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46 Part I 2.3

THE CENTER CRACKED TEST SPECIMEN

A. Stress Intensity Facter

K, = av/ma F{%)

e s s o b — ———

Numerical Values of F{%p) '

(Isida 1962, 1965a, b, 1973)
Isida’s 36-term power series of (%) (Laurent series
expansion of complex stress potential, 1973} gives

practically exact values of F(%p) up to %p =09 #

Numerical values of F (%) are shown in the following e e O

graph and table.
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*Exact Uimit  (Koiter 19650}

*See Note 2




Stress Analysis Results for Common Test Specimen Configurations

Empirical Formulfas
a. Accuracy
h. Method of derivation, reference

. ,::;
F a;b) = \(,F'—-—tan—-m

Better than 5% for %/, < 0.5
Approximation by periodic crack sofution (Irwin 1957)

F(a) == 1+ 0.128{) — 9.288("’/[})2%%.525("/5}3

0.5% for 9/, < 0.7
Least squares fitting to Isida’s results (Brown 1966)

a / e
F{t) = sec>

0.3% for ), < 0.7, 1% at 4, = 0.8
Guess based on Isida’s results (Feddersen 1966)

1—05(4) +0.326(%)
R

1% for any %,

. Asymptotic approximation (Koiter 1365b)

L= 0.5()) +0.370(%) ~0.044(7;)
V1=

F{p) =

0.3% for any %,

. Modification of Koiter’s formula (Tada 1973)

F(a) = {1 - 0.025(%) +0.06( @)’} v;sec—gg

0.1% for any %,

. Modification of Feddersen’s formula {Tada 1973
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THE DOUBLE EDGE NOTCH TEST SPECIMEN
A. Stress Intensity Factor
49

} f

Ky = oyma k()

Numerical Values of F{9/)

Bowie’s results (7, = 3.0, mapping function method)
have 1% accuracy and Yamamoto’s results {h/b = 2.75,
finite element method) have 0.5% accuracy for
0.2 < < 0.9 (Bowie 1964a; Yamamoto 1972). .

T v

3 1= % F(%)

\\q Mode I |
1 et Mote T

\ﬁ
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1-% F(%)
°

0.8
LTSS
? o Bowie P‘*Otieilif’b%%r
* Yamamoto 2
0.6 i { ™ 30‘637
0.2 0.4 0.6 6.8 1.0
R— 0/b

*See Note 2
(See also pages 2,32, 2.33, 2.34, 11.5, 181 etc,, for corrections and various effects.)
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Empirieal Formulas

a. Accuracy

b, Method of derivation, reference

Fldiy) =

Better than 5% for 9/ > 0.4

. Approximation by periodic crack selution (Jrwin 1957)

F(aj,) = 1.12 + 0.203(%p) — 1197 (4) +1.930(9)

Better than 2% for % < 0.7

. Least squares fitting to Bowie’s resuits (Brown 1966)

o 11220561 (%) ~ 0.015 (@) +0.091 (%)’

a. Better than 2% for any %/

Asymptotic approximation (Benthem 1972)

2

—

: 4ay, b i
(étf, : 1Y g .

Fl¥p) = (‘1 +0.122¢o8 57 ) mt““nwzh

a. 0.5% for any %

 Modification of Trwin’s interpolation formula (Tada 1973)

e

F(,) = 1,122 - 0.564 (%) — 020 (@) +0ATH ) ~0,190(%)
il T

V=

0.5% for any ¥/,

Modification of Benthem’s formula (Tada 1973)
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THE SINGLE EDGE NOTCH TEST SPECIMEN
A. Stress Intensity Factor

Ky = o/mo F(%)

Numerical Values of F/{%/)

The curve in the following figure was drawn based on the
results having better than 0.3% accuracy.

Methods and References

Boundary Collocation Method ( h/b > 0.8): Gross 1964

. Mapping Function Method (1 = 1.53): Bowie 1965
Green’s Function Method (h/’b > 1.5): Emery 1969, 1972
. Weight Function Method: Bueckner 1976, 1971
Asymptotic Approximation: Benthem 1972

Fimite Element Method (h/b = 2,75, 1.0): Yamamoto 1972
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NOTE: 1. Load is applied along the centerline of the strip at the crack locatien (or uniform pressure on crack surfacest.

