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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary
— 3 failure modes
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary

— Potential energy I1; = E;, - Qu

_ before
— Crack closure integral
- Energy required to close crack tip < ‘,‘,Wm
utbe f_“-l.‘_- —-“-"?L;P
All =j j t-[u']ldu’ dA " Aa
A Ju after
— Energy release rate i1
« Variation of potential energy in case of crack growth t
G = —0p (Eint — Wext) = —0,4AI7
* In linear elasticity
G = —0,Al li ! 1t0 [Au] dA
= —0,AIl; = — lim — | =t [Au
— In linear elasticity & if crack grows straight ahead
K? K72 K?A 4FE E Po
Y B TV Ele 1{EP5
E' E'"  2u (1+v)(r+1) 7
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary
— J-integral

« Strain energy flow

J = /F U(e)n, —u, - T]dl

— Exists if an internal potential exists

* |s path independent if the contour /"embeds a straight crack tip
« No assumption on subsequent growth direction

« Can be extended to plasticity if no unloading (see later)

— If crack grows straight ahead == G=J

— Inlinear elasticity (independently of crack growth direction):
K{ K37 Kij, AE { E  Po

_ B =
T=T T T, T+0) (R 1)

E
1—12 PE
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Linear Elastic Fracture Mechanics (LEFM)

* Cracked body: different concepts

» Structural properties « Material properties

— Depend on geometry — Depend on environmental

— Depend on loading conditions conditions

— Different related concepts — Different related concepts
 Stress intensity factors * Toughness
« Energy release rate * Fracture energy
. J-integral * Resistance curves

— How to evaluate them? — How to measure them?

« Crack propagation criterion
— Structural property < Material property: OK

— Structural property > Material property: What happens?
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LEFM: Computation of SIF

« Computation of the SIFs
— Analytical methods (for LEFM)
» Full field solution (see next slides)
— Limited to infinite planes
— SIFs obtained from asymptotic limit
« Superposition
— Of existing solutions
« Energetic approach (see previous lecture)
— Related to Griffith’'s work
— Numerical
» Collocation method (no more used)
- FEM
— Capture asymptotic solutions
— Energetic approach
— Jintegral
— Experimental
* Normalized experiments
» Strain Gauge Method
- DIC

— Use of SIF handbook
(http://ebooks.asmedigitalcollection.asme.org/book.aspx?bookid=230 )
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SIF: Analytical methods

 Reminder: method in linear elasticity
— Problem is governed by the bi-harmonic equation V?V2® (¢, ) =0

— One solution of this equation has the form & = (O +wte

2
where o(f) and Q(C) are functions to be defined so that
* The stress field
Q/ Q, CQH +wl! + CQH +®H
Oy =
€rr 2 B
> B Q,+Q,+CQII + wh’ + CQ/! + u—JH
yy 2
'CQH 4 ! — CTQH Y
Oy =1
Ty 9
* The displacement field
3—v
o —
14w 110 Plane ¢

(¢ +&" —KQ(Q)

U= —
12 k=3 —4r Planecg

satisfy the BCs
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SIF: Analytical methods

Westergaard solution
— Full field solution of a crack submitted to traction

* Infinite plane
* Mode I:'t =ty ez, and t, (-x) = t, (x), t, (-y) = -t, (¥)

— Westergaard approach for mode |

CQH + o — CTQ// —w”
* Since O,y =1 5

and since for mode |, one should have

oy, =0 fory=0, Aly R(<2)

the solution is

W = _CQH Oy =1

e Indeed with this choice
oy = —y2R(Q)
Ww=-(+Q+C
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SIF: Analytical methods

« Westergaard solution (2)
— Westergaard solution for mode | (2)

* The general stress/displacement fields read
/o- B QI+QI_§Q,’ + w// + CQ” 4+ u—}//
rxr T 2
B _QH /i QH /!
ST SR T
</ QH = _QH N/
- -'.C + &’ = W
k 14+ v :
u=-—— (¢ +&" — KkQ2(C))
\

« Using w” = —-¢Q" they become

[ o = 2R(Q') — 29T ()
Tyy = 2R () + 2y () Only Q to be defined
4 Opy — _yQR (QH)
1+ v p
Uy = R (u) = ——[(k = R (Q) = 24T () = R (C)]

oy = T ) = = (5 4 1)1 (0) - 2R () +Z(O)

IIIIIIII
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SIF: Analytical methods

« Westergaard solution (3)
— Full field solution of a crack submitted to traction
» Westergaard solution for mode |

[ G, = 2R () — 29T ()

o,y = 2R () + 2yZ (")

< Oy =—y2R(Q")
u, =R (u) = L+v

L ouy =1 (u) =

« Solution Q(x>0) satisfying the BCs for a uniform traction (see next slides)

(k= 1) R () — 29T (') —

1+v

(k+1)Z(Q)—2yR () +TI(C)]

t
Q=&
2

( : 0= (VE—@-(+0)
—1 >

Q” — _2 a'z
2 /c2 a.23

1 /at@‘” &
QW\/CQ—GQ —a g C_f

. # LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 10 L Hniversis

« NB: General solution (Sedov, 1972): Q' =

dg




SIF: Analytical methods

» Westergaard solution (4)

— Check solution
- B 1+ v

we =R (u) = LY (6 - )R (Q) - 2T (@) - R(O)
wy = T (u) = =[5 +1)1(0) ~ 2R () + I (C)
1 o = 2R (Q) — 2T ()
o,y = 2R () +2yZ ()
_ Oay — —y2R (QH)

