University of Liege
Aerospace & Mechanical Engineering

Fracture Mechanics, Damage and Fatigue
Non Linear Fracture Mechanics — HRR Theory

Ludovic Noels

Computational & Multiscale Mechanics of Materials — CM3
http://www.ltas-cm3.ulg.ac.be/
Allée de la découverte 9, B4000 Liege
L.Noels@ulg.ac.be

ll ¥ LIEGE
. université
Fracture Mechanics — NLFM — HRR Theory


http://www.ltas-cm3.ulg.ac.be/

Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary N R
— 3 failure modes T T T T T T
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— Asymptotic solution governed by stress intensity factors
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary

— Potential energy I1; = E;, - Qu

_ before
— Crack closure integral
- Energy required to close crack tip V‘%
u+Au ___________ 71 _ftft"jt@'
Al =j j t-[u']ldu’ dA 7 Aa
A Ju after
— Energy release rate i1
» Variation of potential energy in case of crack growth t
G = —0p (Eint — Wext) = —04AI7
* In linear elasticity
G = —0,4AI li ! 1t0 [Au] dA
= —0y = — llm — — . u
— In linear elasticity & if crack grows straight ahead
K? K72 K?A 4FE E Po
=I_I_II_I_III Ele 1{E e
E' E'"  2u (1+v)(r+1) 7

2021-2022 Fracture Mechanics — NLFM — HRR Theory



Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary
— J-integral

« Strain energy flow

J = /F U(e)n, —u, - T]dl

— Exists if an internal potential exists

* |s path independent if the contour /"embeds a straight crack tip
« No assumption on subsequent growth direction

« Can be extended to plasticity if no unloading (see lecture on cohesive zone)

— If crack grows straight ahead == G=J

— Inlinear elasticity (independently of crack growth direction):
K{ K37 Kij, AE { E  Po

_ B =
T=T T T, T+0) (R 1)

E
1—12 PE
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Linear Elastic Fracture Mechanics (LEFM)

« Analytical N AV, s 4y T y
_ SIF from full-field solution Pttt I
 Limited cases — % - | . ! °eetee
-] :: l T feo
- <« . (o
K;r=o0.vV7ma Oct— — o= Pu— i «— >
o 2a e | 2a 2a
—= < K11 = TooVTa - — T T
D Ly l<—<—<—T°° RIS
\KIII:Tx"‘Wa' vllllllv
O
— From energetic consideration K2 K2 K2
. : _ I 11 111
- Growing straight ahead crack G = —04 (Eint — Wext) == G = E' + L' + 2u
* From J-integral K_f K%I K?H

J =
E’Jr E’ + 2/

* Numerical (e.g. FEM)

: K1 = Brov/ma
= < K7 = JB}}TOQ'\/’?TG-
Krrr = Brirm<vma
— S depends on geometry & crack length
« Tabulated solutions (handbooks)

7 http://ebooks.asmediaqitalcollection.asme.ora/book.aspx?bookid=230
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Linear Elastic Fracture Mechanics (LEFM)

« Small Scale Yielding assumption
— LEFM: we have assumed the existence of a K-dominance zone

[
»

K-dominance zone
(asymptotic
solution in 1/r%/2)

_ Does not always o
Asymptotic oy, exist

—

LEFM asymptotic
G,y in ri?2

True oy, _» True o,

< v/

Plasticity

» This holds if the process zone (in which irreversible process occurs)
— |Is a small region compared to the specimen size &
— Is localized at the crack tip

— Validity of this approach?

 We check the dimensions
xProcess

zone size
aW —a>25

* Non-linear fracture mechanics
— Derivation of the LEFM validity criterion
— Providing solutions when LEFM criterion is not met

_ % * LIEGE
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Dugdale (1960) & Barenblatt (1962)’s cohesive model

Dugdale cohesive zone/Yielding strip Oyy

— Remove the singularity

— Introduce plasticity at crack tip
— Nonlinearities localized at crack tip

— Elastic perfectly plastic material (hP=0)

Cohesive Y “C i
/zone tip rac\‘ 'P
hATRLY. r

V-

r 2a

r

p

{ }r_w i
% :
JRRREEY: X KAR B

< > ¢——mmp
- Ll

Asymptotic o

yy

Plasticit

The plastic zone has actually a different shape in most cases

— Depends on the stress state, hardening law etc.

v

==
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Material behavior: Elasto-plasticity

« Elasto-plasticity (small deformations)

— Beyond a threshold the material experiences irreversible deformations

— Typical behavior at low/room temperature ) T
~—) ) -
- C -¢ ind dent of time
urves o-¢ Inaependent or um o 4 O:):():\/Z)
« At higher temperature creep ... O T S ——
— Yield surface o0 |- :
f < 0: elastic region E
f(o) <0 . e
f = 0: plasticity ! >
P gt &
— Plastic flow

« Assumption: deformations can be added de = de® + de® == do = H : de°

* Normal plastic flow de? = d)\g
Jo

— Path dependency (incremental equations ind )

. % * LIEGE
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Material behavior: Elasto-plasticity

Existence of a free energy function RARIG)
— lIsotropic hardening (&)
1
° \I;(é.e’ g])): 586 :’H:E:e—l—h({;:p) (_7;1
0w
e
* O
I | /I
=g " 7
) //_
__=6,(¢)
/

— Kinematic hardening

1
—&8H: e + - Ca:a + 0P

° e —_
(e, a) > 3
( oy %’
G:age Gpo \ / "
aLIJ /% A
. Oy = =0 0 N
P~ ger  9p 0y &P | /X(Sp) P
&
X 6‘{—’ ZC I_p @» g
e a / e 2\ v
\ da 3 ,'__g ————— T U=—=¢€°H:¢&°
— U'—'EGE
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Material behavior: Elasto-plasticity

« Existence of energy release rate? o1 o(e) 2
o (&) F-----
— Free energy .
1
. \Ii(se,ép)zﬁse:ﬂzee—l—h(ép) Sl /-
_ov _ov
0T 9 4T o T _'\E
T
L aU _au S
— But O-_ageiag T'_Upo____ ) I
* No unique value of o for a given &

» Since o(&°) depends on the history
=== Neither G nor J exists
— We assume no possible unloading

== \We recover an energy U(&) with

U(e) = %se(s):}[: £(e) + h(&P ()

and with (see next slide)
au

~ 0e

()

