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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary N R
— 3 failure modes T T T T T T

Mode | Mode 11 Mode 111 J \ﬂ
@ (sliding]) (shea % %
2a X

*Q/ AL

N

— Asymptotic solution governed by stress intensity factors

Zone of asymptotic Py

: K; - Asymptotic
gmodel — —_—_ fmodei(gy 4 4(y0) solution (in terms of ymp %y
V27T 1/r12) dominance

P True Oyy

, r ,
umodel = K; /Z_gmodel(e) 4 0,(7.0) _
I X
Structural
response
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary

— Potential energy I1; = E;, - Qu

_ before
— Crack closure integral
- Energy required to close crack tip V‘%
u+Au ___________ 71 _ftft"jt@'
Al =j j t-[u']ldu’ dA 7 Aa
A Ju after
— Energy release rate i1
» Variation of potential energy in case of crack growth t
G = —0p (Eint — Wext) = —04AI7
* In linear elasticity
G = —0,4AI li ! 1t0 [Au] dA
= —0y = — llm — — . u
— In linear elasticity & if crack grows straight ahead
K? K72 K?A 4FE E Po
=I_I_II_I_III Ele 1{E e
E' E'"  2u (1+v)(r+1) 7
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary
— J-integral

« Strain energy flow

J = /F U(e)n, —u, - T]dl

— Exists if an internal potential exists

* |s path independent if the contour /"embeds a straight crack tip
« No assumption on subsequent growth direction

« Can be extended to plasticity if no unloading (see later)

— If crack grows straight ahead == G=J

— Inlinear elasticity (independently of crack growth direction):
K{ K37 Kij, AE { E  Po

_ B =
T=T T T, T+0) (R 1)

E
1—12 PE
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Linear Elastic Fracture Mechanics (LEFM)

« Analytical N AV, s 4y T y
_ SIF from full-field solution Pttt I
 Limited cases — % - | . ! °eetee
-] :: l T feo
- <« . (o
K;r=o0.vV7ma Oct— — o= Pu— i «— >
o 2a e | 2a 2a
—= < K11 = TooVTa - — T T
D Ly l<—<—<—T°° RIS
\KIII:Tx"‘Wa' vllllllv
O
— From energetic consideration K2 K2 K2
. : _ I 11 111
- Growing straight ahead crack G = —04 (Eint — Wext) == G = E' + L' + 2u
* From J-integral K_f K%I K?H

J =
E’Jr E’ + 2/

* Numerical (e.g. FEM)

: K1 = Brov/ma
= < K7 = JB}}TOQ'\/’?TG-
Krrr = Brirm<vma
— S depends on geometry & crack length
« Tabulated solutions (handbooks)

7 http://ebooks.asmediaqitalcollection.asme.ora/book.aspx?bookid=230
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http://ebooks.asmedigitalcollection.asme.org/book.aspx?bookid=230

Linear Elastic Fracture Mechanics (LEFM)

« Small Scale Yielding assumption
— LEFM: we have assumed the existence of a K-dominance zone

[
»

K-dominance zone
(asymptotic
solution in 1/r%/2)

_ Does not always o
Asymptotic oy, exist

—

LEFM asymptotic
G,y in ri?2

True oy, _» True o,

< v/

Plasticity

» This holds if the process zone (in which irreversible process occurs)
— |Is a small region compared to the specimen size &
— Is localized at the crack tip

— Validity of this approach?

 We check the dimensions
xProcess

zone size
aW —a>25

* Non-linear fracture mechanics
— Derivation of the LEFM validity criterion
— Providing solutions when LEFM criterion is not met

. . % *# LIEGE
2021-2022 Fracture Mechanics — NLFM — Cohesive Zone Model 6 b université



Material behavior: Elasto-plasticity

« Elasto-plasticity (small deformations)

— Beyond a threshold the material experiences irreversible deformations

— Typical behavior at low/room temperature ) T
~—) ) -
- C -¢ ind dent of time
urves o-¢ Inaependent or um o 4 O:):():\/Z)
« At higher temperature creep ... O T S ——
— Yield surface o0 |- :
f < 0: elastic region E
f(o) <0 . e
f = 0: plasticity ! >
P gt &
— Plastic flow

« Assumption: deformations can be added de = de® + de® == do = H : de°

* Normal plastic flow de? = d)\g
Jo

— Path dependency (incremental equations ind )

. . w * LIEGE
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Material behavior: Elasto-plasticity

Existence of a free energy function RARIG)
— lIsotropic hardening (&)
1
° \I;(é.e’ g])): 586 :’H:E:e—l—h({;:p) (_7;1
0w
e
* O
I | /I
=g " 7
) //_
__=6,(¢)
/

— Kinematic hardening

. Lp(ee,a)=Ese:7{:£e+§Ca:a+a£§p
( oy %’
_ p
7= Gee %’ \\ |
aLIJ /% A
. Oy = =0 0zp N
P~ ger  9p 0y &P | /X(Sp) P
&
X 6‘{—’ ZC I_p @» >
e a / e 2\ v
L da 3 ,'__g ————— e U=—¢cH:&°
— N LSk
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Material behavior: Elasto-plasticity

« Existence of energy release rate? o1 o(e) 2
(@) F-----
— Free energy .
1
. \Ii(se,ép)zﬁse:ﬂzee—l—h(ép) Sl /-
_ 0w v,
0T 9 4T o T _'\E
T
L aU _au S
— But O-_ageiag T'_Upo____ N
* No unique value of o for a given &

» Since o(&°) depends on the history
=== Neither G nor J exists
— We assume no possible unloading

== \We recover an energy U(&) with

U(e) = %se(s):}[: £(e) + h(&P ()

and with (see next slide)
au

~ 0e

()

. . ¢ LIEGE
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Material behavior: Elasto-plasticity

e Assuming no unloading o A a(e) A

— Internal Potential op(€P)
P

£ €
U(e) =] o:de’' =] se’:}[:dse’+j o:deP’ Gy
0 0 0

* One has
)
dev — an 2L
Jo /!
dsP = \/%dsp : deP dA = d&eP
|2 e T
do 2\/s:s \ 2\/s:s
t
sS=a — — (o) I
3
gP P ep\/gs:s gp
« So f a:deP’ =j s:deP’ =j d &P =f 0,d&P = h(€P)

1 U
== U(e) = 5 e°(e): H: () + h(eP () & 0 =7

. . ¢ LIEGE
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Elastoplastic behavior

« J2-plasticity without unloading
— Internal energy

1
- U(e) = Ese(s):}[: & (e) + h(e*p(s))

b
- with h(&P(e)) = | o,d&P S
P =
— Example: Perfect plasticity G0 ,
* We have 0,(éP) = g, \
: _ E
e®:'H:e® .
0- . True e _
— U — 2 *l— O-pgp — > «—>
& &8
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Dugdale (1960) & Barenblatt (1962)’s cohesive model