- with /' =%

() | T

2\, /2 — a2 o _t_u .2
2 C2 a23
— Symmetry with respect to Ox and Oy y 1
| ¢ 0
n
— RO =wCY=1©O=1CY=0 _] : W
a X
n+
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SIF: Analytical methods

« Westergaard solution (5)
— Check solution (2)
o, = 2R (Q) + 29T (")
.y = —y2R (")

. , ty, G
with Qg(ml)

* Oncracklips {=x=%1i| — 0, |x]<a

_ ¢ )
\/CZ—CLZ \/c— ﬁ\/m g é’ 0
n-
- V(—a=/rexp(10) :'\/Fcosg+z'~ rsing T . K\ >

2 ' l a x "
n+
— glir:[tl ( —a=+iyr=+i/(a—x)
t x t 1t t
= lim QO =+2 SR Y _ Y
O—+n 2 iva+xva—x 2 ¥2-\/052 — 2 2

— Oncracklips:t=n-o=%0y, (y=0) =2 R () == t==t, is satisfied

. # LIEGE
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SIF: Analytical methods

« Westergaard solution (6)

— Asymptotic field on crack lips y 1 c
p : 0
t ‘ ‘ n
0-b(VE—@ v a) AN
9 ) l+v | l R :
uy =T (w) = —— (s + DT (Q) 2R () +I(C)] "

« Oncracklips:=a-r+ilg, e—0

- X
@ - = =)

—Vx+a
6 6
_V(—a=+/rexp(if) = '\/;cosg +z'~\/;sin§
= lim \/( —a=+iy/r=+iy/(a—2x)

06—+

t
= |im O = 3” (ii\/ a? — xr? — :r)

00—+
— Crack Opening Displacement (COD)

(L+v) (1) ty

I — :t ] - ;2
91—1>1;|[:17T y 2F ‘ o
1 / 1 t 'y i
— [[uu]]:( +y)§;+ J by a? — 2
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2020-2021 Fracture Mechanics — LEFM — SIF 13 L Hniversis



SIF: Analytical methods

» Westergaard solution (7)

— Asymptotic field ahead of crack y :
[ -

17
Q—%(\/CQ—Q-Q—C+C1) Tn. m‘
. l+ TR
vt :
<j _2 1/C2—G,-2
y tu( a’ )
0= = 5
\ 2 (2 — 2

« For{=a+rzti|g, e—0,r—>0"

- JP—a?= [x2 — g2 =J(a+7r)?—a%=+2ar+1r2->2ar

t : : t
/Q(Q:O) — 3” (\/af:z—az—x+Cl) — % ('v2a.-r—a.+01)

, t, x t, a
=></Q (90)5( —3:26121)%5(\/;1)

t a? t a
Q' (6 =0) = - Ly
\ ( ) 2 ( 3_,:2023) TV
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SIF: Analytical methods

Westergaard solution (8)
— Asymptotic stress field ahead of crack

. = 2R (Q") — 29T ()
oy = 2R (Q) +2yZ ()
Ory — _yzR (QH)

 For{=a+rzti|g, e—0,r—-0"

QO =0)= %’( xz—a.Q—erCl) — %” (\/ﬁ—aJrCl)
Q=0 = 5 ( — 1) -3 (\E 1)
V(0=0)= % ( x2a2 aQB) - _% 2af
. T (0=0)=0,,(0=0)=2R(Q)=t, (\/;70521) —>t,y(
0.y (0=0)=0
2020-2021 Fracture Mechanics — LEFM — SIF 15
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SIF: Analytical methods

« Computation of SIF by analytical method (LEFM)

— Crack in an infinite plate under perpendicular loading
 Elasticity == Superposition OK

A A

y y

Ow 1 A

—
Case 1
O
1 3— K _
Eqpaw — ( +V) (‘3 ﬁ:) (ONS = (1 +V) (3 ﬁ:)O' xX
(1+v)(1+R) (1+v)(1+ k)
Sy iE 0@ &% AE Y
“Ery — 0
thfor plane ;K = ——2 & for pl 34
With for plane c: ﬁ:-f1+y & for plane e: K = 3 — 4v

. # LIEGE
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SIF: Analytical methods

« Computation of SIF by analytical method (LEFM) (2) yl
— Case 2: Westergaard solution in mode .

[ 0,0 (0 =0)=0,,(0=0) =2R ()
xTr
. ty(-\/Wl)“y( s
0.y (0 =0)=0
yA

— Here use t, = 0,

. # LIEGE
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SIF: Analytical methods

« Computation of SIF by analytical method (LEFM) (3)

— Crack in an infinite plate under perpendicular loading
 Full field solution from 2 and case 1 alongy =0, for x > a

case | case II L
Oy — 0O, + o = O~
vy o0 ‘ t
Yy Yy V2 — a2
« Asymptotic solution along y =0, for x = a+r vt
O, \
L
Vx2 —a? =+a? +2ar — 12 — a? »> \2ar
100
a »
=2 Oyy = Oy | = — >
vy 00 3

2r \

« SIF: 10
8
= o
= K;=lim ('\/ oy grnede I} ) ©
b vy 6=0
1

— OV an — asymptotic
— full field
01 T T T T 1
0.001 0.01 0.1 1 10 100
r/a

. # LIEGE
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SIF: Analytical methods

« Computation of SIF by analytical method (LEFM) (4)

