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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: diff t t N R
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— Energy release rate oy
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— J-integral

« Strain energy flow

. J= / Ue)n, —u, -T|dl
I’
« More in depth

— How are they defined?

— How are they related?
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Linear Elastic Fracture Mechanics (LEFM)

* Cracked body: summary N A
— 3 failure modes T T T T T T

Mode | Mode 11 Mode 111 J kﬂ
! - . O, O.
@ (slidi (she y
—> .

}
X
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— Asymptotic solution governed by stress intensity factors

~ Ow .
o-modei — Lfmode i(Q) + 0,(1,0) Zone_ of a_symptot|c Asymptotic Oyy
\ 211 solution (in terms of

1/r12) dominance

| True Gyy

. r .
umodel — Ki /ﬁgmodel(g) 4 0’(7‘0)

X Structural
response

Plasticity
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Energy of cracked bodies

* Relation with energy
— Tensile strength for materials opgva \/E (275 + Wp)

* Involve crack size and fracture energy == K should be related to energy

« Virtual energy of body B

— Existence of (stress free) cracks
— Virtual displacement s6u

% O = 6/ UdB = T - SuddB +/ b-oudB = 0Wyy

B on B B

* Where we assume that the stress derives from an internal potential: 0 = o:U

cH
« Example: linear elasticity o= H : e = 85¥ = 0.U

« So we assume reversibility

: . # LIE
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Energy of cracked bodies

Prescribed displacements
— Assuming a body with constant displacement field u

& subjected to loading Q
— The crack propagates & the load then decreases

» Example: body subjected to u constant
» As the crack grows, the work exerted by Q is constant

= 0Wext = 0
— Energy release rate G for u constant
» Energy change related to a crack growth 6A
OF i = —GOA == G = -0 Ft

* The internal (elastic) energy is therefore function
of the displacement and of the crack surface

Eint — Eint (u? A)

// /777777
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Energy of cracked bodies

* Prescribed displacements (2)

— Computation of the energy release rate G
"« For a constant crack size: SEine = Qbu

— () Emt( ) — Q
g _+ Energy release rate: G = — 94 Eiy

L0,G = 940 = (- _ /8AQu A) du!

— Can be measured by conducting (virtual)

experiments

« Body with crack surface A, loaded up to a 0

displacement u

« Crack assumed to grow by dA at constant 0+

displacement
==2 the specimen becomes more flexible

== S0 the load decreases by 04QdA

* Unload to zero
 The area between the 2 curves is then - G dA

Unloading |
A=A,+dA u'

v

u
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Energy of cracked bodies

// /77777

* Prescribed loading
— The crack propagates & there is a displacement field du

« Example: body subjected to Q constant
« As the crack grows, there is a displacement du

= W, = Qdu

q
a

— Energy release rate G for Q constant

» Energy change related a crack growth 6A
0E = Qou — GOA =0 (Qu) — GOA
—— G — —8A (Eint — Qu)

* The internal (elastic) energy is therefore function
of the loading and of the crack surface

Eint — Eint (Qa A)

, % ¥ LIE
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Energy of cracked bodies

* Prescribed loading (2)
— Computation of the energy release rate G

Q
- Complementary energy Qu — Ej; ] u(Q', A)dQ’
0
==» Derivation u (Q, A) = —0¢g (Fin — Qu)
Q » Energy release rate: G = —04 (Fint — Qu)

Q
8QG = Jdau === G = / A (Q’, A) dQ’
0

— Can be measured by conducting (virtual) experiments

A

« Body with crack surface A, loaded up to Q Q Loading

» Crack assumed to grow by dA at constant load A=A,

— The specimen becomes more flexible "
Unloading

== displacement increment J4udA A:AoﬂdA

 Unload to zero
ul

»
»

- The area between the 2 curves is then G dA l T T

. . % ¥ LIE
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Energy of cracked bodies

* General loading
— If I1; = E;; - Qu is the potential energy of the specimen

© G =04 (Biye — Wext) = —0ally
* Which reduces to
— Prescribed displacements G = —04 Eipt
— Prescribed loading G = —0a (Ein — Qu)
— Total energy E = Il + I is the sum of

» Potential energy I1; of the structure

« The atomistic bond energy I' where a crack possibly propagates

« Assuming a crack does propagate by a surface AA:

0HT or’ GC IS a
0= 0A * 0A _ﬁG + G material
7 property

G depends on
geometry and loading

, % ¥ LIE
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Energy of cracked bodies

« General loading (2)
— If I1; = E;; - Qu is the potential energy of the specimen
G = _8A (Eint - VVext) — _8AHT

«— G isa
— We have a crack propagation if G =G. = 9,I' material
property

 Brittle materials: G depends on
- G, = 2y, geometry and loading
— 1 Is the surface energy, a crack creates 2 surfaces
» For other materials:
- G. =2y, + Wy
— Ductility, composites, polymers, ...

— Depends on the failure process (void coalescence, debonding, ...)

. % * LIE
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Energy of cracked bodies

« Linear case & compliance

— In linear elasticity, G analysis can be unified tQ 0.E..dA
* Linear response == Q linear with u Q |----mee- AN A
_ _ _ U Crack
« The compliance is defined by C' = 0 R | X grvvth
« Energies ‘ - |
u?  Q*C A=A A=A,+dA
lnt — _Qu — 2(\( — 2 i
5 A) \t/c(a+da)
2 |
- eX - — C | l
t = Qu = C Q - u,
— Prescribed displacements
G = _8AEint
2 2 2
u Q
=5 G =— 04Eiy|,=—0 - 0aC
ALl A (20)‘ 2072 .

» For the crack to grow, all the energy required comes from the elastic energy
» The internal energy decreases with the crack growth

. ¥ LIE
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Energy of cracked bodies

« Linear case & compliance

— In linear elasticity, G analysis can be unified 4 Q" 04 WexdA Crac:f
« Linear response ==» Q linear with u Q oo\ grow: ______
. . . u : |
« The compliance is defined by C = @ A=A +dA
 Energies ‘ A=Ay : |
u? Q*C .
lnt:_Qu_ 2C 2 €\ 4 |
e A\ dic(a+dp)
- VVext — Qu — C — QQC i i u"
u  utdu

— Prescribed loading
- G = _8A (Eint - VVext) — _8AHT
'=>G:_8A( int — QU)QaA(

« Same expression as prescribed displacement but

G+ 8AEint‘Q = Q@Au = Q28AC = 2G

Q*C

) e
Q

» For the crack to grow by dA,

— External load produces a work of 2G as

— The internal energy is also increased by G ‘
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Applications of the compliance method

Delamination of composites Q
— Assuming a >> h: Double Cantilever Beam Ah _
- The parts on the left are 2 cantilever beams = r Thicknesst
* The right part is stress free a 4h
* Flexion of one gantilever beam
Qa'. thg 8@@3
Umax — 557 WI = — i i — I S
a7 With I 132 == displacement at loading % = 2V,ax T3
U 8a’ 1. 8a® 24a>
« Compliance C = — = = 0,C = -0, = —
P O Eth® AV T FYE T O EeRS
2 12@20!2

 Energyreleaserate G = =—904C = :
g Et2h3

—
20 mm

Z-pin reinforced region

Crack growth measurement circuit

Paul Tihon, coexpair
¥ LIEGE
13 b université

2020-2021 Fracture Mechanics — LEFM — Energetic Approach




Applications of the compliance method

 Delamination of composites (2)| @ i ==
— Since B
Q* 1202a?
G=-"-040C=—5—
9 4 Et2h3

Crack growth measurement circuit

— Experimental application: measure of G,
« G, mode | for composite

— Experimental application: crack length determination

» An existing crack will grow under cyclic loading
« If C(A) has been determined
— Analytically (as above for composite)
— Numerically or
— Experimentally
then the crack length can be determined by measuring the compliance

« Compliance is obtained by measuring load and load point displacement
simultaneously

: . # LIE
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Crack closure integral

« Relation between the energy release rate and the SIFs
— G is a variation of the potential energy with respect of the crack size
— In linear elasticity, the stress state near crack tip is characterized by K 4
— How can we relate both concepts?