« Dugdale cohesive zone/Yielding strip Sy |
— Goal
 Remove the singularity
 Introduce plasticity at crack tip

Asymptotic o,

— Assumptions
* Nonlinearities localized at crack tip

 Elastic perfectly plastic material (hP=0)
— Model

»
[
»

. y A
Cohesive Crack tip 5.0

zone ti
/ Ly i \m

- o= 5
t |
TP A X 9

< >¢—> 5
r 2a r ¢
» Yield prevents stress singularity

v

« Barenblatt cohesive model
— Also avoids singularity at crack tip 4 oy ()

— But this is atomic or molecular
attraction that prevents separation | 5
— Fracture response is uniquely governed by '

the shape of the decreasing curve

. . ¢ LIEGE
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Dugdale (1960) & Barenblatt (1962)’s cohesive model

« Validity of cohesive zone/Yielding strip

— Validity of Dugdale’s model

* Glassy polymers: PVC, Plexiglas, under
transition temperature (from “ductile” to brittle)
« Thin sheets of elastic perfectly plastic material
* Low-C steels exhibiting Luders’ bands
— Dislocations motion is initially
blocked by solute atoms
— Once freed, the yielding
point decreases

Eng. o

- Va“dlty Of Barenblatt's model *Luders bands formation in steel,
. . contributed by Mike Meier, University
Brittle metals of California, Davis

. . ¢ LIEGE
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http://www.matsci.ucdavis.edu/MatSciLT/ENG-45L/ENG-45L.htm

Dugdale’s cohesive zone/Yielding strip Model

« Description of the model
— Determine the size r, of the cohesive zone
so that stress remains finite everywhere
— As non-linearities

» Are localized in the process zone &
» Are replaced by boundary conditions

the problem can be solved using LEFM
— Therefore the superposition principle holds

« The solution is the superposition of the
three following cases

A A

Case 1l Case 2 Case 3

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 1 4

. Goo y“
— Tension 1 1
B
€rxr 4E o0
1 1+ K »
€y = (1+ y) U+ x) (o X

y =0
(1+v)(3— k)

w, — AE Ol O
(1+v)(1+ k)
\u.y — W5 Tl
. 3—v
« With for plane ;. Kk = & forplanes: k=3 — 4v
1+ v
y A
— So beyond crack tip (8 = 0) | ¢

n 0
. 0(r,0 =0) =0y T ' K\

ln* a arr, x

— Soon crack lips (6 = +n)
(14+v)(1+ k)
U, = W5 o~y =0

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

* Resolution of case 2 yl
— See lecture on SIF, with a replaced by a+r,

» Stress beyond cohesive zone tip

7y (0=0) = 0o - 1

\/:1:2 — (a + -rp)2

— O~ at 'rp —1 A
| 2(x —a—ry) y .

. 0
» Displacement of crack and cohesive zone lips Tn K\
— r »>
| (1+0) (rk+1)on . e & T X

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 yl

— Analytical solution (reminder):
e Forany Q & w

o gy S W O O
<{ D — QN — W

Oy — 1 5

T _121/ (Y + " — rQ(Q))

satisfy 2D linear elastic and isotropic equations

== Choose () & w to satisfy the BCs

— Mode | (Westergaard):

= " = (0" =0, = —y2R (Q") === no shearing for y = 0

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (2) y|

— Analytical solution (reminder):
e Forany Q & w

o gy S W O O
D — QN — W

Oy — 1 5

T 1:71/ (€Y +&" = r02(Q))

. Mode | (Westergaard): «' = —¢Q"

[ G, = 2R () — 29T ()
Oy = 2R () + 2yZ (")
= 4 Ouy = —Y2R(V)

Only Q1o be defined

e = R(w) = Y [(5— YR(Q) - 2T () — R(C)]
Ly = Tu) = =L (5 4 1) T(0) — 2R () +Z(O)]

) ) v LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (3) y|
— Mode | solution
O 0 — 2R (Q,) - 2yI (QH)
O,y = 2R () + 2yZ (")
0.y = —Yy2R(Q7)

— Problem is to find Q" so that BCs are satisfied

« On crack lips (x<a), we want to satisfy

0 Oex 0 0 0 0
n-o= <¢1> . 0 O-yy 0 = <$O'yy> = <$2:R(.Q,)>
0 0 0 0 0

O-Z Z

0=t

* On cohesive zone lips (a<x<a-+rp), we want to satisfy

0 0 O 0 0 0 0
<$0'29> =t=n- -0 = <$1> . 0 O'yy 0 = <$0'yy> — <$2:R(Ql)>
0 0 0 0 0 0

O-Z zZ

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (4) yt
— Forx >0, let us consider So ' -> 0 far away from crack

S

0 = arcotan
‘ 2
2 — (adrp)

Ug :

— arcotan

a0

Discontinuities in a+r, : For y=0, { = x
: 1 —1 . :
- Using arcotan ( = 5 In g — For x>a+r,, real number — real function
i
*For x<a+r, ?
0
a a
= () = -2 ¢ arcotan +
T 5 Y 12 ,_
\/C2_ S \/r’p+2ar’p
\ . - -, . .
— Discontinuities ina : Fory=0, § = x
*For x>a, ?
*For x<a ?

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (b)
— For {= x4 I, with x <a+r,

0
o C a
. Q0 = 2z arcotan + 4

‘ y
\/ré + 2ar, e

. Using el_i>rJrr1n\/(2 (a+rp) llm \/(—a—rp\/(+a+rp

=ii\/a+rp—x\/x+a+rp=ii\/(a+rp)2—

0
— g x a
QO — £r) = LiL arcotan +

@ \/ (a+r,)? — 22 \/ r2 4 2ary,

4. )2 — 2
10 ; p LT p
2 1n

27 (atrp)2—a2
a a+rp)c—x
iE r2+42ar, +1

) ) v LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (6)
— For §=x+|g 1, with x <a+r, (2)

a, T a
arcotan +

- (O —+m) = +i

« When is In real? 5 5 A
- oa [(a+ry) — y
— This is the case if — : > 1 &
x r2 + 2ar n- 0
— Or again if (a —x)(a+?”p) >0 ,soifx<a ' l a a+fp:x
n+

* So we have different behaviors fory =0
— On crack lips (x<a)
— On cohesive zone (a<x<a-+r,)
— Ahead of crack tip (x>a+r)

— Full demonstration in Annex 1

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

» Resolution of case 3 (7)
— Stress field for ¢= x+[¢] i, with a+r; < x can be directly deduced from €’

0

% .
Q0 = 2L ¢ = arcotan ¢ + A
Q \/C2 — (a + rp)2 \/rﬁ + 2ar, ; ,
.
0 ‘ 2
or arcotan E\/CZ —(a+ry) T . K\ R
b 2 1L 9 ' l a atr,
T C rs + 2ary, - p

o, (0=0)=2RQA H=0) =

0
20 p T a
— arcotan -+

20V a (22— (a+4+1,)
—L arcotan | — 5 ( b )
T T ry -+ 2a.-r‘p

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

* Yielding strip Model
— Case 1, 2 & 3: Stress field

« Case 1 (infinite plane): T4y =

+
—>00forx—>a+rp

» Case 2 (crack loaded by o.,):