— Crack in an infinite plate under perpendicular loading
« Full field & asymptotic solution alongy =0, for x > a

a
_>O'x

\/fa 2r

Oy —

* In reality also limited by irreversibility G”T T 1
A 100
. ny
Zone of asymptotic Asymptotic o, ” .
. . X
solution (in terms of \ 2a
10

8
S
% \

1/r12) dominance

X structural

Plasticity esponse
1
— asymptotic
— full field
01 T T T T 1
0.001 0.01 0.1 1 10 100
r/a
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SIF: Analytical methods

- Computation of SIF by analytical method (LEFM) (5) __, _ L, — =,
— Crack in an infinite plate under sliding ! T
« Westergaard approach for mode || ! /\>T
— For mode Il, g, =0 fory =0 | — 1x=
= w' = 20" — Q" | 2a T
— Crack subjected to a shearing t, |~ T

i a \/(127—52 T,
vl DRl

« Applying superposition principle and t, =z,

K7 = lim (\/ 27r O';f_lyOde H|9_O) = T ovarm

r—0

Q!

. ¢ LIEGE
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SIF: Analytical methods

Computation of SIF by analytical method (LEFM) (6)
— Crack in an infinite plate under shearing

e Stress field (see Annex 1)

Oy = Toc R ( ¢ )

(2 — g2

 Ahead of cracktip (y=0andx=a+r)

R ( a-+7r ) a
a. L = TOCJ - — TOC' -
Y . /:rZ + 20,-?“ 2-r= y A

= K= lir% (\/% o-anode 111}9_0> _ Toc.'\/ﬁ
T— L —

. # LIEGE
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SIF: Analytical methods

« Evaluation of the stress Intensity Factor (SIF)
— Analytical (crack 2a in an infinite plane)

A 0 A * y Ty
i ]

Kr = o0, Vma — o e | - 1 OTOI oo
=4 K =rvma :an : tg ) (5

O-o‘_ x;r
<+—> L < > +—>
\KHI:TOG'\/WG- D 2a I | 2a 2a _
< e l<_<_<_foo R
4_

T

. # LIEGE
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SIF: Analytical methods

Computation of SIF by analytical method (LEFM) (7)
— Here we have obtained the SIF using the full field solution so

« Why did we develop the asymptotic solution last time instead of using this full field

solution directly?
 Full field solution only for particular cases such as infinite plates

— General case

=
K1 = BrovVma
—_— < K[} = 6}[7‘00\/7Ta
Krrr = Brrrmee Va
« [ depends on

— Geometry
— Crack length

sig xx [Pa] - step 150 (151/155)
0

-2a+09

2020-2021 Fracture Mechanics — LEFM — SIF
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SIF: Handbooks

« Solutions from SIF handbooks (see references)

— Obtained by using a variety of methods (analytical, numerical, ...)
« Example: mode | for a crack in a finite plate (h/W > 3) o y1

— General formula K7 = ov/7a f (%) U{LM I
— Numerical results based on Laurent expansion L

» Isida, 1973
1 - < W :
<k 0.95 +
-~ — X
s |= 0.9 A 2a
|
— 0.85

0 0.5 1

— Periodic crack approximation

» <5% error for a/W < 0.5 2W Ta
» lrwin, 1957 S (W) —V 7ra tan 2W
— Fit of Isida’s values
1

» <O.Lberror gy = [1 — 0.025 (%)2 + 0.06 (%)4] =a
» Tada, 1973 O o

. ¢ LIEGE
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Finite element model: extraction from stress and displacement fields

SIF: Numerical approaches

Here Barsoum elements with quarter-point, see later

\
|
/
/

I
G

/ I.
IR )
iy |
LA |
SR |
“'I. !’J““ | I| |
FRLAe | ARRE

505
(AR

25

v
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SIF: Numerical approaches

* Finite element model: extraction from stress and displacement fields (2)
— Asymptotic crack tip stress and displacement fields determined by the SIF

o_mode i _ K’ff fmode 1 (9) & umode i — K. Lgmode i (9)
27 "Voor
— Stress correlation

 FEM computation

» Extract stress field for 6=0

KI 9_ ; % . 39_ KII . 0 0 36 :_KHI . Q

Oy = '\/%COSE _1—8111551117_ 0'3_‘3?:—\/%51115 2+COS§COS? O ’\/%bmz

! I | < o Krrr 0
\

« Extrapolate to get the SIFs

K Tyy (1,0)
K = l}na V2rr | o, (r,0)
Krrr 7 0.y (1,0)

. # LIEGE
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SIF: Numerical approaches

mode 1

o

I

\ 2Tr

— Displacement correlation

Finite element model: extraction from stress and displacement fields (3)
— Asymptotic crack tip stress and displacement fields determined by the SIF

mode i & mode i _ K,,, L mode 1 0
e ig) & g (0

 FEM computation
Extract stress field for 6 =«
1+v [ r —0] . o0 14+v [ r | 6 5
= — COS — sin” — =K == —M—
u, = Ky 7 . C0b2 WOQI u Il 5 o blﬂ2 _Iﬁ: COs 5
] , { K+ 1
1+v [ r . . 1 [ [ '
u.y:KI E %Slﬂ§ w2§] uU—KII EV %COS%%
- K+ 1 ' 0
w. — QKIII(lJrI/) &Sm\g*
FE T 2
1
« Extrapolate to get the SIFs
L w, (r,7)
W . 27 y AT , 4FE E Po
L = lim\/— | w.(r,m) E = — 5
I =0\ 7 v (1+v)(k+1) L, Ps
I.II uz (.r? ﬂ') —
. # LIEGE
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SIF: Numerical approaches