. ¢ LIEGE
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Material behavior: Elasto-plasticity

e Assuming no unloading o A a(e) A

— Internal Potential op(€P)
b

£ €
U(e) =] o:de’' =] e I de® +J o:deP’ Gy
0 0 0

* One has
)
deP = dAf—f
do /!
dsP = \/%dsp : (eP dA = dé&P
|2 e T
do 2\/s:s \ 2\/s:s
t
sS=a — — (o) I
3
P eP ep\/gs:s gpP
« So f a:deP’ =j s:deP’ =j d &P =f 0,d&P = h(€P)
1 ) U
== U(g) = Ese(s):}[: g(e) + h(eP(g)) & o= e

. # LIEGE
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Elastoplastic behavior

« J2-plasticity without unloading
— Internal energy

1
- U(e) = Ese(s):}[: & (e) + h(sfp(s))

- with h(&P(e)) = | o,d&P 5
P
1.5}
— Example: Power law hardening <=
P n \b ! — a=2;n=1 |
- 0 4
p( ) p<aag/E ) 0.5 —— a=2;n=4
« Parameters a & n ' — a=4n=4
a=2;n=7
- Term c,%/E represents the elastic 0 | | __a=4n=7
deformation before yield 0 2 4 6 8 10

e H:ee  na(dl)’
2

— ] =
E(n+1)

. # LIEGE
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Elastoplastic behavior

« Power law
— This law can be rewritten in terms of the total deformations

* Yield stress is replaced by 2
. 3 %
equivalent stress o, =4/ =s:s S/
) 1.5¢ /
« Plastic strain is replaced by /L
_ - 5 % B LT =
equivalentstrain z = 4/Z¢ : ¢ y P — a=2;n=1
3 © B a=4;n=1
H //// / I (Xzz;n=4
« The governing law becomes 0.5/ / -  a=4:n=4
= % (1’0'0 n /// ******** a=2;n=11
_ 0 < e N 7 a=4n=11
Oe =0, =7 ) O = — | = 0 . . . ’
ao) | E L \o) 0 2 4 6 8 10
« Parameter n cEl ",

— n—: perfect plasticity
— n—1: “elasticity”

— Doing so requires 2 assumptions
* There is no unloading

» As elastic strains are assimilated to plastic strains, the material is incompressible
— Which are satisfied if

« We are interested only in crack initiation and not in crack propagation

» The stress components remain proportional with the loading

« Elastic deformations are negligible compared to plastic ones

. ¥ LIEGE
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Elastoplastic behavior

« Power law (2)
— Internal potential for J2-elasto plasticity

- Ue) = %ee(e):}[: £(e) + h(eP(¢))

€p
— Here we have a non-linear L5
Incompressible response oo
€ " \: i’ — a=2;n=1
e O =0 8 0 A a=4n=1
Odo_p/ E — a=2;n=4
0.5} ey
. i i | a=2;n=11
Obeys plastic flow equations \ o= dn—11
== (&) = jaedg— 0 2 4 6 8 10
g cEl ",
2 _ Tl_'l'l 2 +1
na(a)" / € \ » na(ad) [(o.\"
— U(ET) = P 0 = P 0
E(n+1) oy E(n+1) 0p
“F

. # LIEGE
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HRR theory

 The HRR theory

— From Hutchinson, Rice and Rosengren, 1967-1968
— Assumptions

« Semi-infinite crack

» Loading increased monotonically s only for crack initiation

« Power law == only if plastic deformations are large compared to elastic ones
— J-integral

» Elasto-plastic model & these assumptions = non-linear elasticity

« The J-integral can be used

» It is path independent, so one may choose

J/ Un, —u, -o-n)rdd

. ¢ LIEGE
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HRR theory

* Near fields
— Evaluation of J-integral

» Choice of a circle to evaluate |

=>Jf (Un,—u_, -o-n)rdd

» Since Jis path independent, it is the same

whatever the value of r

T

—_— ] = lin%] Un, —u, -o-n)rdd il
T —
— T
— So the integrant should be
independent of r (at the limit)
. h (6
—_— llr%(Unafu.aj-o'-n) = (9)
T— ’ }”
— The terms involve stress times strain
. [ (0
= limo:ec= (—)
r—0 r
. # LIEGE
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HRR theory

* Near fields
— Because of the path independence of ]

e llmeo:e= @
r—0 r

— Generally speaking, the stress tensor can be expanded in a power series

. o(r,0)= Z-rs& (0, s)

S

where ‘& (6, s) dependsonlyon ¢ ands
— Let s’ be the dominant exponent near the crack tip
== o (r,0) ~r" & (0, s)

where & (6, s') depends only on # and s’

e Strain field:
0 n L
g = OLO’P Oe —_— e ('T’S ) é(Q? S,)
E O’S
— Therefore
[ (0 —1
e limo:e = () = ns' +s' =-1 = |s =
r—0 r n-+1

: ¥ LIEGE
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HRR theory

* Near fields (2)

— Near fields are obtained using s’ = ——

* Rewrite stress field

o(r, 0) ~ e o (0, s') === o(r,0) — agkn

» k, is a plastic stress intensity factor which

— Allows defining & (8, n) independently of the loading amplitude

— Depends onn

2 \
« Limit cases
13 - . ” //
— “Elasticity” (n—1): 1.5 L
e
==2 | EFM solution in 1/rY2 recovered ob“ S —
. _ = I 7 // a=2;n=1
— Perfect plasticity (n—): b | a=4:n=1
i TaY i e — a=2;n=4
== Stress remains finite 0.54 Y = 4in—4
/// a=2;n=11
/ a=4;n=11
% 2 4 6 8 10
cE/l o0

_ % * LIEGE
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HRR theory

* Near fields (3)

— Near fields are obtained using s’ = —ﬁ
» Stress field
5 (0.
o(r,0) — ngnLin)
rn+t1
 Strain field
ac) (o, \" aoy ky
‘E—p(_0> —_— c — P Eé(g,n)
E O—p -rnJrl
 Internal energy
( ) n+1 ( )
nalo na(oy)” kPt _
(&) = E(n+1)(cw£> En+1) r 76,
* J-integral

w

0\2 T
oo N
J = 11H}J (Un, —u, o -n)rdd = %k:“ / h (6, n)db

—TT — T

JE \"! T
= |k, = 5 with I, = / h (6, n)dd
o (O'g) I, .