« Case 3 (cohesive zone closed):

Tyy (0 =0) =

+
—>00f0rx—>a+rp —
202

a [x2—(a+r
arcotan ( ( * p)

12 ) +
T rp +2ar, —>§forx—>a+rp
. o o 20, a
« The singularity is avoided if 0, = —— arcotan
T .92 ,_
242 1— cos? (I \/r‘p +2ary
— 50 2
MO T'p arp (20}9) sz + Zarp 1 (a + Tp)
) = — — _ —
tan 5| = > =5 = > > —
oy a a2 (9 a cos?2 (F9x a?
20, 200
| O oo T | p p
— Ip = a | sec 950
p

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

* Yielding strip Model (2)
— Case 1, 2 & 3: Stress field (2)

* The resulting stress field reads

(0 if r <a
0 .
o fa<ar<a-+r
O'W(y:()):< po SESatTy
o 20, { a [x2=(atr,)? if ,_
—- arcotan | = 2+ 2ar, mwa+tnr,<<x

rp — 0'00/0'():0.27

1t - Gw/oﬁ=0.37 I
0.8
> © 0.6}

X -
S 0.4l
0.2
a
% 1 2 3 4 5

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

* Yielding strip Model (3)
— Cohesive zone length oo
 The cohesive zone has a size 7p = a (Sec —_ 1)

. 1 1 x?
« Since ~——~1+—
COS X 1_x_ 2

2

o am? [ O 2
In Small Scale Yielding we have 7, =~

0.8} I
0.8
0.6 oo
S
:Q \b 0.67
0.4 =
S 0.4}
a
0 : : : : 0 : , :
0 0.2 0.4 0.6 0.8 1 0 1 2 3 4 5
o,/ c% x/a

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Resolution of case 3 (8)
— Displacement field for &= x+[¢] i, a+r,> X, can be directly deduced from Q

1 1+ & y 1
. u-y(f?ew):( +I/)E( +H)-’m(fHW) S
_ -
PLTSN
* But we know ' l a a+tr, '\
n+
0
0 = _p ¢ — arcotan “ +
n \/C2 _ (a. + -r.p)z \/ré + 2ar,

0 9 2
O’ : /
£ arcotan - (a + r’p)
s C r 2+ 2ar,

» After integration (see appendix 2), one has

5 a
Q= ——\/C2 (a + r,)* arcotan -

\/ r2 + 2ar),

v 2 .\ 2 0 5 —
o-a _(n - |

— arcotan s 5 la +ry) + P’ arcotan " - > (a+rp)

@ ro + 2ar, T C 72 1 2ar,

. . # LIEGE
2021-2022 Fracture Mechanics — NLFM — Cohesive Zone Model 27 “f université




y (0 — £m, r<ry)

y (0 — £m,r>r,)

Dugdale’s cohesive zone/Yielding strip Model

Resolution of case 3 (9)
— Displacement field for &= x+[¢] i, a+r,> X, can be directly deduced from Q

© ouy, (0 —7) =

(1+v)(1+ k)

E

 Then we have (see Appendix 2)

I (0 — )

O T

(1+v)(1+k)o)
= Ex [

0
QO'p

—

2

y

!

n-

“ 0

(AN

ln* a a+r, x

— X

a arcoth \/(a i r'p)

r2 |
re + 2ary

arctanh

Jarr)? — ot

a

X

(@ + "’"p)z

/

O T

(1+v)(1+k)o,
= Er [

0
QO'p

5
(@a+r,)" —

72
— X

a arcoth \/

2 ..
re + 2a.rp

arcoth

(

\/(a. +r)° — a2+

R
r2 + 2ary
(a + 'rp)Q —

r2 + 2ar, )]

a

€Z

/

2021-2022
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Dugdale’s cohesive zone/Yielding strip Model

« Crack Opening Displacement (COD)

_ — 0 fory— 0
— Case 1, 2 & 3: displacement . | /
» Case 1 (infinite plane): w, = ( + V) ( T K) lo Y
' 4F
 Case 2 (crack loaded by c.): 91112 w, = i(l v ) 9o \/ + rp — 22

« Case 3 (cohesive zone closed):

— On cohesive zone lips

l1+v)(1+k)o, o ; (

_ 2 D) / . 2 2
a-—+r — a a—+r —
a arcoth ( 5 ) — xjarctanh | — ( t p)
r, + 2ar, x ro + 2ar,

— On crack lips

A+v)(+r)oy [ owxn .
u, (0 — tm, r>r,) =|=L o - 200 \/(a. +r,)" — 22

r )2 2 r)? 2
a-+r — a a-+r —
a arcoth ( t p) — marcoth/| — ( t p)
ro + 2ar, x rs + 2ar,

. . # LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Crack Opening Displacement (COD) (2)
— Crack Displacement Opening is the superposition of the 3 cases

L+ v)(1+ K)o a+r): — 22 r,)" — a2
[u,] = 2( ){ )% a arcoth ( t p) —af la t p)
(i Er re + 2@,-rp s —+ 20,-?”p
with f standing for arctanh is a <x <a+r; and for arcothis x <a
| | — am/&0=0.27 | — o /=027
Ir - O'm/oﬁ=0.37 ' Ir e aw/aﬁ=0.37 '
| o /o0=0.44 o /d=0.44
0.8 o/ i “ B I
e 000/0})—0.49 0'00/027—0.49
© 0.6
2
S 0.4}
0.2}
% 1 2 / 3 4 5 % 0.5 o “ L5
— Crack Tip Opéhing Displacement (COD at x=a) .
50 ,
a O T . 4F E Po
= = 8= = with £/ = —
0p = llm[[uu]] 8Erln< ec US) 170 (D) { 1_}3}/ pe

(see appendix 3 for details)

. . # LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Dugdale’s experiments \ )

— Mild steel specimen * aIl
« 0.05% C, 0.4% Mn, 0.013% N P W=5 in. t=0.051In P'
« Annealed at 900°C after cut l =12.7 cm =1.27 mm

* Yield: ,° = 190 MPa
* Young: E =210 GPa
— 2 cases
« Edge cracks and centered cracks

L=10in.
=25.4cm

.
’

« Crack length small comparedto W p =

« Various P as to approach yield -ZVYE ;n(.:m 2a I | t:_cl)gg ::m ‘
— Measure of r, Y .
* Specimen cut

L=10In.
=25.4cm

n
:

« Cut polished and etched
— These are not fracture tests

. . ¢ LIEGE
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Dugdale’s cohesive zone/Yielding strip Model

« Dugdale’s experiments (2)

— Results comparedto r, = a
* The formula holds for
— Centered crack
— Edge cracks