Finite element model: extraction from stress and displacement fields (4)
— Advantages of the method

Simple

Can be used with any FE software

Only one post-processing to determine the 3 SIFs (if suitable loading)
Can be used along a crack front in 3D

When using displacement correlation, the field is the primary solution

— Drawbacks

The accuracy is strongly dependent on the mesh refinement

The mesh refinement required depends on the element ability to capture the
singularity at crack tip (e.g. Barsoum elements)

_ # LIEGE
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SIF: Numerical approaches

 Finite element model: Barsoum elements

— Previous method requires a fine mesh since a singularity in r”2 is not naturally
captured by usual FE

— This singularity can be captured

» By enriching elements (as in XFEM for LEFM, see later)
* By using Barsoum (quarter-point) elements

— Quarter-point elements
« Quadratic elements with some mid-nodes located at a quarter of the edge

77“ ﬂ‘
n
o, 0 0 19
1
L 3 ®
_]\J \J] e Ay Ay
]
o—p O 04 2 d s
- j o \\3 Mapping AA
Mapping T 304

_ % * LIEGE
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SIF: Numerical approaches

« Finite element model: Barsoum elements (2)

— Quarter-point element: 1D example —O O o—f
: —] 0 /
« Shape functions I .
( 3
N, = 5 (&—1) 0.8 -
L€ S TN 08
{ No==(£+1) S N,
2 -+ N
304
N3 = (1-¢°) :
\ 0.2
* Mapping 1 i I, ) 0 1
X -0.2 -
—0—0O o—>
0 L/4 L 4
. L L 5 L 9 4o
‘T(f):f\/@ﬁf’@:7(5—}—1)~}—I(1—62):I(1+£) -='>f({r): f_l
 Strain field
1
u = Z\/T?; U; == & — 3:1.-”& =X’ Af?’i a;r_ Uiy — lVTi. u;
() e Ni (§) Oe€ui = - VT

» So a strain field (and so for stress) in 1/r”> can be captured

. # LIEGE
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SIF: Numerical approaches

« Finite element model: Barsoum elements (3)

— Quarter-point element: 2D example
» Fine mesh at crack tip: mid-nodes of first ring are moved to quarter points

. # LIEGE
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SIF: Numerical approaches

« Finite element model: global energy & compliance

— For cracks growing straight ahead (if only one mode is involved)
Ki  Ki  King

« G=J, and in linear elasticity J = —1L

y o + Fol + 2
« Prescribed loading: G = 8AEim\Q (in linear elasticity)
* Prescribed displacement: G = — 94 Ein|,,

— Perform 2 computations

« With the same loading (displacement) but with two different crack lengths

G ~ + Eint(a + Aa) - Eint(a)
— tAa

» Could be rewritten using compliance C in terms of the generalized loading Q
,Cla+Aa) —C(a)
G=Q
2tAa

(linear elasticity)

— Advantages
« Simple
« Can be used with any FE software and requires only post-processing
» Less mesh sensitive than correlation methods as a global variable is used
— Drawbacks
¢ 2 computations needed
* Only one mode (so one SIF) can be considered at a time
« In 3D, SIF variation along crack front cannot be determined ;
2020-2021 Fracture Mechanics — LEFM — SIF 32 U "L"I'Eg‘Eé




SIF: Numerical approaches

« Finite element model: crack closure integral
— Cracks growing straight ahead

y y

A A

— For such cracks, in linear elasticity

o101
G = Alcllr_r}OE Aaia?y(r, 0 =0):[Au;(Aa — 1,0 =m)] dr

/ \ Displacement jump after
Stress before crack growth crack growth

. ¢ LIEGE
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SIF: Numerical approaches

« Finite element model: crack closure integral (2)
— This integral can be computed using FE software
1 1
— 1 —_— — 0 — . , —_ =
G = Alclglo pal, 2 0iy(r,0 = 0) - [Au;(Aa — 1,0 = )] dr

* Nodal release
— First computation: nodes j on both crack lips are constrained together

F
O O o—
O O o— 7% e
-2 j-1 F/ ] +1
a Aa
— Second computation: constrain on node j is released
o—o0— 0 A7 8
2 jl U
Aa

» SlIFs can be computgd from

— Reaction forces of first computation &
— Displacement jumps of second computation

E’ 2Aa B DN 2Aa 21 2Aa

. ¢ LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 34 14 Mners




SIF: Numerical approaches

« Finite element model: crack closure integral (3)
— Advantage
* Requires only post processing
— Drawbacks

 If the crack is not a line of symmetry, the node displacements have to be
constrained (using Lagrange multipliers e.g.)

