92M,, L
¢ I' (u" 17\"{&?3:; 5“;:) — / - C — 5’&2 dx — / f (.T) 5uz dr —
0 0

- dx?

B 5)17\[ - _ ') - 5 z
My [Tz o - ¢ . ] 5’11,2 — Ny [17\'{3:3: - i“"/ja:a.‘} - ( . - ) =0
O On L O On L

0% (—u.) M.,
o With ——22 = 9y U (M, T) = ==

» Due to the arbitrary nature of ou,

0? ST
- = (EI ) = f(x) on]0 L[, satisfying linear momentum

Ox? Ox?
0 0%u. _ L _
- _—— [EI—2 =T, ongylL, satisfying shear loading BC
Ox Ox? -
0. - L .
- —FT 5 = My on dy, L, satisfying momentum loading BC
dx=
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Annex II: Weak form of the continuum equations for beams

« Three-field functional for beams
— Extremum with respect to M,

L 5,
o I(us, Moy, k3 6Moy) = | —6Myw (K + S22 do —
0 dfﬁ‘z

+ 1,0, 0M,, (w. — 'L_’*Z)‘agL =0

Ny 0 My [—
’ orL

° VCS‘E\"{;BI S H?&I GO LD - {5‘3\'{373’ S HO (}0 LD : 5‘3\'{3737‘8}\111 - 0}

« Due to the arbitrary nature of oM,

0w, L . .
- K= — 5 2"' on ]0 L[, satisfying bending compatibility
ox
_ 0(—u. L : :
-0, = & on d; L, satisfying constrained rotations
’ ox
— U, = U, on dy L, satisfying constrained displacements
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Annex II: Weak form of the continuum equations for beams

» Three-field functional for beams (2)
— Extremum with respect to «

L
* I'(u., M., k; 0Kk) = / 0.U (k) — M| 0k dx =0
0

. Vor e Hy (JOL)) = {6k eH"(JOL]) : 6|y, =0}
e Due to the arbitrary nature of ox

- M., =0.U (k) =FEIx on]0L], satisfying bending law

~La— 2009-2010
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Annex II: Weak form of the continuum equations for beams

 Three-field functional for beams (3)
— Extremum with respect to u,
L 926w
o T'(us, Myo, 5 0u,) = / [MC—H
0

Ox?

L
] d:z:/ f(z)ou, dr —
0

— Ny 17\_[:1 T +

n,.ou. On L

Ont L
J(—du.)
Ox

T?f T 83’ J.T\ja’ T 6u z ‘ 8{} L - ?’?} T J.T\j‘r T
orL

« du, € HZ(J0 L)) = {du. € B> (O L[) : dus|y,; = Ou0usl, , =0}

* Integration by parts

! ’ b 8217\"{3::{? L
I'(w,, M., r; du,) = ———— | du. dr — f(z)dou, dz —
0 O 0
— ‘)f\[ Tr v ‘) _6 z
., (Tz + ¢ y — ) 6uz — Ny (17\"'{;1?:1? - 17\"{;11:;1:) M =0
O OnL Ow a

- Université [ | B4
de Liage o
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Annex II: Weak form of the continuum equations for beams

« Three-field functional for beams (4)
— Extremum with respect to u, (2)

L
° I’ (’u,z? 17\,-’:[3733? ﬁ:., 5%2) = / [
0

= ‘)i T
., (T,, + ¢ i\[‘ = ) du.
Ox

82 17\[?3 T
Ox?

L
léuzdm/ f(z)ou. dv —
0

— Ny (ﬂzfa?:c — M 3333) M

5 =0
onL ox

On L

- M,,=0U(r)=FElkr
0.,

— h = — -
O’
» Due to the arbitrary nature of ou,

0? 0., L
- — | EI= ?’f"' = f(x) on ]0 L[, satisfying linear momentum
O? Ox?

0 T _
- —— (EI 83’2’4) =T, on d, L, satisfying shear loading BC

_ —EI—= = M,, on d,, L, satisfying momentum loading BC

B 2009-2010
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Annex lll: Finite element discretization of the weak form

« Convergence rate in the energy norm

k

— Starting from || }QAW = a (uy, —u®, wy — u)

e Using linearity of a

k

—— H }ekmz — a (uh, . uexact’ wy, — uk)_}_a (uexa.ct o ?,Lﬁ,, wy, — uk)

« Using orthogonality relation ( a (uh — et fvh) =0 Yuy, v, € Xff )
. H }ekm? _ 4 (uexa.ct B uk’ e uk)
» Using upper bound ( |a (u, v)| < ||[ul| [[lv]]| )