(SGC

O oo T
—1
200 )

* Aslong as a+r, << W (infinite plate assumption)

r/a

Edge crack Centered crack
a (cm) P/Wt r a P/Wt r, (cm)
(MPa) (cm) (cm) (MPa)

1.27 50.16 0.107 | 1.27 56.24 0.1448
1.016 76 0.224 | 1.27 69.92 0.2362
0.63 94.24 0.221 | 1.016 | 86.64 0.2946
0.63 104.9 0.31 |1.016| 106.4 0.5

0.63 121.6 0.47 | 0.63 | 126.16 0.5182
0.63 152 1.19 | 0.63 144.4 0.8890
0.254 | 170.24 1 0.381 | 164.16 1.1379

Theory
o Edge cracks
Centered cracks

02 04 06
o,/ c°

0.8
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Cohesive models & J-integrals

« Relation with J-integral
— Assuming no unloading, U(&) exists:

— Jintegral is path independent, so

- J=1| [U@n,—u,- o -n|dl
Iy

= ] = —j [U(e)n, —u, - o n|dl

Iy 5
— On the different curves:

« OnT,and Iy
-n,=0==U(en, =0
— The crackis stressfree = g - n =0

* Integration on I’
— Vanishes as its length tends toward 0
« OnTIj(and Iy):

- n=0=>U(en, =0

= | = U, -o-ndl
34 ‘
. . # LIEGE
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Cohesive models & J-integrals

Relation with J-integral (2)
— Jintegral reduces to

° ] = u’x ‘o'Nn dl
1-‘3’4‘ . . .
— On the remaining different curves

« OnTly:
-n=—-e, =>»o0o-n=-0,()e,
— (0' ’ Tl) Uy = _ayy(5)ey U, = _O-yy(a)uy,x
— dl = dx

« OnTIy:

-n=+e, =>o0-n=+0,(5)e,
=2 (0-n) u,= +0,,5)€, Uy = +0,,(5Uyx

— dl = —dx

—_— ] = —f Uy, 5Ty, (5) dx —f Uy 50y, (5) dx

I'3 T,
a+rp a+rp \‘
_J [[uy,x]]ayy(s) dx = —f 8 x 0,,(8) dx | S

a a S
. . # LIEGE
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Cohesive models & J-integrals

Relation with J-integral (2)
— Jintegral is rewritten as

a+7‘p
J=-— j 0,,(8)5 ;. dx
e 5
— ] = _] s,,(5) d =j o,,(8) ds
5 0

» The flow of energy toward the crack tip
corresponds to the separation energy of the
cohesive zone

» J-integral can be used in plasticity and could be
used as a crack growth criterion J=J

* This criterion could also be related to a critical

crack tip opening &, = O N Oy
. (0}
— In the particular case of Dugdale’s models: b |
5 (00)2 a -
JDuedale = OO s = oV, = 8—L2L _In [ sec —= | o
Dugdal p/O pOt o= 200 5 >

 In this case, a criterion on J is directly related
to a maximal value of 6;: Jc = &¢ o,°

. . % *# LIEGE
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Effective crack length

« Can LEFM be extended to elastic perfectly plastic analysis?
— It is possible if there is no extensive plasticity prior to fracture
» Plastic zone small compared to characteristic lengths
— A criterion of crack growth might be J > J.
— Are the SIFs still meaningful? If so how do we compute them?

— The extension is based on the use of an “effective crack length”
- Effective crack length a.g = a + nr, with n a factor to be determined

 As we want to use LEFM, J is rewritten in terms of SIFs

2
— Mode | & infinite plane: J = M & Kr = 0.\/Tacq

E!
0)2 2 2
(U. a O e T K7 (aegt) 7O ot
= J =82 —1In | sec = I et/ TFoo7ell
E'm ( 20 ) E’ E’
0\ 2
_ _ 8a [ 0, OocT
— So the effective lengthis  Geg = — | — In { sec 5
7 (o QO'p

. . w * LIEGE
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Effective crack length

« Can LEFM be extended to elastic perfectly plastic analysis (2)?
— The extension is based on the use of an “effective crack length” (2)

2
L 8a [ o 50
* Mode | & infinite plane: a.g = — (—p) In (sec: 7. W)

e Ifo,<oc.0 Ao 202
(i° S(ijr:ce sec () — 1+ i + i
2 , 24 ; \
=>aff%8—a(a—8) 1n(1+1(0xm—)+ > (Uxﬂ_> )
© 72\ o ; 2\ 20} 24 \ 20}
- since In(1+2) - 2~ 2/( 24 x 16)

sa (o9 (1 2
— (g — _a _r _ O +
© T2\ O 2 202
9

N N a [ OacT
Aot = a +17r, — @
== eff " 24\ o0

— Eventually, for SSY, n =1/3

2
TOZ
« CTOD can be computed from a as J = gggt _ E/ eff
2 2 3 4 '
TO S Aeff oL a T0 a
— (St — E’ch Oe — E/%O + o0 -
' UP ' Up 24 F (O'g)

. . ¢ LIEGE
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Small Scale Yielding (SSY) assumption

* When can we assume SSY” 5 2
_ - 0T aT T o
— Cohes.lve zone length r, = a (beC 5,0 1)—> 3 ( 0 )
— The J-integral: b P

0\ 2 2
- Sa [ o0, | O T N a [ OnT
e Since Qeff — —& | — n|y|sec — a - ‘and
e 2\ oo 5 24 0}_} 2"¢ order term

0
Tp
2
2 8 0 2
O Qoff alo oy oL a
= J=—2" = ( p) n | sec xo — -
E’ T B! 2% E’
1 : 1 .
—— Exact — Exact
————————————— SSY (2nd order)
0.8f ~ 081 SSY (Ist order)
0.6} L 0.6}
S S
& ~
0.4} iy 0.4}
~
0.2¢ 0.2}
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
o,l o’ o, o"

p

— If 5.< 40% of 5,°, then a first order SSY (or simply SSY) assumption holds
— If 5.<60% of 5,°, LEFM and SSY can still be used if a,; is considered

. . ¢ LIEGE
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Small Scale Yielding (SSY) assumption

« SSY (first order) for Dugdale’s model
— If 5.< 40% of 5,° then a first order SSY (or simply SSY) assumption holds

* The cohesive zone is limited (r, < 20% of a) ‘ ‘
o | | | mos.a K7 (a)
« For a infinite plate in mode I, the J-integral is reducedto J = Fo = Fo
== S|Fs concept of LEFM holds (without correction of the crack size)

. . . T K} 2
— Size of the plastic (cohesive zone) 7p ~ 3\ o0
P

* As SSY requires r, < 20% of a, elastic fracture criterion can be applied if

5t (Ko \? Ko \2
=% (%) =2 (%)
8 o, o,

— So crack length has to be large enough compared to the plastic zone
— The method is actually applicable if the plastic zone is small compared to
» The crack (@>5r))

» The distance from the crack tip to the nearest free surface (L > 5r,)
 If we are well before fracture (beginning of fatigue e.g.), we do not have to use K.