. # LIEGE
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HRR theory

« Solution in terms of J-integral

1

— Near fields are obtained using s’ = o

» Plastic stress intensity factor

T
b — JE2
« (Ug) I,

e Stress field

P rn—l—l Ug)
e Strain field _
act fr oo JE R
€ P Z’ e (0. n _— (& = L z g (0, n
— E pwit (0, n) E \ra (ag)zfn (6, )

— Jis governing the stress field near the crack tip

e Limitcaseofn—-1

2 K
J:Kf =5 0xX—

B T

. ¢ LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Resolution for a semi-infinite crack in plane ¢ state
— Airy functions
* Linear momentum o,3.3 + bo =0

— If b =0, there exists an Airy function ®: o3 = =P o3 + 003D
— We are not in linear elasticity === we cannot say VQ% — 0
( ]

1
Tpyr — _(I),?’ + _2(1),99
r r

* In polar coordinates ¢ opg = D@,
1

o9 = — ‘I)f,~9+ ‘1 Y.
« We are seeking a solutlon inr 1’(”+1) = \We choose ) ‘.f

* So the stress expressions satisfying the balance equation 2n N 1 2n i1

n+1 n+1
-1 (n+1 (n+1) y
rr — Tl
? ' ( n f+n(2n+1)f

-1 n—+1 (n + 1)2 , -1 —(n+1) ,,
n —= Prn+l — nt1
oo =" ( 0 h (2n+ 1) f=r (2n + 1) f

. ¢ LIEGE
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Semi-infinite mode | crack in plane ¢ state

Resolution for a semi-infinite crack in plane ¢ state (2)
— Stream function
. . . Ua g+ UBa _ _
« Since we are incompressible €. = 5 & €aa = Ug o =0
with plane strain assumption (if not: g,70 )

* So displacements derive from a stream function ¥ with {uB B &)
y —  FL
* In polar coordinates _
, cos 6 sin 0
- u, =V, =sinbV¥, + Ve& uy =V, =—costV¥, + N Vg
W g
: u, = cosbu, + sinfbu, —
== the displacements become ! v Y r
up = —sinfu, + cosfu, = -V,
— Strains are obtained from
« U, Wy
Epp — u?’,r — - 5
1 T T
ur
</ Epgp = — + __u9,9 = —&pp
r r
L fu,.p Ug L (W g v,
€ = = ’+u,——>:— — — V., + —
T ( r ey 2\ r? " r
- We are seeking a solution in r V(1) ==» we choose ¥ = (0)
=42
n+1
2021-2022

. ¢ LIEGE
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Semi-infinite mode | crack in plane ¢ state

Resolution for a semi-infinite crack in plane ¢ state (3)

— Strain tensor

« Stream function = —p Ziﬁg (9)

« So the strain components are

f lI},rQ @.9 —n ( n+ 2 / ,) 1 =n_
Eryr = ' — ‘

- — = -r'n+1

-rl r2 n+1 n+1

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

 Resolution for a semi-infinite crack in plane ¢ state (4)
— Stress & Strain tensors

[ 1(n+1 (n+1)°

Ty = I+l -+
n / n(2n+1

)f") & Ogg=riiif
4 :
o'?,(_):-r% (TZ+1+ (n+1) ))f,f"”“rll(n_kl)f’

& n n(2n+1 (2n+1)
Err = — : ’r’:—ﬂgl& €0y = : ’7‘%9’
" n+1 n—+1
JX . s ( = n+ 2 )
rg = — g n 59
\ 2 (n+1)
— 2 unknown functions fand g == need for 2 equations
ao! "
« The power law e —r (2
E \o)
* The normality equation g — g\/g S i S
2\v/s:s 20,

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Resolution for a semi-infinite crack in plane ¢ state (5)

0 n _
o o : : 3 3&
— Powerlaw s = 2 | = with normality e = g\/j 5 _ S
E \o) 2\s:s 20,
» These two equations lead to (see annex 1 for details)

2
4 5 1 n+ 2
— 2912+_ gfl+71—29 _
: . (n+1)

ac? ’ 3 (1 (n+ 1)2 ’ n+1\° '
e Bl e f" +3< ) [
E (09) 4\ n n(2n +1) 2n + 1

2 ., 1|1, (m+1)? ,,
- 2n+1gf 2 [7?,f+72,(2n+1)f

— Back to HRR field

» Near the crack tip, the fields were normalized by introducing an intensity factor

5 ac? kn
o(r,0)— agknw & € — —L—2—€(f, n)

r 1 E rnitl

n+ 2
(n+ 1)29

g!/ +n

» Therefore, the functions f and g are rewritten
0

F(6) = ok f(6) & g(6) = 2K (6)

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Resolution for a semi-infinite crack in plane ¢ state (6)
— Using the new non-dimensional functions leads to

[ - 2n+1 - n -+ 2 4dn =
14 ~I ~ ~I gl
+ . +n . = - .
d (n+ 1)2 d [g (n + 1)29 (n + 1)2 g
1
27 »
4 _ n+2
</ 37+ (3 +n 5 =
(1+n) (n+1)
n 2 y
3% (n+1)* 2n + 1 - 4n? -,
T 5 sfHf) + 7/
\ 4 2 (2n + 1) (n+1) (n+1)

— These equations can be reduced to a differential equation of the 4t order in f

e See annendix |

~ 2n+1 - 1
° f!/// + Qf!/ + ~2 ~,2
(1+mn) nl=+4f

dn(n—1) 5 [+ <)
T 7 [zz LAff ]

n(n—1)(n—3)
n—+1

n” ( [if/f+
(1+n)‘2 n

n(n—1)
n+1

[ ~— = 212 1 .
_ _ le +4 / l/:| = 17
22+4f’2[ I'f }& n[(nJrl)f +

[Sll12+8”f ! H+4[(fﬂ2+ ! ”m)]

2021-2022 Fracture Mechanics — NLFM — HRR Theory
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Semi-infinite mode | crack in plane ¢ state

« Resolution for a semi-infinite crack in plane ¢ state (7)

— New differential equation of the 4th order in f
- Stress field from f

f i (n+1 (n+1)?