. . # LIE
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Crack closure integral

e 1957, Irwin, crack closure integral

— Consider a body B with a cavity of surface S
* The stress state is o
* The displacement fieldisu (inB & on S)
— Constrained to u on 0pB
» The surface tractionis T OnB
— Constrainedto T on 9y B
— Constrainedto O on S
— The cavity grows to S+4S
* The volume lost is 4B
* The stress state becomes c+Ac
* The displacement field becomes u+4u

T

— Au=0on dpB
» The surface traction becomes T+AT 9yB
— AT =00o0n 8NB

— Constrained to 0 on S+4S

. . a ¥ LIE
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Crack closure integral

* In elasticity (linear or not) and if b assumed equal to 0
— Potential energy variation

(HT/U(Vu)dB T - wddB
HT+AHT/ U(Vu+VAu) dB— | T (u-+Au)doB
\ B—AB INB

— On the cavity surface S: tis defined as o n

» Be careful: S+4S is stress free,
but only in the final configuration

— (o#+Ao)n =0 on S+4S but,
— o(¢’) n *0on S+AS
— Surface traction t = o - n # 0 on AS during the growth

— For a hole tending to a crack, see annex 1, one has

u+Au
All =j j t(u') -du’ dS
AS

u

: . # LIE
2020-2021 Fracture Mechanics — LEFM — Energetic Approach 17 b HvEegtEé




Crack closure integral

« Change of potential for a crack growth in elasticity (linear or not)
u+Au
— General expression All =j j t(u')-du' dSs
ASYu

» Physical explanation for mode |

— Let us assume a crack growing from a to a+4a
y y

A A

o,, produces a work on Aa

 If the response is elastic AND linear
— tis decreasing linearly with Au
— The work is then t° -Au/2

. . # LIE
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Crack closure integral

« Change of potential for a crack growth in LINEAR elasticity

— Variation of potential in LINEAR elasticity 1
0 |-

u+Au
All =j j t(u')-du’ dS
ASJu

1
— AHT=f —tO°AUdS

As 2
0

« Where t0 is the tension before crack propagation

* Where Au is the opening after crack propagation
— The surface created AS has actually two sides

* An upper side AA*

AA*
* Alower side AA- AA [Lu_]]
o With  tlaas = = tlas- & Aufy e = Au” AN AS

1 1
— Ally = —t% - [Aut —Au]dS =| =t° [Au]dS
2 2
AAY AA

vl
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Crack closure integral

« Change of potential for a crack growth in LINEAR elasticity (2)
— Variation of potential in linear elasticity

1
AHsz ~¢9 . [Au] dS
AA2

— Energy release rate
* The increment of fracture area AA corresponds to AA* AA+

1 1
= G=—0,All, = — lim — | =0 - [Au]da 2A ”—“J]
AA—0AA J5, 2 AA- AS

« Valid for any linear elastic material
 Valid for any direction of crack growth (mode I, 1l & I11)

before
— Tensile mode I: G > 0 for a crack growth
. I, decreases === crack growth requires energy ,L‘;l‘\im
. G corresponds to the work needed f_‘[.“—-—f‘-%
to close the crack by Aa After ~ Aa

. . % *# LIE
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Crack that grows straight ahead

« Energy release rate for LINEAR elasticity

1 1
= — = — |i o —19.
G = —0d,AI; Al}lr_r)l0 VANE t’ - [Au] dA

« Can be simplified if crack grows straight ahead

y y
A Il
_____ Inr 0
v X %
’\ a A Aa i

Oyy = 0, Auy;é 0 oy, =0, Auy 0

— Increment of fracture area: AA =t Aa (t = thickness)

— Since AA has been chosen equal to AA*: t; = 6;; - nj = —0ay,

ij " 1Y
11,
G = AlclzToA_a Aafaiy(r, 0 =0):[Au;(Aa —1,0 = )] dr

/ \ Displacement jump after
Stress before crack growth crack growth

vl
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Crack that grows straight ahead

* Energy release rate in mode | (LEFM & crack growing straight ahead)

— Expression in 2D:

1 1
1 0 _ _
-G = Alcllr_r}O i Aaiaiy(rﬁ = 0) - [Au;(Aa — 1,0 = m)] dr

«  Mode I: only term in i=y since Ogy (7, 0) =0 <
Z

— Asymptotic solution
(

Ky 0 [1+ 0 . 39]
g, — COS — S111 — S111 —
vy N/ 2mr 2 2 2

{
1 | o 5 0
\u_y:KI gy 2;Siﬂ§[fi+120082§]

vl
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Crack that grows straight ahead