2 2
S E () (%
8 o, o,

. . w * LIEGE
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Small Scale Yielding (SSY) assumption

« SSY (first order) for Dugdale’s model (2)
— There is a blunting of the crack tip due to the cohesive zone

5= o S K—w
t— _E:’O-O Sle/ >
p

0
Ip

v

— A fracture criterion base on the CTOD can therefore be defined

* ¢ can be measured experimentally

— These relations are valid for Dugdale’s model only !
* Thin sheet (plane stress: r,>>1t) sOE’=E
* Low-C steel (perfectly plastic)
» Glassy polymers

. . ¢ LIEGE
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Effective crack length assumption

« Effective crack length for Dugdale’s model
— If 5.< 60% of 5,° then a second order SSY assumption holds
* The cohesive zone is not limited (exact r, reached 70% of a)

* For an infinite plate in mode I, the J-integral is reduced to
2 :
= ] — KT (Gett) with K; = 0oc/Tacg
E!
== S|Fs concept of LEFM holds if corrected by the effective crack size
— As 6.<60% of 5,° & r, < 70% of a, the effective crack size can be stated as

3 3 24 ol 24 o
‘ m ( K} (

24\ oY

» Use of »

2
a .
)) is 1St order accurate

2
— Expression p _ T K (actr) Is correct for all cracks in finite plate*
3 24 oy

* So there is an iterative procedure to follow:

— a) compute K from a
— b) compute effective crack size
— ¢) compute new K from a4 and back to b) if needed

— These equations are valid for Dugdale’s model (see previous slide)
*Edmund & Willis, jmps, 1976, vol. 24, pp. 205 & 225 & 1977, vol. 25, p. 423 :
# ¥ LIE
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Dugdale’s model summary

If 5..< 40% of Gpo &a>5r, then use first order SSY
— Use classic LEFM
— Remaining ligament should be > 5 r,

If 6.< 60% of Gpo &a>14 r then use a second order SSY

— Use classic LEFM but
* Correct the crack size to obtain an effective crack size
* There is an iterative procedure to follow

— Remaining ligament should be > 1.4 r, (see lecture on J-integral)

If 5..> 60% of 5,,° then use full expression
— Compute the J —integral (see lecture on J-intearal)

0
» Ex: for an infinite plane (only) .J = 8 (Up) ¢ In | sec Joo™ > Jo
E'n 200 )
0
p

» With the new crack growth threshold J = §¢ (Temperature) o
— Remaining ligament should be > r, (see lecture on J-integral)

These equations are valid for Dugdale’s model
— Thin sheet of low-C steel or glassy polymers

— For other materials, in plane strain, ...
* The plastic zone has a different shape Plastic
* Another model is required (even for the SSY) zone

. . ¢ LIEGE
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Cohesive elements

The cohesive method is based on Barenblatt model
— This model is an idealization of the brittle fracture mechanisms
« Separation of atoms at crack tips (cleavage)

« As long as the atoms are not separated by a distance &, there are attractive
forces (see overview lecture)

Cohesive Y1 .
ohes_|ve Crack tip
one tip N
" \AA/ AHH
T 5
4

2a

O
— For elasticity J/ a, (6)do
0

* So the area below the -6 curve corresponds to G if crack grows straight ahead

— This model requires only 2 parameters
« Peak cohesive traction o, (spall strength)
* Fracture energy G,
» Shape of the curves has no importance as long as it is monotonically decreasing

2021-2022
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Cohesive elements

* |nsertion of cohesive elements
— Between 2 volume elements

— Computation of the opening (cohesive element)
* Normal to the interface in the
deformed configuration N -

 Normal opening § = max([u] - N~ 0)
. Sliding 0, = [u] — [u] - NN~
- Resulting opening § — \/62 + 52|67

with . the ratio between the shear and normal

critical tractions

— Definition of a potential
 Potential ¢ = ORS match the
traction separation law (TSL) curve

« Traction (in the deformed configuration) derives

o
from this potential 3 — 9¢ _ %N— 4+ 0 05 >
o6 0o, Do O
. . # LIEGE
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Cohesive elements

« Computational framework
— How are the cohesive elements inserted? t

Failure criterion
incorporated within
the cohesive law

— First method: intrinsic Law Omax

« Cohesive elements inserted from the beginning

» So the elastic part prior to crack propagation
is accounted for by the TSL

 Drawbacks:

— Requires a priori knowledge of the crack path to be efficient
— Mesh dependency [xu & Needelman, 1994]
— Initial slope that modifies the effective elastic modulus
» Alteration of a wave propagation
— This slope should tend to infinity [Kiein et al. 2001]
» Critical time step is reduced
— Second method: extrinsic law t
» Cohesive elements inserted on the fly

when failure criterion (o>oc,,,,) IS verified
[Ortiz & Pandolfi 1999]
» Drawback:
— Complex implementation in 3D
especially for parallelization

Failure criterion
external to the
cohesive law

. . ¢ LIEGE
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Cohesive elements

Examples
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Cohesive elements

Advantages of the method
— Can be mesh independent (non regular meshes)
— Can be used for large problem size

— Automatically accounts for time scale [Camacho & Ortiz, 1996]
* Fracture dynamics has not been studied in these classes

— Really useful when crack path is already known

« Debonding of fibers
» Delamination of composite plies

— No need for an initial crack
* The method can detect the initiation of a crack

Drawbacks

— Still requires a conforming mesh
— Requires fine meshes

« So parallelization is mandatory
— Could be mesh dependent

N
N

X

2S

N
N’

@

=9

O

S

X
0'

N
N
N
=

S
@
@

A
N’
N
N

@

X O

S

_—
N

N
N

@

2021-2022

Fracture Mechanics — NLFM — Cohesive Zone Model

) L



Exercise: Sheet with centered crack

 Sheet with centered crack: \ /
— Mild steel specimen 3
: P .
* Yield: cpo = 190 MPa 2W=15in. 29 Il t=0.051In °
« Young: E =210 GPa ' =38.1cm =1.27 mm -
f L=30In.
=76.2¢cm

— What is the limit load in terms of the slit size?
* Use o: (T,) = 0.1 mm as fracture criterion
« Using Dugdale’s mode, compare different methods
— SSY
— Effective crack length
— Full solution

— What happens if
« W=5cm?
« Oc(T,) =0.7mm & 3. (T3) =0.05 mm (2W = 15 in. for these cases) ?

. . % *# LIEGE
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Exercise: Solution

 SSY, 6. (T;)=0.1mm \ /

— Use d: = 0.1 mm as fracture criterion 5
P P

Jo=0¢(T)o, =19000 N -m ™" : 2W=151in. | 5, 4| t=0.05in )
 Plane stress assumption: E’=E =38.1cm I | =1.27 mm

= K| 1im = VE Jo = 63 MPa - m? 2 :
this is not the Plane ¢ toughness { L =30in.