« Two computations are needed (can be improved using modified nodal release)

_ # LIEGE
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SIF: Numerical approaches

« Direct computation of J-integral

— For linear elasticity
K7, +Kfn
E’ 2/

K2
Ly

.]/[U(s)n,ru‘x-T}dl & J=
r " E

— Contour I' embedding the crack tip

» Path independent == choose a

i
. j
contour through Gauss points o—6—-0—0—6—-0-o—e-e—o ©
ocolooo0o|ooo|oo ¢
n O o000 O0|l0O0O0O|l0O0O0O0O®
» Values are computed on Gauss points Sloo|looo|ooo|oo ¢
_ - ocoo|looo|looo|loo ¢!
== iNntegration is direct O0|00O|00O|0 O (
— Not always accurate coo|looo|looo|loo o
. OO0 O|0O0OO0O|OOO|0O00O O
« We would prefer to define a contour from cooloooloooloo o
elements and not Gauss points cOoo|loooloool|loo o
OO0 OO0 O0O |00 O |00 O
coo|looo0|looO0 |00 O
y

. # LIEGE
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SIF: Numerical approaches

« J-integral by domain integration
— For linear elasticity and for any contour I' embedding a straight crack tip

J = /F Ue)n, —u, -T]dl

—
o
I
(@)

— Let us define a contour C=I" +[+I["*-I"

1

OO0 O0O|l0O0OO0O|l0O0OO|0O0O0 O
: : : : 000|000 O0C|l0OO0OO|0O0O O
* Interior of this contour is the region D coolooolooolooo
» Define q(x, y) such that 00 O g=1 |ooo
lonT ©0 0 y 00 O

— = + A
q on ‘OEO o0 o0
ofo- o © 0o
=’J/ n@uﬂ@w- X fooo
00 0 S rfeee°
n@ua I@dz ©O00|00O0|l00OO|0OO0OO
OO0 O0O|0O0OO0O|l0OODO|0OO0O O
OO0 OO0 O0O|l0O0OO|0O0O0 O

 As crack is stress free

/ri Ue)n,.q—u, -Tqldl =0

—_— .]/ U(e)n,.q—u_, -Tq|dl
C
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SIF: Numerical approaches

« J-integral by domain integration (2)

— Computation of J = / U(e)n,.q—u, -Tq|dl
C

« Cis closed == divergence theorem C g=0
 First term, with & symmetric ©00|000j000|00O0
OO0 O |00 O0O|l0oO0OO|0OO0O O
jU(s)qnxdlzj[U(e)q],di ©00j0c00/000j000
C D O o0 O :1 o0 O
O O OAa q 00 O
00 o0 4y oo o

—_— —
Jr@an.a= 5o o
¢ ocoof *X Jooo
O o O
J[an(g):g,xCI‘FU(S) q,x]dA 0o o 4
D OO0 O0O|O0O0 0|00 O|0O0O O
OO%OOO OO0 O0O|O0O0 O
= jU(S)qnxdlz coo0looo|looo|oo o
C

[ [on 25 ¢ ey ]
D

. j U(S) qn, dl = j [O'ijui,jxq + U(S) q,x]dA
C D
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SIF: Numerical approaches

J-integral by domain integration (3)

— Computation of J = /
C

U (e)n.q—u, -Tq|dl

« Cis closed == divergence theorem C g=0
« Secondterm,withV7-0=0 Oo0OO0O|00O|lo0OO|0OOO
coo|ooO0O|looo|oo o0
0o 0|00 O 00 O
jqu’xandl:fV[qu’xa-]dA O OO0 O O
c D © 0O g=1 |°©°o©
O O OA y 00 O
A
=>jqu,x-a-ndl=f|7q-[u,x-a]dA+ 1°° 9 00 o0
]Q[V-G]-u,di+jqa:|7u,di ocoof *X Jooo
D D 00 O ) ©o0o0
coo|looo|looo|looo
©09y000/000|000
Gndl:JVCI[u,xa]dA-F OO0 0O|0OO0OO0O|l0oOOO|0O0O O
D
jO'ijui’ijIdA
D
# LIEGE
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SIF: Numerical approaches

J-integral by domain integration (4)

— Computation of J = / U(e)n,.q—u, -Tq|dl
C
C q=0
« With divergence theorem: coo|ooO0O|ooo|loooO
OO0 O |00 O0O|l0oO0OO|0OO0O O
— jU(S)qnxdl coo|looo|looo|ooo
o0 o =1 {222
| \ 00 0
— qu,-o- ndl= oooI R © 00
L X o0 0 *»X Joo o
Vg - |u,-a|ldd + a--u--q{iA °°° < °cC
b X L” Ljx coo|looo|looo|oo o0
©0Q 000/000|000
OO0 OO0 O0O|l0O0OD O|0O0O O
— / [o'iju,,;,a,q‘j — Uq‘_a;] dA
D
— This integral is valid for any annular region around the crack tip
» ( is discretized using the same shape functions than the elements
» As long as the crack lips are straight
. # LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 40 b AN




SIF: Numerical approaches

« Finite element model: J-integral

— Advantages
» Accurate (especially using domain integration)
« Does not require Barsoum elements
— Drawbacks
* Only one mode at the time
» Either modifying the FE code in order to have easy post processing or
» Post processing difficult when using a standard FE software

— Since this method is really accurate and computationally efficient, can it be
modified in order to extract the SIF of each mode?

_ ¢ LIEGE
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SIF: Numerical approaches

* Finite element model: J-integral (2)
— How to extract the different SIFs?

Compute J for the solution u of the considered problem == J

Ki Ki  Kig
J‘/F{U(E)nruaT}dz £ + E! + 2,LL

Compute J for another field ud’* to be specialized s Ja¥

aux? aux?2 auxr?2
KI 4+ KII 4+ KIII
E E o

Compute J for the sum of u & ud* to be specialized =3 J*

J* = / U(e+e™)n, — (u, +u®") - T (u+u)] dl
T

Jaur — / [U (Eau.a:) n, — uf:za;u-ilt . T (uau;r)] dl =
r

Relation between the different Js?
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SIF: Numerical approaches

Finite element model: J-integral (3)
— How to extract the different SIFs (2)?