* Energy release rate in mode | (2)

— Asymptotic solution before crack growth i

Ky 0 |4 s 0 . 30
g,., — COS — S111 — S111 —
Yy \/% S S 5 S 5
= 0%, (r,0 =0) = K
YR 21T -
— Asymptotic solution after crack growth y
1+v [ r . 6 P N n r
u, = Ky \/ Sm—[ﬁ:+12c:os —] [t 0
' E 2 2 2 v
T X i '%\
— Auy(Aa —r,0 =+m) = o a . Aa y

= = x
1+ +K) |da—r o, =0,Au,#0 o, =0, Au, #0

— E 2m
— Energy

Gg’,y(r,e =0) [[Auy(Aa —71,0 = in)]] — KIZ( )( )

E T

vl
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Crack that grows straight ahead

* Energy release rate in mode | (3)

— After substitution

1 [ ,(0+v)(k+1) [Aa—7
G = lim — K7 5T ~

dr’
Aa—0 Aa

- Change of variable ' = Aacos®
2
v)(k+1) [sin”x

= Aa cos xsin xdx

(1
=>G11m—/ 24t

Aa—0 Aa TFE COS“ o

(14 0) (k4 1)

— G= [ K 1 — cos2x) dx
A S (1 —cos2z)dx
3 —v |
 Planec K= &planee K =3 —4v
l+v
Z(I+v)(k+1) Kj

G =K 1E E

— AE (E  Po
. T UHnrrD) | e Pe

’
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Crack that grows straight ahead

* Energy release rate in mode Il (LEFM & crack growing straight ahead)
— Asymptotic solution

( l+v |7 0 [ 5 0]
w, = Ky 7 27rbm§ _ﬁ:+1+2(:0b )
{ - _
1 6 5 0
\ u, = Kir ;y 2:;_ COS§ _1—H-+28iﬂ2§_
'
% Kip . 0 0 30
Oy = SIN — COS — COS —
W omr 2 20
| o K cO 0 1 ing n 30
T — . S_ _S _S -
Y 2 2 2

\

— Proceeding as for mode |
* This time o’(r, 0) Au,(Aa-r, £7) is the non zero term
KF

= (G = Vo

vl
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Crack that grows straight ahead

* Energy release rate in mode 11l (LEFM & crack growing straight ahead)

— EXxpression in 2D:

101
G = Alcllr—r}OE Aaza?y(r, 0 =0):[Au;(Aa —1,0 = )] dr

— Asymptotic solution

( w — 2K 171 (1+V) 2r Sing N
- E T 2
) Krrr 0
O, — COS —
Y Varr 2
K (1+v) | Aa—r
* So agz(r,e =0) = \/Z%Ir& Au,(Aa —r,0 = +m) = 2K, = 2 -

0 , (1+v) [Aa—T
——- O'yZ(T',H = O)HAuZ(Aa - T',H - iTL’)]] - 4KIII E -

* Energy release rate

G = lim L/A“ iz, tw) [Ba—rr, Kp(ew) | Ky
0

Aa—0 Aa TF r! E o 2u

4Lk
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Crack that grows straight ahead

« Energy release rate (LEFM & crack growing straight ahead)

— Quadratic field ==» superposition ?
1 1
— But when analyzin = lim — [ =o? =0) - (Aa — 1,0 =
yzing G Alér_r)lo pal, 2 0iy(r,0 = 0) - [Au;(Aa — 1,0 = )] dr
« i=x:0%(r,0) # 0 & Au,(Aa-r, £7) * 0 only for mode Il
« i=y:0%(r, 0) # 0 & Au,(Aa-r, £7) # 0 only for mode |
« i1=2:0%,(r, 0) # 0 & Au,(Aa-r, £7) * 0 only for mode I

7 K2 K2 K2
. _ G — D I 1
== Energies can be added: o TR 2
\ b AE _J E  Po
— Some remarks \ T A+ (r+1) | == Pe

« This formula is valid for
— Elastic linear material ONLY
— Crack that grows straight ahead ONLY
» So usefulness is questionable in the general case as
— If more than one mode at work, the crack will not grow straight ahead

— What if material is not linear?