— SSY assumption, so use SIF: = re.zcm
| _ 2 : 1
K1 = owv/aaf () with 7 (i) = 10,025 (§)” + 0.06 ()] _
|44 COS Fri-
The applied stress leading to failure is therefore
: . P ‘
O fim = Bitim i 5 = — — 2067 P m~?
, vraf (&) 2Wt
N.B. 2Wt = 15 * 0.05 *0.02542 m? = 1/2067 m?
— Example: limit loading for a semi-crack length of 9 cm
63.10° 63.10°
P(a=9cm) = N N =49337N

2067/ 70.09 f(0.4724) N 2067y 70.09 1.1618

. . ¢ LIEGE
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Exercise: Solution (2)

SSY, 6. (T;) =0.1 mm (2)

— In terms of semi-crack length a:

O i = KI, lim
o vraf (11 )
= — 2067 P m—?
7o T oW "
— Validity ?

» Plastic zone length at fracture

I

K7 jim \~ 632
rpwf< L1 ) L 0.0434m

8\ o - 81902
— Plane ¢?
» t=1.3cm<r, OK
— Buta & W-a have to be >5r,

» Impossible

2W=15 in. t=0.05 in
. 2a | ~1.27 mm

.

—)

A

15

107

0 0.05 0.1 0.15 0.2
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Exercise: Solution (3)

» Effective length, 6. (T;) = 0.1 mm \ )

— Use d: = 0.1 mm as fracture criterion 5

K7 tim = VE Jo = 63 MPa - m* P_2Wz15 i | 5af| t=005in ﬂp

— Effective length assumption, =38.1cm =1.27 mm

* So use effective SIF: - =
_ f L=30In.
Kfefffo-:x,\/rae f(FV)WIth —7620m
2 l ‘ i 4:
£ () = [1-0.025 ()" +0.06 (# }

S —_—
o
» The applied stress leading to failure is therefore
KI lim . P .
Ooc, lim = with o, = = 2067 P m~*
T e (%) 7 T 2w .
» The effective crack length is computed by
_ 2 2
T T ( K7 i m™ 63
f =0+ — =a : =a - =a + 0.0145
Geft =0+ 3 a+24< o0 ) “Togteer T o
« Examplea=9cm
63.10° 63.10°
P(a=9cm) = N = N =43017N

2067v/70.1045 f (0.5486) 2067+ m0.1045 1.2366

. . # LIEGE
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Exercise: Solution (4)

 Effective length, 6. (T;) = 0.1 mm (2) \ J
— In terms of crack length a: . 1 5
Kr 2W=15 in. t=0.05in
T , lim 2a : ‘
Toc, lim \/mf ((%E:Lff) - =38.1 cm I | =1.27 mm
< T oW 2067 £ m f L =30in.
- =76.2cm
— Validity ?
» Limit loading for a crack free sample [sx10° | |
06174 — SSY
Pyield = UPQI’I t=9193N || Eff. length
» Plastic zone length at fracture
5 5 10
m KI lim ™ 63 =
P9 ( gg ) 8 1902 E
o
— Plane ¢? o
» t=1.3cm<r, OK
- We want 6.,<0.6 6,°

- Wewanta>1.4r,~ 6w 05 02
- WewantW-a>1.4r, a [m]

== The solution is accurate only for cracks a little larger than 6 cm

_ ) ¢ LIEGE
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Exercise: Solution (5)

 Full solution, 8- (T,;) = 0.1 mm \ )

— Use d: = 0.1 mm as fracture criterion ~
P P

Jo=0¢(T)o, =19000 N -m ™" : 2W=15in. | 25 1| t=0.05in
— How can we compute J ? =38.1cm I =1.27 mm —

* Assuming a << W, the — >
infinite plate solution holds f L=30in. \

( 0) 2 =76.2cm
o a T T
']Dugdale — O-gét =38 Y In (SGC s )

B 202
20V _E.J P ‘
=2 Ooc lim = —2 arcos exp —Cﬂ; & O = T — 6200 P m 2
7 S () |
« Examplea=1cm
2 190.10° —210.10° 19.10%
P(a=1cm) = arcos | exp ZT = 91173N

2067 & 0.01 (190.106)

. . ¢ LIEGE
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Exercise: Solution (6)

* Full solution, &- (T,) = 0.1 mm (2) \ )
— In terms of crack length 3
P : : P
20" —FEJcm 2W=151in. | 5o 4| t=0.05in
O tim = —2 arcos [exp — | mm——__00 ! 127 mm —
T 8a (09) '
P v
P 5 o >
Ooe = T 2067 P m ( L =30in. \
. =76.2cm
— Validity ? 1sx10° l l
— SSY
« Limit loading for a crack free sample [ \ | Eff. length
Pyiela = 0,2Wt = 91935 N _Joniterion
10t -
» Plastic zone length at fracture = |
O oo T | E
r, = a| sec — o
P QUg 5|
- r,(a=1cm)~75cm!
— This is due to the infinite plate 0 , , N
approximation when using ., — o, 0 0.05 0.1 0.15 0.2
— Fora=4 cm : Py, = 71700 N & r, = 7.9 cm a[m

* So the correct J integral and the correct r, should be evaluated (see lecture on J)
* The expression of an infinite plate can be used only below limit loading
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Exercise: Solution (7)

e CaseW=5cm \

— In this case,
P

* Neither SSY l 2W=10 cm

* Nor the effective length method

A 4

Is possible as W ~ predicted r, < .
— So the exact J-integral has to be used | L=301n.
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Exercise: Solution (8)

« CaseW=19.05cm & 6 (T,) = 0.7 mm \ /
— SIF limit? ‘

Jo=6c(T)o) =133000N -m~" P P

—2W=15 in. | og t=0.05in
KI_‘_ lim — VV E Jo = 167 MPa - m% =38.1cm I | =1.27 mm ‘

9
.. NW Kf,lim — 03 < _ >
P g o0 = Yom L =30in.