Oy = Tnil f -+

—1
1 o — -‘]"H—H
n n(2n + 1) / ) g d

4 (n+1+ (n+1)‘))f, =1 —(n+1)

L, — rn¥l — prntl !
oo =" n n(2n+1 ' (2n+1)f

— Range-Kutta resolution of differential equation of the 4t order in f
* Initial boundary conditions
— Mode | symmetry: 0,4 (0 =0)=0,,0(0 =0) =0ppp (0 =0) =0
= ['(0) = " (0) =0
_ Stress free lips: 0rg (0 =7) = 0ge (0 =7) = 0 == f (1) = f'(7) =0
=== |terations on f” (0) until these 2 conditions are satisfied

— It remains to choose f (0)

* The differential equation is valid for any multiple of
— Initial condition f (0) is chosen so that max 0. (0, n) =1

. ¢ LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Resolution for a semi-infinite crack in plane ¢ state (8)
— Solution of the plane ¢ problem

2.5 : : : 2.5 : : : 2.5 :
—c?rr;n=1.1 : —6’rr;n=13
2t — c?ee,n:11 Ll 2 2t — Eee;n: 13
Eregn= 1.1 7 Er ;n=
15 G;n=11 15 1.5} LR
b o o
1t 1 1t
0.5 0.5 0.5 S
N\
% 50 100 150 O 50 100 150 % 50 100 150
0[deg.] 0[deg.] 0 [deg.]
— The problem fields can now be determined
1 n
n+1 0 n41
0 JE - a,x JE .
co=0 of,n & e= ‘ e (0, n)
o (0) 1, ra (o)1,

» J characterizes the loading intensity on the crack
— Problem dependent
« |,is a normalizing factor allowing to express the dependency with respect to J

— Sitill needs to be evaluated

. ¢ LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Determination of stress and strain fields

— We sought the approximations =
ff & (0, n) ( JE
o(r,0) — ngn—i hon = o2
q retl e with 4 o (ap)" L
aoy ki . "
Sty e D = / 1 (0, n)do
« Similarly -
/ ao, ki _
U, XE& — Uy > —F —fp Uy
2( rn+1
na (o) ) a (09) L
U= P = Un, —n L k’.;}“r 102“ cos 6
\ E(n+1) ap E(n+1)
« Since J is path independent a(o‘p) kn+1
6, 4
5| ,
-t |
r—0 _ﬂ_ 4— |
3; i
= —k”“/ h(6, n)do 2
T.'E - 1r
= [, = / h (6, n)dé is numerically evaluated 0y : 5 s

g n

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Process zone shape
— The elastic-plastic boundary correspondsto . = o

1
. ,]E n-t+1
« Since g = ag ( ( 5 ) o (0, n)
rou I,

0
p

op)
1
o, ( JE )”“ P
= l=—F=—ms r-avig l, "
7 \a ()

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

* Process zone shape (2)

— The elastic-plastic boundarg corresponds to o, = ag

v (A0
* In terms of -}’»:m ,
JE

~ n+1
the boundary is obtained for 7 (9, n) = (Gc (0, 1))

I,
. . x10°
E— 20 | n=11]
0.2} 1] ,
~— n=3 \ — n=3
- n=13 - n=13
0.1 | Iy
>~ 0 i~ 0
0.1 Al
-0.2
02 0.1 0 0.1 02 10 5 0 5
X x 1073 X x 10
. K3 ‘ 2
« Limitcaseofn—»1: J=—L (1—1/2) =5 o (1—;'/2) Kr
E 0!

. — * LIEGE
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Semi-infinite mode | crack in plane ¢ state

o Stress field at crack tip
JE

ra (o3)

an) 6'(9., TZ) & }:_T

— Since o =0, (
. . of 1\ .
the stress field at crack tipis oy, (0 =0) = o, (—) oo (0 =0, n)

10
— n=1.1
— n=3
| n=13
0
3 4

0 002 004 _006 008 0.
r
« The method does not remove the stress singularity (except for n—«)
0)2
P

ro (O'

« Since the abscissais 7 = , It appears that J is a measure of the

intensity of the singular crack tip field (except for n— )

université
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Semi-infinite mode | crack in plane ¢ state

« Crack opening displacement (COD) 1
o act pno . JE e
— Strain field ¢ — —X—2-¢(0, n) with k,, = 5
E oy | o (ag) 1,
— Displacement field ntz_
- n+2  qo) ao! 2
. Muﬂi — qju Y « Tn+1kng g(@) —_— U (*r? 9) — pk',z’-'
uy — *lp,az n uy;n=1.1
CZO'Ig) JE n+l _1  u;n=3
— u(r,0) = ( ) FAF 1506, 1) FAN
“(Up) [ : : vin=11 -
— COD: uin=3
. 0(r)=2u,(r, ) 031
0.4f
°§ 0.3

\:
><VV

()

[E—

A

I

— For Dugdale’s model, a CTOD has 8 . . . .
_ _ 0.1 -008 -006 -004 -0.02 0
been defined. Quid for HRR model? X

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

Crack tip opening displacement (CTOD)
— The CTOD is defined as § (r) such
that a 90°-angle is intercepted

« Let r* be the value of r satisfying this criterion:

v

. | ‘ O¢ X
Pty (1T, ) =y, (r, m) = 5
0 713—1
a0 JE
* Since uw(r, ) = Ep ( 5 ) ST (7, n)
N, n
ao E n+l -1
= r* =u,(r,m) +u, (", ) = —> ( / ) r ™ U, (r,n) + Uy, (r,n)]
. “(Up)

n

n+ 0 e
= r= @0p ( JE ) ' | 6, (m,n) + %, (m,n)]
“(Up)

v QO-S ; ,J [~ - ]n.—l—l
= =5 T, w, (m, n) +u, (T, n)

. # LIEGE
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Semi-infinite mode | crack in plane ¢ state

« Crack tip opening displacement (CTOD) (2)
— The CTOD is defined as § (r) such
that a 90°-angle is intercepted (2)

» Let r* be the value of r satisfying this criterion: R
. ‘ ‘ ) X
Pty (1T, ) =y, (r, m) = é r*
0 l \/
aoc? \ " J nt1
« Since r* = | =£ w, (7, n) +u, (7. n)] "
(E) (57 ) i )+ (. )
— 1 1
e = (0T (LN Gy sy (e )
= |r = |z ngn w, (m, n) +u, (7, n
E - >
. ao. n+1 —
* Finally §, = 2u,(r*,m) = 2 p J r* ", (m,n)
a(ap) I,
L 1
n+1 nn+1
=5 2 U 9 Oaag @ J ®7i +1 +1 ) L
t=2u, (r', ) = F UOI . ( n) +u, (7, n)|" u, (7, n)