* Relation between the different Js can be deduced from
aury __ 1 . .
- Ulere) = 5 @@ H @
o /

=T (e + o) QU CED T H - T D

* So J°= / U(e+e™)n, — (u, +u®") - T (uw+u")| dl is rewritten

r
I -0 - /r T H: Vun, —u, T (™) —ul - T (ufpdl

— The right term is called the interaction integral
» What is its expression in terms of the SIFs ?

. ¢ LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 43 u/ Mners



SIF: Numerical approaches

* Finite element model: J-integral (4)

— How to extract the different SIFs (3)?
* It has been found that

TS J - Jenr = / Vu:H:Vu"n, —u, T (u") - u"" T (u)] dl
: __

IIT I

.r } .
mode 1 — Ki ' mode i 0
o= § j wa (6) u ;I 59 ()
* With 11 e qus & < o
aua fmode i 0 aur __ E : aux L mode i
Z /2?_},, ( ) u - K@ Qﬂ_g (9)

* Direct substitution leads to

. - o - \/_ mode i . - )\/?gmodej
- Vu:H:Vu ZZKK v Nir H VI

— U o (u")Ful o (u) =

_[rpmode i fmodej  /rmode i fmodej
O L O L M LB O
— = V2T \V2mr V2T \V2Tr

) v LIEGE
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SIF: Numerical approaches

* Finite element model: J-integral (5)
— How to extract the different SIFs (4)?
« Since

J5—J = Jr = / Vu:H:Vun, —u_, T (u™)—u’" T (u)|d
-

T

— With
. . i - '\/?gmode i . . '\/;gmodej
VitV :ZZKZKJ V= VT A
i

e () bl () =
_ /pmode i fmodej _ /mpgmode i medej
» 5 [iageeo, Y72 L iy
{2 J
\

V2T . \27r 2T \ 2mr

» And since these last two relations are symmetric in K and Kau
KQ KQ KQ
_ L 2y
L’ £’ 21
JP—J— g _ KrK§7"” n Krp K& N Krir K7y
2 E’ £’ 20

— By analogy with J = / U(e)n, —u_ -T|dl
r

— One can feel that

« This is obtained explicitly after substitution of f and g by their closed forms
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SIF: Numerical approaches

* Finite element model: J-integral (6)

— The SIFs are deduced from the so-called interaction integral

' 2 ' ' 1 aur
o J5 — J5 _ J_ Jauxr _ E (KIKIa.uJ: + KIIKIQ}LE) + ;KIIIKIIj

* Indeed, if ud is chosen such that only K& # 0, K; is obtained directly
— This method
 |s very accurate compared to correlation methods
« Butit requires
— More computations

— Extensive modifications of the FE code

_ # LIEGE
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SIF: experimental methods

« Strain gauge method
— Strain gauge can measure the strain === deduce the stress profile

— SIF from the stress profile (like in FEM)
» Asymptotic solution for mode |

((

.

Oxx =

Oyy =

K,
2nr
K,
2ntr
K;

27T

COSE_ 5 2_

0 0 30]

cos—=|[1 — sin=sin—| + A(0)r° + B(O)T ...

2| 27 2]
o o . 30

1+ sin=sin—| + C(O)r° + D(B)VT ...

6 6 36

cos=sin=cos— + E(O)r° + F(O)\T ...

2 2 2

« But the asymptotic solution in +/r cannot be matched accurately using a gauge

« So consider up to the 3 order

Ky

.\/ﬁf—m () + Cofo (6) + Crav/rfiys (0)

2020-2021
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SIF: experimental methods

« Strain gauge method (2)

— Position of the strain gauge
» Located at (r, @) of the crack tip
« With an orientation o

— One** can show that in the referential O’x’y’

KI 1—v
2ULE 1yt — F (v, 0, a)+C + cos2a |+
HE f27r-r(") 0(1+1/ )
1— 5 0 1
Cy VT (1 n Z + sin? 5 Cos 200 — 3 sin A sin 205)
1— 6 1 30 1 30
with F' (v, 8, o) = ] +Z Cos 3 — §Siﬂ98iﬂ7 cos 2a + §Siﬂ9608 781112(1’
— The gauge is located at (r, &, «*) such that
‘ — v
. cos2a” = — Term in C, r° vanishes
1 +v
#* 9*
. —cot2a” = tan o == Termin C;;,/r vanishes
2UE 41\ 2T
I=F (v, 6%, a*)

**Dally JW and Sanford RJ (1988), Strain gage methods for measuring the opening mode stress intensity
factor Kl , Experimental Mechanics 27, 381-388.
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SIF: experimental methods

Strain gauge method (3)
— Strain gauges are now replaced by Digital Image Correlation (DIC)

* Markers on the surface are tracked optically
» Displacements and strains can be computed

10 % e b e
Maaeer Seae |93

— These strains can be used to deduce the SIFs

# LIEGE
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Fracture toughness

* Measuring K|, o 5
— Done by strictly following the ASTM E399 procedure 1 ’
— Specimen Thickness t
« Normalized, e.g. Single Notched Bend (SENB) W
» Plane strain constraint (thick enough) | V/2<_ v/2

== Conservative (see next slide) é
« Specimen machined with a V-notch

— Crack initiation
» Cyclic loading to initiate a fatigue crack
» Crack length from compliance
— Crack Mouth Opening Displacement
(CMOD=v) measured with a clipped gauge
— Calibrated using FEM