— In this case,
* Neither SSY

* Nor the effective length method oX 10°
IS possible as W ~ predicted r — SSY
_ S N Eff. length
— So the exact J-integral would have 3t ~ Jcriterion |
to be used =
£
£ 2
o
|
O . ¢ f
0 0.05 0.1 0.15 0.2

. . ¢ LIEGE
2021-2022 Fracture Mechanics — NLFM — Cohesive Zone Model 56 b université



Exercise: Solution (9)

« Case W=19.05cm & d¢ (T3) =0.05 mm

— SIF limit? /
Jo =0c (T)o) =9500 N -m N
1
Kriim =V EJo=45MPa-mz P | o 1050 2a Il t=0.05 in °
7 (K im 2 - =38.1cm =1.27 mm s '
r, >~ — . = 0.021m
8 Up < A 4 N
_ { L=30in. \
— In this case, =76.2 cm
» Effective length method is very accurate I5X 10*
for cracks between 2.9 and ~ 14 ¢cm — SSY
o e N Eff. length
(as itis required W-a>1.4 1)) ~ Jcriterion
« Compared to effective length method, 10(\

SSY overestimates the limit loading

I:)Iim [N]

— For a=10 cm: by less than 10%
— For a=3 cm: by about 17%

0 0.05 0.1 015 02
a [m]
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Exercise: Summary

 For ductile materials

— SSY is almost never a good approximation
» The plastic zone is too large compared to crack size and remaining ligament
» Exceptin very low loading

— Effective length scale
« Can be used for
— Critical loading estimation
» For large specimen and
» If crack length is in a specific range
— Computation of SIF for fatigue
» As K is reduced, the plastic zone size is reduced
» So the crack length validity range is increased
— J-integral can be used, but
« The infinite plane approximation is a good approximation only
— If loading < 90% of yield
— Crack size and plastic zone size << W
« Exact solution can be computed (see lecture on J-integral)
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

A

« Case 3: Check boundary conditions y
— For {=x#g I, with x <a+r,

+ Using Qlinil VE—a—r,="TiJ/r= +i/a+r, —x

 The function

0
g a
Q0 = -2 ¢ arcotan
Ty 73+ 2am,
y A
a CQ—(Q“‘T’ )2 a
iag E\/ -r§+2a-rz - n- & 0
5 In : t K\ X
@ %\/C22(9+?”’p) 4 ' l a atr, y
re4-2ar n*
IS rewritten ' ’
VO —£r) = +i arcotan +
@ \/(a -+ -rp)z — 5{32 \/T‘f) -+ 201-'7‘10
(adr,)% —22
- 0 ig\/ 2 1O —1
10 T re4-2ary,
2 1n .

xTr

27 a (a+71,)%—x2
i_’\/ -r%—f?arp +1

% *# LIEGE
b uuuuuuuu té
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Check boundary conditions (2) y
— For {=x+g I, with x <a+r, (2)

» Letus assume y > 0, (solution for y < 0 is symmetric)
0

0 x a
QO —7) = i~ arcotan
T 2 ‘ 2 _
| \/(a. +1r,)" — a2 \/-r’é + 2ar,
a (a'+“”p)2_$2 1
-2'0-0 T r242ar o
In R
2 a (G.—|-'I’p)2—:1?2 41 y
T r2+2ary ] 4

)2 2

a a—+r — X
_ This is the case if 24/ 5 r) > 1,
ro 4 2ary

xr

0
n
 Whenis In is real? \/ ( T . m

or again if (a? — Tz) (a+ -rp)Q ~ (0 ,soifx<a
— Then on the crack lips, the boundary condition

0 Oee 0 0 0 0
n-o= <$1> . 0 ny 0 = <$O'yy> = <$2R(Q’)>
0 0 0 0 0

O-Z Z

0=t

Is satisfied
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

» Case 3: Check boundary conditions (3) y
— For J=x+|g I, with a <x < a+r,
* Inis complex, and

0
/ Ip L @
— ) =1 Ot
O (0 T 1 arcotan
T

\/(a. + 'rp)Q — x? \/"’% + 2ary
. 0 2 .
Yy (a+mr)” —a® :r\ B
27 r2 + 2ar, / )
. 0 2 .
il In{a (atry) —a” + :r\
27 r2 + 2ar, )

r V2 2
» But on upper lip lnz:ln‘2‘+iargz &al"g(a\/(a—;}})) ¢ C)W
r. + 2ar,

0
o) T a

then Q@ —x) = i2 arcotan +

Q \/(a. i -rp)Q 2 \/-rg + 2ar,

| _a [t
0 - 0 o ; 'r2—|—2a.7‘
o io 2 P

—+ 4+ —L1In
2 27‘:- g\/(a+rp)22172 + 1
T 7’34—2&7’19
. . % *# LIEGE
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Check boundary conditions (4) y
— For {=x#g I, witha <x <a+r, (2)

0
o : .
QO — £7) = L£i-L - arcotan c +

" \/(a. + 'rp)z — a? \/T;g + 2ar,
| _a [latrp)?—a?
'iO'_O o r}%—l—Qa?’p

27 2_ .2
a (a+tr,)—
a_\/ ?’%—E‘Zm’p +1 y +

-
* As the In is real, the boundary condition on the crack lips T . K\

0 0 O 00 0 0
<$0‘£> =t=7n-o= <$1> . 0 O'yy 0 = <$O'yy> — <$2R(QI)>
0 0 0 0 0 0

O-Z Z

Is satisfied
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Check boundary conditions (5)

— Far away from the crack:

0 0
g a o a
lim @ = —-Zarcotan + -2 arcotan =0
(—oe m \/ r2 4 2ar, 7 \/ r2 + 2ar,
&sofor lim Q7 =0

[(l—=oe

== 0,(¢—>°) — 0 & g, ({—~) — 0 satisfied

— Symmetry with respect to Ox?

* (
— 0 ) R(Q’(m—iy)):R(Ql(fE+iy)
Qv Z(Q(x— "
Z(

= U (y) = Uy) & u(y) = -uy) satisfied
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Appendix 1: BCs of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Check boundary conditions (6)
— Symmetry with respect to Oy?

e For x=0

f ic)

Qx=0)=F—\/y2+ (a+ Tp)2 arcotan - —
T

\/ 75+ 2ary

’ ’ ’ 0 2 2
aga 50
~2= arcotan | i/~ Jg la t 1) + 22 rcotan [ +24 /¥ t (a+7p)

+o! .
A (r=0) = & Y arcotan . +

T ) V73 2ary

0 ‘ 2
ﬁ arcotan ig y? + (a. + -'r‘p)
\ T Y r2 + 2ar,

« ®(Q)=0and 1(Q')=0 == u,(x=0) = 0 satisfied
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Determine Q form Q'
— The integration of

0 0 2 2
a a o a —(a—+r
0 = P ¢ arcotan + —2 arcotan (E\/C 5 (+ 5 ) )
0 ‘ 2 9 | T r ar
| \/C2 —(a+rp,) \/ré + 2ary, | b g
0
o ‘ ‘ a
leadsto () = ——p\/C2 — (a+ ‘rp)z arcotan —
T \/ r2 + 2ary,
0 2 ‘_ 2 0 2 ,. 2
0,0 —(a+r 7,¢ a —(a+r
—L_ arcotan g 5 ( ) + -2 arcotan | — ° 5 ( )
0 r + 2ar, T ¢ re 4+ 2ary,
— This result follows from direct derivation, using d¢ arcotan ¢ = — . +1C2
which yle|dS Q0 = —0—2 < arcotan ¢ + O:S(LC pt2ary 5
NCET: ez, TP\ @ (0
J—g arcotan (E\/Cz : (ot FP)Q) — U—g ¢ (Fﬁ%
T ¢ ra + 2ar, Iy : 7 2(a+r,)” + a2(?