Fracture Mechanics — NLFM — HRR Theory
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Semi-infinite mode | crack in plane ¢ state

« Crack tip opening displacement (CTOD) (3)
— The CTOD is defined as 6 (r)such
that a 90°-angle is intercepted (3)

0
oo
¥ P
-6t2uy(r,7r)2(E X
[(ELI‘ (ﬂ-j n) + &U (ﬂ_’ T
J
= ), =d, —
0
o, 1 : :
— aag/E = 0.001
0.78 -~ ao/E=0.002
° 0.8 ao : |
d,dependson ~ 0&IEIE oy = 0002
- 0.6f \ aGE = 0.008 |
OJUO ' P
— butalsoon ——Z <=
0.4}
« Since for a given material J is uniquely
0.2}
related to the CTOD, this last one can —
be used as a crack initiation criterion 0 0.2 0.4 0.6 0.8 1

1/n

2021-2022
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Semi-infinite mode | crack in plane ¢ state

« Summary
— Assumptions 25

—— 6.;n=3
» J2-plasticity with power law description 5 g3 |
« Small deformations — fre?n:;
. ; . . G;n=

« There is no unloading and loading is N L5y e

proportional in all the directions (ok for crack W

initiation and not for crack propagation)
 Elastic strains are assimilated to plastic strain 0

(mat_erla! S incompressible) 0 - - L
« Semi-infinite crack 0[deg]

— HRR results for semi-infinite mode | crack
in plane ¢ state

. . . . 7 ‘ .
» Asymptotic stress, strain and dlsPIacement fields J 7
JE B
oc=o, 5 o (0, n) f ’
: 0
ro (ap) I, 4 —
— The J-integral plays the role of an 3
equivalent “plastic strain intensity factor” 2
— Stress field evolves in a proportional I
way, so this is applicable to incremental % 5 10 I
plasticity as long as J increases n

_ % * LIEGE
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Semi-infinite mode | crack in plane ¢ state

e Summary (2)

— HRR results for semi-infinite mode | crack in
plane g state (2) 0.1}
. 1
5. (0. n))" "
 Process zone ¢ (9? n) — ( e( ’ )) l> 0
ro (0'0)2 In
with 7 — _—\"»/ 0.1
JFE K, 2
~ IfSSY == ro (1-v7) (—0) 02y
a : , : :
. CTOD p 02 0.1 0 0.1 0.2
X
— New definition A 1 ‘ :
i
J u, — ad/E = 0.001
- & =d,— il 08l 0.78 . (MZ/E=0.002 _
P > ac /E = 0.004
— Also function of J 'F: X AN ao'ﬁ/E=0,008 _

 We did not assume SSY !l

. 0.2
— Questions
« What is happening for other configurations? 0 r r
: . 0 0.2 04 06 08
« What is the range of validity? 1/n

. ¢ LIEGE
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Other HRR solutions

 Mode | crack in plane o state
— Analysis is the same with other o (0, n), €(0,n) & u (6, n) fields

1.5

0-3 50 100 150 % 50 100 150
0[deg.] d[deg.]
15
~ . 25— . : .
- Grr, n=13 N Err; n=13
~ o.;n=13 N T
| — 896‘n=13 I 7L — Gee,n—13 I
et G sn=13
G,H_‘B 1.5} h . G :;n=13
o 0.5 — X Plane ¢ N\
7
e 1 |
0
0.5
Plane o
2% 50 100 150 0 50 100 150
0[deg.] 0[deg]

. # LIEGE
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Other HRR solutions

Mode | crack in plane ¢ state (2)
— Stress 0 I

o=0 ‘
"\ ra (08)2 I,

— Asymptotic o, stress

_1
n+1

/\W

— Plane ¢

%

Oo9 (0" ..',n) ‘n:B, plane £ 1.9\ 3.86
006 (0" 'T’) ‘n:& plane o L1 \!
T4y (0'! ?”) ‘n:13_, plane /26 ( : A ; 10 I
~ 5 5
O90 (0" r)‘ﬂ,:l.‘?),p he o 1.2 o n
- / | 75rr;h:3 2 | — G ;n=3
& .;n=3 / Plane e - Err’.n:3
af:;n=3 °// '696;,11:3 |
&;n=3 sl 62?n=3

Plane &

=0 50 100 150 b
6 [deg.]

50 100 150
0 [deg.]

» So for the same J, a thin specimen is less stressed at crack tip

2021-2022
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Other HRR solutions

1

 Mode | crack in plane o state (3) — aag/E=0.001
— Crack Tip Opening Displacement 0.8} — ag/E=0002
rrrrrrr aaﬁ/E = (0.004
§ 0.6l ac /E = 0.008 |
J u) ~°
- 0 =d,—5 uj 0.4}
O’ A
p >
“— X
* 0.2t
r Plane o
s
/ % 01 o0z 03 04 05
1/n
1 \ \
— ad/E = 0.001
gl Plane g - adVE=0.002 |
: aaZ/E ~ 0.004
o\ ac/E = 0.008 |
%:
0.4}
0.2}
O [ [ [ [
0 01 02 03 04 05

1/n

. # LIEGE
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Other HRR solutions

 Mode | crack in plane o state (4) x x
— Process zone shapes 0.2} | E;gggzz |
» The process zones
— Have a different shape 0.1 |
— Are more diffuse in plane o
1~ 0 .
. Mode Il o
— In SSY, the process zone has a circular 02
shape 02 01 é 0.1 02
X

» Perfectly plastic

« With hardening

université
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Other HRR solutions

« Mode Il and mixed mode crack

— In SSY, the solution depends on the 02
: . Yo% _+  Me=0 —n=1
elastic mixity parameter KZ + K2 __n=3
5 K ---n=13
, I e
M = — arctan — = P N N
T Krr P /\ NV
\\\ I\\ \/ /// I',xaz‘,)
— Examples TN TTSe=l 7 K2 K}
* Process zones in plane ¢ state
« SSY
02
Yo% % Me=07 —n=1
K +Kf; - --n=3
N T n=13
V o
/
/
/// >
. 2
xoy
K2+ K3

. ¢ LIEGE
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Other HRR solutions

« Compressibility
— Elastic part of the deformations in not incompressible

— Considering this effect will diffuse the plastic zone t
« Example: Mode I, plane ¢ state & SSY
* The plastic zone size r, is defined as the '

length of the plastic zone ahead of the crack

v

. ¥ LIEGE
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What can be learned from these models