. . % ¥ LIE
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Application of the crack closure integral

« Delamination of composites
— Energy release rate {Q Ty
2 12@2052 A
G=—04C = : Thickness t
o AT TEeps AL -
| —
— Pure mode I since | v

© Uy(-y) = -uy(y) & Uy(-y) = u,(y)

— Crack is growing straight ahead

2 /E’
th h
2Qa /.
e PI = — 4/ =
ane o K7y 0 ﬁ

20)a 3

e Planee K; =
! thy1 — v?

SLid
28 bL'EGE
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J integral

 The crack closure integral has some limitations
— Elastic materials
— Useful only when crack grows straight ahead

* More general energy-related concept?

: . # LIE
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J integral

* Rice (1968) proposed to compute the energy that flows to the crack tip
— Given a homogeneous uncracked body B
* D is a subvolume of boundary oD
* The stress tensor derives from a potential U
« On oD traction T is defined as 6 ' n
« Static assumption ==» V-0=0
« We assume the existence of
an internal potential U == elasticity?

« The J-integral is the vector defined by
J = f [U(Vu) n— (Vau)’ T] dA
oD

or, along x;

J; = / U (e)n; — Viurop,n,,|dA
aD

. # LIE
2020-2021 Fracture Mechanics — LEFM — Energetic Approach 30 ﬂ; ot




J integral

* Rice (1968) proposed to compute the energy that flows to the B(I:E_ack tip

— Given an homogeneous uncracked body B (2)
J J@ = / {U (E) n, — Véukokmnm} dA
oD

» Firstterm with o, = 6, = 0., U

€km

j U(e)n; dA = j dx,U(e) dD = j g U(E) Ox, Eem
oD D D

axixmuk + axix Um
=j Cem > “ —dD = jlakm axixmukld
D D

e Secondtermwith V-0=0

f Ox U O My dA = j Oy, (0x Uk Oym) dD
oD D

= j (axixmuk"km + O, U
D

~ =0 (balance eq.)

|::> J,‘,; = / {U (E) n; — Véukokmnm} dA = 0

oD
— The flow of energy through a closed surface is equal to zero

% *# LIEGE
# uuuuuuuu té
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J integral

* For heterogeneous materials

DU (Vu,X) 0U U
U(Vu, X) = ’ = £ = J; £ 0
(Vu, X) DX, 9e ST ax, 7

4Lk
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J integral

For homogeneous cracked materials (2D form)
— Of practical interest is the flow // crack tip

Jo= Um0
o ) L / ).

« Along 7-and 7"*:
- n, =0, n, = +1
— Crack is stress free: T,= o, n,=0

» |If there is no friction at the crack

= |- /.

— S0 one can compute the energy that flows toward the crack tip by

J/Fl [U(e)an,ﬂ;u:gj-T}dl/r2 Ule)n, —u, -T|dl

 Itis path independent

* No assumption on linearity has been made (only existence of U)
» Does not depend on subsequent crack growth direction

: . # LIE
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J integral for crack growing straight ahead

 The Jintegral can be specialized
— Back to crack closure integral

=u
- Potential energy onB
B IpB
[It = E,,- Qu= JU(e)dB—J T~udaBnr/
B ONB

* Energy release rate

G = —0,All; = — lim AU U(e)dB —f T udaB]

AA—0 B W

 If the crack grows straight ahead, considering a
domain moving with the crack tip, it can be shown
that (see annex 2)

G/FU(s(a))nQle/r@?u-TdZJ

— So0 G=J

« For materials defined by an internal potential
(linear response or not)

« AND if the crack grows straight ahead

4 ik
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J integral for linear elasticity

The J integral can be specialized
— For linear elasticity

» General expression

J = /F U(e)n, —u_, -T]dl

« Linear elasticity U = %

r

» Arbitrary path == choose a circle with r - 0

== asymptotic solution holds and plugged in J

i — 111 N
— _ K?/ mode 1 9
u=,/5 Z g (0)

v
111

model
o= \/F ZK f
Kr i KH i KIH
E’ E’ 21

J =

2020-2021 Fracture Mechanics — LEFM — Energetic Approach
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Linear Elastic Fracture Mechanics (LEFM)