. ¢ LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 50 u/ Mners




Fracture toughness

* Measuring K, (2)
— Done by strictly following the ASTM E399 procedure

— Toughness test
« Calibrated P, drecording equipment

« Crack Mouth Opening Displacement
(CMOD=v) measured with a clipped gauge

« P, is obtained on P — v curves
— Either the 95% offset value or
— The maximal value reached before

¢y coy’
« K. is deduced from P, using k ﬁ

K 73 f ( ) /,’I \\‘ ////, \\\‘
m 5 tg] 10.95tg "1g) 10.95tg

— f(a/W) depends on the test (SENB, ...)
— f(a/W) calibrated using FEM etc, in the norm

— Check the constraint once you have K|,
» Plane strain constraint (thick enough)

. # LIEGE
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3D problems

* Only 2D solutions have been considered but a real crack IS clearly 3D

— At any point of the crack line
» A local referential can be defined
« Since the asymptotic solutions hold for
r — 0, at this distance the crack line seems
straight, and the problem is locally 2D
» The crack tip field can be broken into
3 2D problems (3 2D modes)

. ¢ LIEGE
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3D problems

o 3D effects

— Near the border of a specimen the problem :
IS plane o, while it is plane € near the center s
==»> at the center there is a triaxial state 1

» The SIF is larger at the center as

»

rupture

K A I
Y

no lateral deformations are possible

(see next lecture)

e 2 consequences t

— The front will first propagate at the center
— The toughness decreases with the thickness
» Crude approximation

1.4 [ Ko (t— o0) e
Ko(t)EKC(tHOO) 1+t2< US )

» Later on we will see how to evaluate this effect

— The practical toughness K_is the plane strain one

_ w * LIEGE
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Exercise 1

« Safety of a pressurized vessel
— Extended internal axial crack
— Plane strain condition along its axis
— Made of steel with a DBTT

4 Toughness K¢ [MPay/m]
200 |
160 -
1207 Properties Values
80 | Internal radius R, 1.5m
_ External radius Ro 1.65m
40 Temperature 7'[C] Young E 210 GPa
0200 -100 0 100 200 Yield o 250 MPa
Poisson v [-] 0.3
— For a given pressure what is the Hardening exponent n 10
maximal crack length that the flawed  Hardening parameter a 1

cylinder can sustain

« LEFM: only for  Drittle (at low
temperature)

« At high temperature: non-linear analysis
needed
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Exercise 1: Solution

* Non-linear handbook, but elastic solution
— Stress intensity factor
2pR2\ma F<E &)
(R2—R?) \b'R,

- K, =

— Mouth opening displacement

8pR2a <a Rl->
° Vm Vl

~ (RZ—R)E' '\b'R,
a/b=1/8 | a/b=1/4 | a/b=1/2 | a/b=3/4 Properti_es Values
bR=|F| 119 | 138 | 210 | 330 Internal radius R, Lo
1/5 External radius Ro 1.65m
V, 1.51 1.83 3.44 7.50 Young FE 210 GPa
i 0
bR=|F | 120 | 144 | 236 | 423 Yield g5 250 MPa
1/10 Poisson v [-] 0.3
Vi| 154 1.91 3.96 10.4 Hardening exponent n 10
Hardening parameter 1
oR=|F | 120 | 145 | 251 | 5.25 gp *
1/20
V, 1.54 1.92 4.23 13.5
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Exercise 1: Solution

Critical crack length at low temperature
— Toughness: K. = 40 MPaym

200 -
— Ciritical crack length a,
160
K 2pRi\ma (a Ri) 120 -
I (Rg_Riz) b’ R, 80 ]

. Toughness K. [MPay/m]

Temperature 7 [C]

O

— @F(%,

&>= K (RS —RE)  4o-
R,

C 2
szoVﬂ T T T —>
0 200 -100 0 100 200
— Has to be solved 200 | | ‘ |
R . ' |— p=4 MPa
Iteratively — aMPa
« Graphically e S|
=
—?
& 100
=
N
50 + 1
0 ! L 1 L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
a [m]
¢ LIEGE
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Exercise 2

* Toughness evaluation 5 Q. ul2
— Brittle material: Aluminium alloy 5
» For ductile, this requires non-linear analysis

— Follow the norm ASTM E399

— Normalized specimen
« Compact Tension Specimen

2
* Thick enough a,t > 2.5 (K—§>
o.

p
e Fracture test

60
50 - !
Properties Values
O | Half height h 0.045 m
% 20 | , Width W 0.075 m
~ 89.85 kKN/mm Thickness t 0.025 m
20 | : Young E /1 Gpa
Yield o9 430 Mpa
O Poisson v [] 0.33
0 ‘ ‘ ‘
0 0.2 ) Ofr4r1m] 0.6 0.8

m

_ % * LIEGE
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Exercise 2: Solution

« Step 1. analyze fracture curve

— In this case Qnax > Qs
» Failure for Q =Q,x = 46.05 kN

— Compliance
e m—_1_ —0,01113 mm/kN
Q 89.85
60 ' ' Q, u/2
50 | Qmax \ s a I
46.05 e
N h
40 | Qs >
é 30 d "
S
89.85 kN/mm
Thickness t
10 t Q, u/2
0 | 1
0 0.2 0.4 0.6 0.8

v [mm]
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Exercise 2: Solution

« Step 2: evaluate crack length Q, u/2
— Results from cyclic loading (fatigue) 1
— Evaluated from the compliance "
« Calibration of the geometry >
following the norm W
Y
( 1 a -
U= ,
14 E thm
4 .
% = 1— 45U + 13.157U2 — 172.551U° + Thicknesst
L 879.944U* — 1514.671U° Q, u2
» Forthis test Properties Values
= —— =0.01113 mm/kN Half height h 0.045 m
| E Width w 0.075 m
o) E'=—— =79.68GPa Thickness ¢ 0.025 m
l=v Young E 71 Gpa
==» U=0.17518 Yield o9 430 Mpa
Poisson v [-] 0.33

a
— oy = 0267
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Exercise 2: Solution