 HRR solution in SSY can explain 3D effect o0z2; | n=3;Plance |

| — n=3;Planc o
— Let us assume that the solution is
* Plane-c-like near free surfaces
* Plane-¢-like near mid-plane of specimen .. ol
— Although K and o are not constant through

the thickness, it remains that
« There is a transition in the plastic zone
shape and size
« This transition is responsible for shear lips
« Shear lips form a 45- deg gié since
c,,~0 (S0 max shear gt4 ane Oyz)

0.1 \

. # LIEGE
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What can be learned from these models

 HRR solution in SSY can explain 3D effect (2) ,
— During a toughness test, the K measured is /:;'I:::;,;
an average one o e
It is more important for thin specimen t,xt, \_/ _?/L “““
* The process is never really plane ¢ .- —
— There are actually complex 3D effects K rupture <<t \ Y
* In SSY, even for a thin specimen, near the f
mid-plane a plane-e-state is developed
 If the load increases, the plastic zone can | e T
be plane-c—like near the mid-plane Plasie s/ t
— Effect of T-stress should also be considered >
» Recall T-stress is the 0-order term obtained
with the asymptotic solution, which is dominant

Vf
N\t

v

at radius r, — —_—
* In general, if the test is such that T < 0, the — -

measured fracture K will be Ia_rger than for -— « 23 >

T > 0, independently of the thickness * T>0

* For ASTM toughness tests, the thickness

5o\ 2
islarge t > 2.5 (_g> sothat T>0

Tp

*D.J Smith, M.R Ayatollahi and M.J Pavier,Proc. R. Soc.
A, 2006, vol. 462, pp 415-2437

. % * LIEGE
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What can be learned from these models

« Effective crack length for SSY p 2%
— If SSY assumption holds -
« Jcan be expressed in terms of K

. . . JE KI 2 '
* Then the plastic size can be written 7 o 5= X | — :

« However, there are dependencies on

— Parameters n & v
— Whether it is plane ¢ or plane o
— Rice’s model for perfectly plastic material
 Intersection of the linear elastic solution
with the yield stress leads at 7 r,,
K 1 K s
/2Ty, B Ug = VI = Vor U[j]r o
« But there is a redistribution of the stresses
so that the traction remains the same Op
— First order approximation: stress
distribution is shifted

nrp
/0 (o'yy—ag) dr—a (1—mn)r,

LEFM asymptotic
Gyyin i’

Redistributed Gyy

v
>

A
v

) % ¥ LIEGE
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What can be learned from these models

« Effective crack length for SSY (2) Oyy 4
— Rice’s model (2)

LEFM asymptotic

/\ 6, in 112
« 2 equations with 2 unknowns o0 '

p 1 KI P Redistributed o

\/nr
< I"p = 27T Up

0 nrp 0
O_p (1 . n) 'rp — /0\ (O',yy — Op) dr
\
K;
\V2nr

1 K
< N \ 27 Ug
o 2K, /nty
Oply = ————

‘ Vam 2K K2 1 1

 So the plastic zone size is 7, =

& n= =

——— Y I
V2ra! e = (03)2 2

* So everything is as if the crack had an effective length a +nr,=a+r,/2

. # LIEGE
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What can be learned from these models

Effective crack length for SSY (3)
— Rice’s model (2)

» So everything is as if the crack had

an effective length a+nr,=a+ry/2

LEFM asymptotic

2
(r 1 KI
r, =—|—F
p A 0'1(9) > X
< < >
1 p
N = -
=3
\
— From HRR models, numerical simulations, etc ...
« Considering blunting, compressibility, hardening, ..., an estimation is
n—1 1 ( Ki(actt) .
ry P ( = if plane o
T%GL (%) if plane ¢
. ¥ LIEGE
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What can be learned from these models

« Effective crack length for SSY (4)
— If 5.<50% of 5,° then a second order SSY assumption holds
* The cohesive zone remains small compared to crack size
* The effective crack size can be stated as a +nr,=a +r,/2

2
”—_li (—KI(%GH)) if plane o

D)
% 1 (—KI(O’E“)) if plane ¢

with nr, = CEE for cracks in finite plates

» So there is an iterative procedure to follow:

— a) compute K from a
— b) compute effective crack size
— ¢) compute new K from a4 and back to b) if needed

— This method is a correction for linear fracture mechanics, but does not allow
considering problems with large yielding

. # LIEGE
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Validity of HRR field

« Validity in SSY
— We have two asymptotic solutions
 HRR field is valid in the process zone

 LEFM is still valid in the elastic zone close to the crack tip

HRR asymptotic
in -1/
ny nr 1 (n+1)
. _h+1

A

HRR asymptotic
A ny in I"l/(”+1)

Log o,

LEFM asymptotic
Gy in ri2

! i True Gyy
—>
X

asymptotic
i -1/2
oy inr

— Conditions
» This is the case if all sizes are 25 times larger than the plastic zone

2% K\~ Kr\°
a, t, L > 25r, ~ — (—I) ~ 2.5 (—I) o

37 \ ol oY S
p p = t
<a—><—>/

. ¢ LIEGE
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Validity of HRR field

. Validity in SSY (2)
— Crack initiation criteria

« Ciriteria based on J or 9, are valid: J 2 J; or 6,2 o
— J & 6, depend on a, the geometry, the loading, ...

« But as the LEFM solution holds, we can still use K(a)>K.
— Might be corrected by using the effective length a if 5..< 50% of ¢,°

— Sizes for K-based toughness test

Ko\ 5
a, t, L > 2.5 (—C)

0
O-p

_______

« Examples:

— Titanium alloy 6%AIl-4%V
» Yield: 830 MPa
» Toughness: 55 MPa - m”
» a,t,L>1.1cm

— Strength steel
» Yield: 350 MPa
» Toughness: 250 MPa - m*
» a t,L>1.27m!ll

: ¥ LIEGE
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Validity of HRR field

« Validity in elasto-plastic conditions
— Deformations are small

— We still have one asymptotic solution valid
 HRR field is valid in the process zone

— LEFM is NOT valid in the elastic zone close to the crack
s, HRR asymptotic

HRR asymptotic St o, in rlo
(@)
4 G, in r+l) | .. n+l
Gy vy 3

LEFM asymptotic
G,y in ri’
_» True o,

asymptotic

G,y in ri2
Log r
— Conditions
* This is the case if all sizes are 25 times larger than CTOD |
a, t, L > 258, ~ 250—J0 t

_ % * LIEGE
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Validity of HRR field

« Validity in elasto-plastic conditions (2)

— Crack initiation criteria
 Ciriteria based on J or 9, are valid: J 2 J; or 6,2 o
— J & 6, depend on a, the geometry, the loading, ...
« The LEFM solution DOES NOT hold, we CANNOT use K(a)>K.