2. The effect of ™, is pracically negligible for f‘; Rt
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A8, 2.27 e 2,31 ete., for varicus correstions and effecte}
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53

Empirical Formulas
a. Accuracy
b. Method, reference

. 2 3 PR
F{A4) = 1122 — 0.231(9) + 10.550(%,) " ~21.710(%)) +30.382(%)

a. 0.5% for 4, < 0.6
b. Least squares fitting (Gross 1964; Brown 1966)

0,857 +0265¢
F(y) = 02651 4) 4 L E 020 T

/2
(1~ )

a. Better than 1% for 9/, < 0.2, 0.5% for %, > 0.2

b. Tada 1973
3
5 ra 0752+ 2.02(%) +037(1 ~ sinZ7)
rlany — % ean 0 5
(Yp) =y —_tans; -
a. Better than 0.53% for any a/br
b. Tada 1973 - TA/Z

B. Displacements

Craek Opening at Edge

4o
A= Efl I8 (a/b) +
ot ]~
Gross’ results (Gross 1967, Boundary Colloca-
tion Method) are expected to have 0.5% accuracy o b g

for 0.2 < 9/, < 0.7. An empirical formula with 1% i
accuracy for any %), is (Tada 1973)

i (af‘fb) = j 2 -
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2.13 Stress Analysis Results for Common Test Specimen Configurations

THE PURE BENDING SPECIMEN
A. Stress Intensity Factor

K; *(7\/7?35‘(%\)

Numerical Values of F ()

The curve in the following figure was drawn based on the
results having better than 0.5% accuracy. Also used for four-point
bending,

gzans

R S IR

0

LM
1.422
10 \ _, 10
e
\?!I. 08 \\ (1 - 9553/2}:‘( %) 08
& \\
i
o AN 06
f S~
T
\ 4
0.4 = 0374
0.2 0-4 0.6 0.8 Lo

Methods and References

- Singular Integral Equation, Bueckner 1969

. Boundary Collocation Method (", > 2), Gross 19652
- Weight Function Method, Bueckner 1979, 1971

- Green’s Function Method (%), » 1.5), Emery 1969

- Asympiotic Approximation. Benthem 1972
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2.16

THE THREE-POINT BEND TEST SPECIMEN

A. Stress Intensity Factor

6M Ps
C’:?("”ﬂ

Ky = ov/waF (%)

Numerical Values of F{%/)

»n ) e——
-0
«-—---0"’--»-.-

The curves in the following figure have 1% P/
ACCUTACY. 2
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Methods and References

I. Boundary Collocation Method (%}, = 4,8) {Gross 1965b)
2. Green’s Function Method (%), = 3,8) (Emery 1969}

Empirical Formulas
a. Accuracy
b. Method, reference

For 3jy, = 4,

1.99 —a/p(1 — 9/p)(2.15 ~ 39395 4. 2.7 (ﬂ_/;;}z)

1
it — L
F{\ b= =

\,‘/h

a. 0.5% forany 9/
b. Srawley 1976




19.1 Two-Dimensional Stress Solutions for Various Configurations with Cracks 289

a
S=Era
4 Kg = 0ra F(s) -4

Kg= G o Fu(s)-sinY

- Fals)m= (i-A) Fo(s)+ A F1(9) -

H 2 Fres)= Ji=(1~5) /J?a' = f(2-5)2-25+5%)
w3 E(S) = 6.5(3-s)[1+ 1243 (1-53] 3
woop F(s) = 1 +(1=-9)[.5+. 7430~

e -243 R
T . S~ \ ]
T 2

Methods: Mapping Function Methods (Bowie — Mode [; Sih — Mode [II}, Boundary Coilocation Method
{(Newman)