—= [l IIF < [l = ||| ] fun = w¥ [ = |||t ]| ol

. H }ek}HQ < muexact ot HZ _ Z H\/ﬂ LV ® (useet — uk) :

L2(2°)

—lle“]]” < 71D [V @ (0 — ) |1y

o universits ||| I
de Licge | Jd
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Annex lll: Finite element discretization of the weak form

« Convergence rate in the energy norm (2)

~ Starting from | |e*|||* < X, Z |V @ (e — ’“*k)Hiz(s'z °)

« Using Sobolov norm definition (|| f{|yym. »([a, B) Z Hf(k) )

—||e*]|]” < 1M1 fut — w

lexs ey

exact

« As uf € P¥(QF), assuming u e H**1 (Q¢) using the interpolation

exact

exact u

theory (||u — “kHHq(s‘zg) < CphHiza

=>mekm2gczhg u

— |||e"]|| < ChE

}{k+1(QS) ),Wﬂﬂ]Q =1

exact}
HFA+1(Q¢)

tLexact

max

H*+1(By,)
« Using similar argumentation for e = u;, — u™** ¢ H? (By)

— ||le]|| < CRE . )uexa'Ct)HHl(Bh)

* As |uet —yF| < |e| + || , using the 2 error estimates

= H }uemd AH! s Chnnx } et }HHl(Ba )

2009-2010 Alternative numerical methods: FE summary 96 m@



Annex IV: Finite element discretization of the weak form

e Convergence rate in the L?-norm
— Starting from &% (e) =a (ud exact, e) =a (ud’ex"mt — bt e) +a (ud i e)

e As ais symmetrical

_ bd (8) —a (ud_,exact . ud, k? 8) +a (Uh o uexact? ?,Ld’ k)

- Using orthogonallity relation ( a (wj, — u™**, v,) = 0 Yauy, v, € X )
. bd (8) —a (ud,exact o ud,k’ e) S (ud,exact o ’U,d’k,, w), — uexa.ct)

— pd (e) =a (ud exact _ qyd-k gy 'u,;”) Iy (ud?exact _udk gk uexact)
» Let us particularize the loading of the dual problem bl=e &T =0
b (vn) = Z/S e v, dV = b (e) = \BH%;Q(B%)
e
. HBHiQ(BOh) _— (ud,exact B udh’ w), — u;‘) +a (ud,_exa.ct B ud,k? uF — uexact)

« Using upper bound ( |a (u, v)| < |[[u]] [[[v]] )

|

—> llelge g,y < Il = uhH|| [l [ + [u® = = u®*|| [ —
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Annex IV: Finite element discretization of the weak form

e Convergence rate in the L?-norm (2)
— Starting from  |le[lgzp,,) < |[[u® ™ = w®*||| [l ||| + [[|u" — u |||
» Assuming the problem is elliptic with
— A-u=0> in By
with A : O (By) — HP™2™ (By) the elliptic operator
» m=1 in elasticity
» m=2 for beams
— J'u=0on OBy Y0<i<m-—1
— If the exact solution u € H*™ (By) , then*
lullge < CPl|A - wllygp-2mp,) ¥V p=2m
e Using m=1, p=2, as b? = e this theorem applied to the dual problem leads to

Hud’exa'mHH?(BOh) <C HdeHO(BOh) =C HeHLQ(BOh)

exact o, k

. Using |||u | < Chl o }uemd’}HHl(Bh) for the dual problem

— H }’U,d’ exact ’U,d" k } H < Olhmax Hud,exact HHQ(BOh) < Ohma.x HBHLQ(BhO)

*J. Lions, E. Magenes, Problémes aux limites non homogenes, Dunod, Paris, France, 1968.
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Alternative numerical methods: FE summary 98 m%



Annex IV: Finite element discretization of the weak form

Convergence rate in the L?-norm (3)
- Starting from |z, < [[lu® = = w #[|| [ e[| + |[|u* - w|]]

d, exact

e AS H}ud,exact _udkm < Clhmax u

HQ(BOh) S Chtna.x HeHLQ(BhO)

— llellam) < Chumax [[||€"[]] + [[Ju* — u<[]

Using H}ekm < Ol [u H:+1(By)
H }uexact o uk ! < Ohfnax }uexact }HkJrl(B_, ;
— HBHLQ(BOh) s Oh’ﬁf&i (T H:+1(B))

*J. Lions, E. Magenes, Problémes aux limites non homogenes, Dunod, Paris, France, 1968.

- Université [ | 14
de Liage o
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