— Sizes for J-based toughness test

J
a, t, L > 25—%
: Op KZ (1 — 1/2)
* If K¢ is computed from J.: a, t, L > 25 P
o e
« Examples: g z‘a_’?ﬁt/

— Titanium alloy 6%AIl-4%V
» Yield: 830 MPa
» Toughness: 55 MPa - m”
» Young: 110 GPa
» a,t,L>0.75 mm
— Strength steel
» Yield: 350 MPa
» Toughness: 250 MPa - m*
» Young: 210 GPa
» a,t,L>1.93cm
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Validity of HRR field

« Validity in large yielding
— Example: ligament size is too small
— Small deformations assumption does not hold

— Neither HRR field nor LEFM asymptotic fields are valid

HRR asymptotic
G,y in ri+d

[
»

HRR asymptotic
G,y in rid

Log o,

LEFM asymptotic
G,y in ri’
_» True o,

— Crack initiation criterion?
* As there is no zone of J-dominance can J still be used?

_ % * LIEGE
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Validity of HRR field

« Validity in large yielding (2)
— Plastic strain concentrations depend on the experiment

— Zones near free boundaries or other cracks tend to be less stressed
o M o

LU o= T

— o —

— Crack initiation criterion?

» Solution is no longer uniquely governed by J
* Relation between J & o, is dependent on the configuration and on the loading

« The critical J. measured for an experiment might not be valid for another one

« A 2-parameter characterization is needed

2021-2022 Fracture Mechanics — NLFM — HRR Theory



Exercise 1. Specimen with centered crack

« Thick specimen with centered crack: \ )
— Steel ‘

A

- Yield: 350 MPa P o

2W=15 in, t=0.51in
. : . m% 2a
Toughness: 250 MPa - m = iy 7oy D
* Young: 210 GPa

« Hardening exponent >> E >
— Loading L=3in. \

. P= 25, 50 & 150 kN = r.6zcm
— Compute the stress intensity factor

In terms of crack size a
« Compare the solutions obtained by
— LEFM
— LEFM with effective crack length
* Check validity

_ % * LIEGE
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Exercise 1: Solution

« P=50 kN
— Far stress field
P 50000

One = — = 103.6 MPa
2Wt  0.0380.0127

— Solution fora=7 mm

« SIF: Kj=o0vVmaf (%)

, | "
with f () = {1 —0.025 (%)° +0.06 (1%)4]

L, Ta
COS 517

s==» K; = 103.610°v70.007f(0.3684) = 16.75 MPa+/m

-

A

2W=1.5 in. t=0.51n
- =3.8cm 28 I | =1.27 cm ‘

f L=3in. \

=7.62cm

. # LIEGE
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Exercise 1: Solution

P=50 kN (2)
— Solution fora=7 mm (2)

Effective crack length

— First iteration

— Second iteration

— It has converged

9

\

/ 2 2
1 K 1 16.75
SOOI (il B R — 0.24 mm
p 37 ag 3r \ 350

a.gf) —a-+ %p — 7.12 mm

K'Y =103.6 105v/70.00712£(0.3747) = 16.95 MPay/m

o L (K 1 (165 0249 mm
P 3r\ 6% ) 3w \350 ) 7

a.éf.f) =a-+ % = 7.1245 mm

K} =103.610°V70.0071245 £(0.3750) = 16.96 MPay/m

e The correction is of about 1%

« Validity:

- 0.<0.5 Gpo: OK

— a:7mm,t:12.7mm,&W-a:12mm>25rp:6.2mm: OK

2021-2022
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Exercise 1: Solution

. P=50kN (3)
— For other a 0.05
— K(a); P=50kN o 25 r i P=30kN
soll— Kl POV 0.04l — a; P=50kN
N —— Wea; P=50KkN
= 0.03}
éé 401 E
= 0.02} B
0]
0.01}
0 , f ' 0 , : [
0 0.005 0.01 0.0 0.02 0 0.005 0.01 0.015 0.02
a[ml a[m]
e Fora=9.2mm p = W-a

— 1, =0.383 mm == 25r,=9.6 mm >a: solution not valid anymore

. # LIEGE
2021-2022 Fracture Mechanics — NLFM — HRR Theory 60 1& AN



Exercise 1: Solution

e P=25kN
— Solution
35 . : 0.025 : :
- g(a); P;252k§\;€N — 25 P=25kN
30( — Kfa,); P= 0.0all @ P=25kN
25l || —— W-a; P=25kN
(\]ﬁ
~E. 201 H0.015'
© &
[al) —_
= 15 0.01}
M 10
0.005}
5_
O ! L L 0 L L L
0 0.005 0.0[1 | 0.015 0 0.005 0.01 0.015 0.02
a[m a[m]
e Fora=13.7 mm = W-a

— Iy = 0.235 mm ==» 25 M, = 5.9 mm > W- a = 5.3 mm: solution not valid

anymore

. # LIEGE
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Exercise 1: Solution

« P=150kN
— Solution
130 K(a): P=150kN | 0.05 | e
K@) P- — —
K@ / P=150k9/ 25 rp, P=50kN
e 0.04} — a P=50kN
n —— W-a: P=50kN
S 100f
g 0.03}
< g
Z, 0.02} B
v 50t | —
0.01} o
O ! L J L 0 L L \r\\
0 0.005 0.01 0.015 0.02 0 0.005 0.01 0.015 0.02
a[m] a[m]
« For this loading r, > W-a

— 251, >aalways

— As 6.,= 0.88 ,° SSY theory does not hold, the size of the plastic zone

1 (K \2
cannot be approximated by ry = 3— (—5)
T\ o

P

— We will use the HRR theory, but we need to evaluate the J-integral

. ¢ LIEGE
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Annex 1. Mode | crack and HRR theory

« Resolution for a semi-infinite crack in plane ¢ state (Al)

aoc! " :
— Power law g = —2 ( Z¢ with o, = 3s .S
E \o) 2

« Deviatoric tensor, plane ¢ & incompressible material:

3 s 3 O, +0gyg + 0.
- AS EE\/j — S I:SZZ — 0 Or O-zz_ i :0
2\s:s

20, 3
o, + 0O 3
— Out of plane stress .. = - + o0 & tro = 5 (0 + O0p)
A 2
. ) Trr—000 o 0
— Non zero components of deviatoric tensor: s = 2 Ton—o
O-'T’Q T”‘T‘

« Equivalent von Mises stress 5 — \/g /s s = \/E ()0 — 0-99)2 + 30-29
e 9 . 4 T r

— Interms of r and f

2 2 9
'='>O'g_-r% %(lf+ (TZ+1) )f//) +‘3(71+1> f,2

n n(2n+1
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Annex 1. Mode | crack and HRR theory

« Resolution for a semi-infinite crack in plane ¢ state (A2)

— Power law (2)

« Equivalent deformation in terms of r and g

2
‘ 2, . ( ( 2 —2n 2 ( 1 n—+ 2
2 2 2 2 12 1!
=g, tegpt2€y)=zr+t | —=¢ "+ =g +tn——-—=yg
3 ( v 9) 3 (1+ n)‘z 2 ( (n + 1)2
aa? . o\ 2"
« So the power law g2 — p —° becomes
E oy
4 1 2 ’
‘ n —+
=9+ | ¢+ n——=5g =
3(1+n) 3 (n+1)

ac® 1\’ 3 (1 (n+1)° : n+1\" ’”
P _ = _f + fH + 3 f!2
E (09) 4\ n n(2n + 1) 2n+1
p
* We have a differential equation in terms of functions depending on 6 & n
« But we are still missing a relation between the functions f & g

S 3&

S

== We will now study the normality relation o — 5\/§
2ys:s 20,
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Annex 1. Mode | crack and HRR theory

Resolution for a semi-infinite crack in plane ¢ state (A3)

_ 3 S 3g 3z Orr—000
— Normality e — g\/j = 5= 2 ot
2\ s:s 20, 20, (o g8 5

3Z 3
0,0 & Err — €0 —
20’8 206

Imply (6?’7" - 599) 0,0 = (O--r?‘ - 0'99) €0

2 1 [1 (n+ 1)

« Strain-stress relations €,y = (07 — Opg)

* Interms of f & g:

N 7
2n+lgf_ 2 ?1,f+n(2n+1)f

— Back to HRR field

* Near the crack tip, the fields were normalized by introducing an intensity factor

N 0
o(0.n ao, k'
o(r,0) — ngn(—il) & e — Ep - ,,El e (6, n)
.

« Therefore, the functions f and g are rewritten
0

0 r QJP n-
[(0) =0,k f(0) & g(0)= Tkng(g)

« Which allows writing the differential equations in terms of f & g

~
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Annex 1. Mode | crack and HRR theory

The two differential equations are

B f"+ 2??,+1f i n+ 2 i
(n + 1)2 (n + 1)2
21 n
(1 +n)2 1)

2
3n n+14 2n+1 ~ - 4n? ..
(( ) 5 . f + f/l + : f/Z
1 n2(2n+1) (n+1) (n

+ 1)
- 1 5, 2n+1 - :
—Letl==1|(n+1)f"+ = f| then, these equations become
T n

2 n n+1 2
4 ' 2 3 n 1 ~ .
o 2§12 + gl! +n n+ 2§ _ ’ (T?’ + ) - |:Z2 £+ 4ff2i|
(1+mn) (n+1) 4 (2n+1)

o ~/ ¢/
(n+1)gf
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Annex 1. Mode | crack and HRR theory

 Theses equations can be reduced to a single ODE as

1
LR (R " 43 35 (n+ 1)
(1+n)*  (n+1)%2 4 (2n+1)°

[

an+1 (n+1)2n ~2 ~/2 "
- 4m o (2n41)2" Z+4f

4
\ [(Hn)2 + (n +1 22 flz]

~ 1 n+ 2 ~ ~/ 7l
g " +n———qg| = — and
(n+1)zg (n+1)gf

substituting g’ and its derivatives, it yields the fourth order ODE

f””+ 2T3+1‘ f”+ N | N { 7?12 ‘ [ifﬂ+n+2[] |:Z2+4f’2i|+

— After differentiating | 1

(1+ n)z nl? +4f2 | (1+ n)z n 1+n

42?’ (il)i)f [er + _lf f//} n (??,+11) [32'2”/2 4+ 82’/f/]§/f +4Z (f//Q 4+ f/ WIH):|
n
n(n-—1)(n-—23) | [w, = %12
" [l 44 ]
+ n+1 [2 +4f72 HAf
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Annex 2: Slip line solution for perfectly plastic material

* Semi-infinite mode | crack in plane ¢ state
— Von Mises stress g, = \/g /S g — \/Z (o), — 099)2 4 3029 (Plane g)

— Perfectly plastic material

| 50\ 2
« Von Mises stress: p [ Orr — 099 )
- + 0?’9
3 >
P

O T 000 ' :
with radius —=
% V3

0
%)
» The Mohr’s circle is centered on

— InRegion Il ¢, = gpy = IN frame
* e, €, We have pure sheasiag in the directions 0 and ¢=n/2
* e,e, we have pure shearing int kections 6 and @=0+mr/2

X1 Cyo
Orp 1
\ I grr; n=13
? / . - Gypn=13
§r9; n=13
S c;n=13
o
| n | >
\\\ /—\
N\
0.5
N
O /,/ . ) . -
0 50 100 150

0 [deg.]
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Annex 2: Slip line solution for perfectly plastic material

« Semi-infinite mode | crack in plane ¢ state (2)

— In Region | for 6 — 0: 0,9 — 0 == in frame 2 a3
. e, e, we have pure shearing in the 7 - gee};l:; |
directions ¢=n/4 and ¢=—n/4 Ll Sun=13 |
* &, €, We have pure shearing in the to | [
directions ¢=n/4 and ¢=—n/4 i 1
— InRegion | for6 —» n:o9p — 0 == inframe °3 : ]
- e, e, we have pure shearing in the 00/" - - 150

directions ¢=n/4 and ¢=—n/4
* &, €, We have pure shearing in the
directions ¢=—3n/4 and ¢=37/4

— Slip directions are the ones of maximal shearing
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Annex 2: Slip line solution for perfectly plastic material

 Mode | crack in plane o state
— Slip lines (perfectly plastic material)
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