 Cracked body: summary A R
— 3 failure modes 74 T T T T T T
Mode | Mode II Mode III J kﬂ

éning) (slidi (sheayi % 9 :

A 22 |
R ars AT

— Asymptotic solution governed by stress intensity factors

~ Ow .
o-modei — Lfmode i(Q) + 0,(1,0) Zone_ of a_symptot|c Asymptotic Oyy
\ 211 solution (in terms of

1/r12) dominance

| True Gyy

. r .
ymode i — K; /ﬁgmodel(g) 4 0’(7‘0)

Y
Plasticit | | Structural
response

4Lk
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary

— Potential energy I1; = E;, - Qu

_ before
— Crack closure integral
- Energy required to close crack tip < ‘,‘,Wm
utbe f_“-l.‘_- —-“-"?L;P
All =j j t-[u']ldu’ dA " Aa
A Ju after
— Energy release rate i1

« Variation of potential energy in case of crack growth t

G = —0p (Eint — Wext) = —0,4AI7

* In linear elasticity

1 1
—_— e — 1 — — 0 .
G = —0,AI; Al}glo VNG t’ - [Au] dA )

— In linear elasticity & if crack grows straight ahead

K? K72 K?A , 4FE E Po
_ n 11 n 111 I - - - { s be
E' E'"  2u (1+v)(r+1) 7

4Lk
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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: summary
— J-integral

« Strain energy flow

J = /F U(e)n, —u, - T]dl

— Exists if an internal potential exists

* |s path independent if the contour /"embeds a straight crack tip
« No assumption on subsequent growth direction

« Can be extended to plasticity if no unloading (see later)

— If crack grows straight ahead == G=J

— Inlinear elasticity (independently of crack growth direction):
K{ K37 Kij, AE { E  Po

_ B =
T=T T T, T+0) (R 1)

E
1—12 PE
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Exercise 1

« Exercise 1: Fracture testing of elastomers

Au/ 2y
— Infinite strip with semi-infinite crack J/ ) //ZI )/ /// /777
— Plane o (t << h)

: Thickness t
— Questions
« 1) Compute J integral )?
— What are the assumptions? h
* 2) Compute G SIS SRS/
— Why is it equal to J ? Au/?2

» 3) When can we deduce the SIF from there?
— What is the value of K, ?

. ¥ LIE
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Exercise 1: Solution

. Jintegral Au/2gn 4 Y
— Assuming an internal potential U /:/// L L/ (L L LLLL //“/
- ] is path independent I; & h| Thicknesst
==» Choose an easy one = - I
== [, [5, & I3 far away from crack tip /|7 h L
@lzi Wy 7] di ////////1/////////
i—1 “Ti Au/2

— Evaluate the different contributions

« On 77 & Iz material unloaded
« On/,&7;:n,=0andu, =0 because of clamping
== 0=ZXicpa Jp [Uny —u, - T dl

« What remains is

J=| [Uny—u, T]dl
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Exercise 1: Solution

J integral (2) Au/ 1Y
J IV BV IIIIIY
— i i b I ) A
What remains iw I N h | Thickness t
-J=| [Uny,—u,- T|dl y .7
rs = X
— On /3 1 h It >
. =1 SIS SRS/
g Au/2
« Far away from the crack: displacement along y (and z)
u, =0 ((ux,xz() Uy, =0
Auy _ Au
U, = 7E L Uy = 0 u,,= ﬁ
uZ = uz(y; Z) uzrx = O

_ T _ —
* Since g, = u,,, is uniform along y, U is also uniform along y

= [ = Udl =2Uh
I's

2020-2021

4Lk
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Exercise 1: Solution

Au/ sy
» Energy release rate G IS AN

— If an internal potential exists | Thick .
G = _C)A (Eint I1Vex‘[ — _C)AHT © neS‘S

»

— Displacements are prescribed g X

'=>G__C)AE111‘[ 1
VNNV, VNN ayues

« Far behind the crack: unloaded matérial Au/2

= E,.,. =0
e Far ahead of the crack, U was found to be uniform
==» L, =2UthAa

« if the crack growth by Aa the change of energy is-2 Uth Aa

/ Ay
///////////////////

Aa% Z |"ha
> 2 h

7777 7777777777777
Au/2 i
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Exercise 1: Solution