Accuracy: Fyy and F; curves are based on numerical values with expected accuracy of §.1%. Formulas Fj
and Fy 1%; Fyr Exact
References: Bowie 1956; Sih 1968a; Newman 1971; Tada 1985




200 Part 13 19.2

s = =2
Ky= o/wa -
(3365 FL(8) = (1=2) FdsHAF (@ )
3 —3
Fcs) =L 1_\._2_(}—5)4-.3{5-—5)‘] F(s)
c F F(s) = 2.243—1.645-»s.afszs"—-zwss’ .
2.243
: \ K, =T fa - (3)-sin¥ -
w2 SNt iy 3, —12
T T \Fx chspj!a:(z—sﬂ
o & \
i \
l \% H
%‘- _j—_
} vz
! | | | '
0.2 0.4 0.6 0.® -0

Method: Mapping Function Method
Accuracy: Fy and f; Better than 1%
Fi; Exact
References: Bowie 1956; Yokobori 1972 {or Kamei 1974); Tada 1985
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pomesicBits

KIzG‘JFG'F(%,«E—)% -
1,
[
i
b /]
n-

Lo
el

i

0.2

Method: Boundary Collocation Method.
Accuracy: Curves were drawn based on the results having better than 0.1% BCCUTACY.

Reference: Newman 1971
See also page 18.11.
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19,15 Two-Dimensional Stress Solutions for Various Configurations with Cracks 303

F=1 f
bt o !

Ke=04Ta-F(5. &) i” \

s=0(%~>0): F=1122 K, be-@«:t-»
s+1(%~xm): F»1l22

5

/5
=0 Clp=>®O : Fomy. |22 i éO"é :
(F=t 22
10 5 where K

=}<t(%)=-(s+2%)-§<°
£056) = 1+0.122 (5

C/’b)
. 1122

4

0.2 0.4 10'6 0.8 1.0
t+ S

F(s.%) -

e | {22
0 i i H } }
i 0.2 0.4 0.5 0.8 .0
£
- 5 =
b+ Q4
Methods: S?.ress Relaxation (Superposition) (Nishitant; £/p = Tt 2end 0.2 < 4/p <1, Estimated

nterpolation (Tada)
LCOUMRCY! %eﬁel than 2%
~esc Mighifani 1973: Tada 1973




342 PartIV 24.1

ttio
K, = ::;5\/7_1'_5 {(Ky = Kmp = 0)

Volume of Crack:

Crack Opening Shape:

Opening at Center:

by = 2v(0,0) = M

Additional Displacement at {0, s} due to Crack:

2
a(1-+%) ) :
vi0,s) = ( = aa{lw(l ma)—ztan : gwa——;—wﬁ;}
a

where

X

Methods: Integral Transform, Integration of page 24.5 or 24.11, Paris’ Equation (see Appendix B),
Reciprocity (sce page 24.7)

Accuracy: Exact

Reference: Tada 1983

NOTE:  ¥{0.s5) ls the displacement at {0,5) when uniformn pressure & is applied on crack surfaces.
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Chet = "ﬁ%’z’ TP
Kz""" o;etm Fr (/) /%

= Opet {TiCb-a) Fz(a/b} i

-

= Gnet {Tb F,(4/b) >tfj<
2a

Fi(a/b) E (/b)_ Fs(a/b)

G e o J360-% @2{7
- /b b 6(1-%)
G(%p=~0)= 1/2 A
G(op—=1)= [.122 lP
(oY= H{re g+ 33 -0
-0363($)*+0.731 (%)"} /
KK: = Km‘ = 0 / ]
0.8 / c8
“oor // ' _.
Ty o
u'} 0.6 ﬂ / o6
© |05 A ]
T L o4
R ——
2 /
/
0.2 W 0.2
Oa ; 0.2 0.% I 0.6 l 0.8 l 1.0

Method: Singular Integral Equation (Baeckner), Asymptotic Approximation (Benthem)
Accuracy: Better than 1%
Referencees: Bueckner 1965, 1972; Benthem 1972