« Step 3: evaluate toughness Q, u/2
— Stress intensity factor 1
« Calibration of the geometry
. h
following the norm >
a a\? w
o [ 0886 + 4647 —13.32(;7) + .
(2+) 3 4 a
14.72 (77) = 5.6 (77)
K, — Q AN W
I — 1 3 .
W2 (1 B ﬁ)i Thickness t
w
_ Q, u/2
— At failure g
» Failure for Q =Q,,x = 46.05 kN Properties values
* With % = 0.267 Half height h 0.045 m
Width W 0.075 m
= K; =34.8MPa+ym Thickness t 0.025 m
Young E /1 Gpa
Yield o9 430 Mpa
Poisson v [-] 0.33
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Exercise 2: Solution

Step 4: check validity
— Norm requires

» Plain strain specimen for toughness definition

K 2
t>25 (G—g) = 0.016 m

p

 LEFM to hold

2
002m=a>2.5 (%) —0.016 m

14
* Deep enough crack for calibrated formula to hold

2 =0.267>0.2
w

I::) All conditions satisfied

Q, u/2
h
o >
Y
a'
Thicknesst
Q, u/2
Properties Values
Half height h 0.045 m
Width W 0.075m
Thickness t 0.025m
Young E /1 Gpa
Yield o9 430 Mpa
Poisson v [-] 0.33
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Annex 1: Analytical methods

« Computation of SIF by analytical method (LEFM) ®® @yg) ®@® TC":)
— Crack in an infinite plate under shearing
* Mode IllI:
1 E E
€az — ZUz,q ==» Oaz = Caz = 577 7 Uz

2 1 +v
Ooz,a = 0 — VQUz =0

o201 +v) ¢

== U, IS the imaginary part of a function z(¢)

» This function has to be found to satisfy the BCs

e Stress field

= As Oz = 0,2 = —i0y,z
E E E
- o P 5T () = 7 (s
Onehas  Fy: = 5y = S 1 ) (2) 2(1 1 v) (i)
E E E
R S Yl ) — )
2(14+v) 2(1+v) 2(1+v)

. # LIEGE
2020-2021 Fracture Mechanics — LEFM — SIF 63 1& Mners




Annex 1: Analytical methods

« Computation of SIF by analytical method (LEFM) (2)
— Crack in an infinite plate under shearing (2)

« Solution of the problem?
2T (14 v)

(2 — a2

u, = 1(2)

* Symmetry?

- 2({) =% == Uly)=-uly) satisfied
« Far away field?

— Fory—i«=: g, — %7,

satisfied
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Annex 1: Analytical methods

« Computation of SIF by analytical method (LEFM) (3)
— Crack in an infinite plate under shearing (3)

« Solution of the problem?
27 (1 +v)
- (¢ = 2l

FE
— with

(2 — a2

Cu. = T R ¢

» Crack lips stress free? y

li _

9—1>I£W C * 9 ;
.

lim /(—a= lim Vrexpli=|=+iva—=x 7 o
o+ 6+ 2 /@7 '\ 9, é\ X
911m V(+a= llm VT exp( é) Vo +a
5— 0%

I I R o R (2 0
im T,. = im Too — Too =
=>9—*:l:ﬂ' B2 —0 Y= O——+m, 82—0 \ /CQ — a2 a2 — r2
satisfied
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Annex 2: Semi analytical methods

« Computation of SIF by Boundary Collocation Method (LEFM)

— Example: crack in a finite circular plate y4

» Considering mode Il (can be done for | and 1)
Lo

T=0,.+10,. = mz
n=mn,; +in,

T. =0,.n, + o,.ny =1 (Tn)

* Laurent series z (() = Z an, (¢ —Co)"

with o, = [ 28 4 T,=1(9)
- But for the crack lies in 6=, sowe use 7 (() = Z a,(" 2

- 2n — 1 B
== lim o, = lim R (7) = lim a,r" " 2 cos ( r m—) — ( is satisfied

80— 80— O—

— Finite displacement = n=0,1, ...

1

— 7 (() = Y " F = Kpyp = lim (V277 0, ) = V2ra
n=>0
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Annex 2. Semi analytical methods

« Computation of SIF by Boundary Collocation Method (LEFM) (2)

— Example: crack in a finite circular plate (2)
« Unknowns a, are obtained by defining m collocation points on the boundary

— At these points

T.(0p) =T (1 (0)n (@) =T (Z a7 exp (i 2”2_ 19k> n (ek))

=0

for k=1, .., m, & assuming an expansion up to order p, p+1<m

T,=1(8)

yA

 Example: R=1, & loading T, = sin#

p
2 1
== sin @, = Z a,, Sin ( n; 913)

3 : n=>0
— m=2(p+1)

— For accuracy m = 2p+2

2.5 1 — Collocation points only on upper
side (avoid trivial solution)

! [ 2l | — Least squares resolution

2

10 10" 10
P
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