_i\/@—(amf :
z\ "z V2 /¢ = )

_ _ ¢ LIEGE
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Displacement field of case 3
— Displacement field on crack lips for &= x+|é| 1, with x < a+r,

» Displacement field on upper crack lips is obtained from
(1+v)(1l+R)

w, (0 —m) = B 00 — )
ol 5 a
with Q (0 — 7) = ——-\/(a +r,)” — x? arcotan —
™ 2 ..
\/r'p + 2ar,
2 ; . 2 ‘
opa | (a+r,)" —a? oo ai [(a+1r,)” —a?
—— arcotan |[ i 5 + —— arcotan | — 5
0 re +2ar, 7 x r, + 2ar,
oli 5 a
oragain Q (0 — 7) = ——-1/(a+r,)” — rZarcotan —
T 2 .
\/r‘p + 2ar),
(atry)?—a? -1 a (atrp)?—a? —1
O.S az .T%+2a-rp O—gxz T 77%"'2(”’?
In + In

27 (atry)? —ax2 11 27 a (atrp)?—a2 11
r%—l—QarP T 7’g—|—2arp
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Displacement field of case 3 (2)
— Displacement field for &= x+|¢l 1, with x < a+r, (2)
« If all In are real, which means if x < a, then

1. »+1
— As arcothz = —=1In + :
r—1
Ul —7)=———1/(a+1r,)” —a?arcotan +
n \/rg + 2ar,

o, al a-+r — o, T a a—+r — <
2 arcoth ( 5 ) — 2 arcoth | — ( 5 p)
T ro + 2ary, T x re 4 2ary,

— And the displacement field for x < a, is

0
9 - (A+v)(1+k)a, 2 a
u, (0 —m) = B —y\/ (a+1r,)” —x?arcotan +
1 oo .92 .
\/ re 4 2ary
2 5 2 5
a—+r — x4 a a—+r —
a arcoth ( 5 p) — xarcoth | — ( 5 p)
ry + 2ary, x ry + 2ary,
. . ¢ LIEGE
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Displacement field of case 3 (3)
— Displacement field for &= x+|g| I, with a <x < a+r,
* Ifx>a, the second Inis notreal, and using In z = In |z| + 7arg 2 leadsto

0 .
2 ‘
QO —7)=—-"L/(a+7r,)” —2%arcotan -
7r 9 ,_
\/r'p + 2ar,
(4= 4 | o [latr?—a?
O—g al 'T’g +2ary O—Sx O-S'Tz T ?’g +2ary
In + + n
27 (atrp)%—a2 11 2 27 a (atr,)?—a2 |
-rg +2ar, x -:r’;?J +2ar,
1 +1 .
— As arctanhz = = 1n , it yields
2 1—=x
0, 0
o) ‘ a o,
9 (
QO —m)=——"L-/(a+1r,)" —x?arcotan + ‘; —
7 2.2 ,.
\/rp + 2ar,
0,08 (atr,) —a2 oy a [(atr) —a?
arcoth 5 — arctanh | — 5
T ro + 2ar, s x re + 2ar,
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Displacement field of case 3 (4)
— Displacement field on crack and cohesive zone lips
* The cohesive zone size is such that

203 a
Ono = —— arcotan

n \/ r2 4 2ar,
» If x> a, then the displacement field becomes

At A tr)a, [ oxr >
u, (0 —tm.r<r, = =+ o El- 200 \/(a. +1r,)" — a2+

2 2 )2 2
a-+r )V —x a [(a+7r) —nx
a arcoth ( t p) — xrarctanh | — ( t p)
ro + 2ar x r. + 2ar,

» If x <a, we previously found

14+v)(1+k)o? - ‘
u, (00— £m, r>r,) = i( ! )% [ (;U;T \/(U«- + '?”p)z — 2+
p

Er

" \2 2 r )2 2
at+r ) —x a [(a+7r) —2x
a arcoth ( J; r) — rarcoth [ — ( t r)
ry —+ Qa-rp T ry - 2a-rp
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Crack Opening Displacement (COD)
— Case 1, 2 & 3: displacement

* Case 1 (infinite plane): u,, = (%+ JF{')o'

oY

4F
« Case 2 (crack loaded by c..): lim u, =+ (Ltv) e+ 1)U‘/\/(a + *rp)Q — 22

00—+t QE/

« Case 3 (cohesive zone closed):

— On cohesive zone lips

u, (0 — £m, r<r,)

NEELILLT ] WS N

Er

" )2 2 » )2 2
a+r,) —x a [(a+r,)" —=x
a arcoth ( t ) — rarctanh | — ( t p)
r, + 2ar, x ro + 2ar,

— On crack lips

u, (0 — 7, r>r,)

(I+v)(1+ K)o, [ owm >
+ Ll——= Fry)” — a2
o 202%) T4

r )2 2 r)? 2
a-+r — a a-+r —
a arcoth ( t p) — xarcoth | — ( t p)
ro + 2ar, x rs + 2ar,

2021-2022
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

Case 3: Crack Tip Opening Displacement
— The upper limit becomes

a0 | ~ —
hm [[Uq]] = lim 8=Z |aarcoth (a+ r‘p L _ yarcoth (a+ rp) T
v—at w—at E'm r2 4 2ar, x r2 4 2ar,

UO i / 5 - :

= tim 42 o ([T +1 a+”‘p) o)
eat B 2 + 2ary + 2ar,
+MO) + x1n (E\/ +"f“p) 3721)]
x

2+ 2ar, r‘é + 2ar,

— Rearranging the terms leads to

o (a+7,)° — a2
. . e P _
alggl [u.] = ;tl—l>I111+4E!W[ @ln (\/ 'f’2+2a'rp e
2 _ 2 ‘ +r,)? — 22
(¢ —a)ln [ 2 (atrp) — —1]+an (= (a+2rp) — -1
x rs -+ 2ar), T ry +2ary

a

O’D a

= lim 4—2 |aln
r—at ET-

rpt2ary Polynomial “wins” on In
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Appendix 2: COD of Dugdale’s cohesive zone/Yielding strip Model

« Case 3: Crack Tip Opening Displacement (2)
— Hospital’'s theorem yields

a (atrp)2—a? 1 a (a+rp)2—;r2
. T 7‘g+2arp . x2 7*%—0-2(”“3;, \/mm
1m = 1m
r—at [ (atr )2 g2 T—a™T
% —1 4\/v‘%—0—2a7p\/(a—|—7 ) —x2
(eh 2 ‘ ¢
_ ) ((a+)"p) xz) —a (a+,rp)2
lim = 5
r—at —X a
— And eventually
0 2 0 0
. 0 a—+ g, a4+, Op O™
lim [u,] = aln%—éﬁ aln L = 8——alnsecc —
r—aT h El a E'r a E'r QO'p

O T

200

— 1) has been used
P

 Where the size of the cohesive zone r, = a (sec
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