Other References: Lubahn 1959; Wundt 1959; Irwin 1961; Paris 1965; Zahn 1965; Harris 1967
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T

X —a. O- X

Semi-infinite body {y > 0} {y =0 Free surface}

2
Ky = Zayra Fl)
T

F(6) = 1211 — 186+/5iu 8 (;0"’ <0< 170“‘}

Methods: Alternating Method {Smith, Hariranft). Finite Blement Method (Tracey, Raju); F (£} is based
on Smith’s result (Merkle)

Accuracy: 2%

References: Smith 1967; Hartranft 1973: Tracey 1973; Merkle 1973; Raju 1979



612 Appendix

A.7 Large plates with elliptical and semi-elliptical cracks

Consider a plate specimen containing an elliptical crack. Let the major and
minor axes of the ellipse be 2¢ and 2a, respectively, as shown in Figure A.3. The
stress intensity factor for the embedded elliptical flaw varies along the crackfront as a
function of the angle ¢ (see Fig. A.3b). When the dimensions of the cracked body are
much larger than g and c,

) 1/4
O/t . a
Ky = T sin® ¢ + = cos? o] ., (4.120)

where W is the elliptical integral of the second kind, which is given by

r,z 2 %

U= 1= (1= sin*¢t  dg. (4.12b)

0

K; is maximum when ¢ = 90°. Using a series expansion for W, it can be shown that

3w
\P%’g‘-}‘g = (4.12¢)

(@)

# | ®)

Fig. A.3. (a) A large plate containing an embedded elliptical crack. () Details of the crackfront.




Stress intensity factors for some common crack geometries 613

When a = ¢, we obtain the solution for a circular (penny-shaped) crack. In this case,
Eqgs. A.12 reduce to

2
K; =—o/ma. (4.13)
T

The solutions given by Egs. A.12 can also be applied to the case of semi-elliptical
surface cracks. For the semi-elliptical surface flaw (thumb-nail crack) in a finite size
plate, the stress intensity factor at the mid-point (i.e. end of the minor axis, ¢ = n/2)
is

_ 1.120/ma

= MJQ ,
where the pre-multiplier 1.121is the free-surface correction factor, Q is the flaw shape
parameter extracted from W in Eq. A.12b, 2c is the surface length of the crack, and a
s the maximum depth (at ¢ = n/2) of the crack into the material. Q = w2 in the
elastic limit, o/oy — 0, where o is the applied stress and oy is the yield strength of the
material. Additional corrections may have to be made to Eq. A.14 to account for the
proximity of the free surface to the crackfront (depending on the relative magnitudes
of a and the specimen thickness B) and for crack-tip plasticity. The modified value of
Q incorporating the plasticity —correction is usually taken to be
0 ~ W —0.212(c%/03).

K (4.14)
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/\ma/v’ie?

K] :U\/TEF()\)

i

Fp= {1+ .3225)3) T 0<a<

=0.9+ 0254 F<A<S
Crack Opening Area:

A= gy(m‘zr) G

GOy =X + 0162 D<r<i

=024 81 + 300 =03 1

[
S
|4
A

Methods: K, Integral Equation; 4 Paris’ Equation (see Appendix B}
Accuracy: K, 1%; 4 2%
References: Folias 1967; Fama 197Z; Tada 19832



351 {Crack(s) in a Shell

485

Al L R
R Tl E——
I - —-
- eadand i
T N Nz
2a P : P™H 2a
| -— —A_4
ol . it
: i e— i

- R
,\ﬁa/\/ﬁ
K[zﬂ'\/’fﬁF{)\)
2 15
F(ay={1+125x)"" 0<A<l
=0.6+0.9 A 1<Ags

Crack Opening Area:

A:%@ﬁmcm

Gy = A+ 6250 0<A<l

44 3650 472N 4050t 1gags

If

Methods: K Integral Transform; 4 Paris® Equation (see Appendix B)
Accuracy: K, 1%; 4 2%
References: Folias 1965; Frdogan 1969; Tada 1983a

NOTE:  Asa - e, K, — oVR { i? : R) (Harris 1997).
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