Au/ 2y
* Energy release rate G (2 JII IS )/ /S
— Displacements are prescrlbed 5 _
— G=—0,F,., Thickness t
— Crack grows by Aa g h "
== AE;,, = —2UhAat ST 77777
Au/2

1
G = _aAEint = _?aaEint

1
= (G ~ lim — 2UhAa = 2Uh
Aa—0 Aa

— G =J as the crack grows straight ahead (by symmetry)

. H ’ E
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Exercise 1: Solution

. . AU/ A y
Stress intensity factor oy Yy
- We have ¢ ]-' A
. ] =G =2Uh I ’ h| Thickness t

> 13

— Linear elasticity: f X
IS, L Iy h
. U= > Oij Eij 2 .
L,j /

////////1////////

« But we have a plane-stress assumption Au/2
(6,, = 0) and
u, =0 ?ux,xzo Uyy =0
Auy B _Au
uy = TE . g < uy’x =0 uy,y = ﬁ
u, = u,(y,z) U, =0
' i _ _E _E Au
* Plane-strain assumption (&,,, = 0) ==» 0y, = &=
! 1 E  (Au\’
— U= EZ i & = %y Ey T o —v2)\ 2
L] 2
Au EAu
« SIF = 2Uh = '=>KI:'\/E.]:
: 1—v® 4h 2/h (1 - 1?)

vl
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Exercise 2

« Exercise 2: Laminated composite
— 2 long thin strips of steel

« E =200 GPa
e h=0.97 mm
e t=10.1 mm

— Bonded with epoxy
« G, =300 Pam
— Central crack 2a
— Questions
« 1) Critical load for 2a = 60 mm
« 2) Apply same method for 2a = 70 and 80 mm
— Report on a P vs u graph the toughness locus
« 3) Determine the critical energy release rate from that graph

4 ik
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Exercise 2: Solution
« Compliance method P u?
— Beam theory /ﬂ\
w  Pa®  Pd’ - : . (
2 24EI  2Eth3 K - : 2a —dih { 3
h |
0 TT~—
'='>C = — =
3
P Eth P,u?2

— Energy release rate in linear elasticity

G_PQaO_PMaO o 3P’
T2 94 2@ ga T T AEeh
2 fronts

— Ciritical load for 2a = 60 mm

4EG 1203 \/4 200 109 300 0.01012 0.000973
P.(2a = — — — 00.97N
(20 = 60 mm) \/ 302 30.033
P.a? 90.97 0.03>
=1,(20 = 60mm) = <0 — — 0.00133 m

Eth3 200 10° 0.0101 0.000973

4 ik
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Exercise 2: Solution

 Failure locus pPN) o
— Using the same method /iToughness locus
-2a=60mm :
P.(2a = 70mm) = 77.08N  foeees s

P.(2a = 80mm) = 68.23N ‘\\x
i ,Qa = 7,,@/,/ i \‘\\

P.a?
Ue(2a = 70mm) = T 0.00181 m  + \\\\\

P. a’ 1 \\\
= 0.00237 m !

3 Il II /, \

Eth T II, //® i

20 -

Ue(2a = 80mm) =

1
7
- ,' % I | I
1/, H ! !
/ ! 1 1
s ! ! ! u(mm
1:" ! 1 1

! »
| Ll

0 0408 1.2 1.62.0 2.4 2.8 3.2

4Lk
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Exercise 2: Solution

Failure locus pPN) "
— Assuming the graph is /iJoughness locus
: L 2a = 60 mm
deduced from experiments L
» Critical energy release rate _____ , 4\\" _____
1 I,Qla = '7/@/ \“\\
T \\\\ 2a £ 80 mm
20+ /A
o i | u (mm)
0 0408 12 1620 2.4 2.8 3.2
Area =0.00237 77.98-
0.00181 77.98 4+ 0.00237 68.23 0.00237 — 0.00181) (77.98 — 68.23
i all ) { ) = 0.03066 Nm

2

2020-2021

. . # LIE
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Exercise 2: Solution

Failure locus

— Assuming the graph is
deduced from experiments
» Critical energy release rate

u (mm)
0 0408 12 1.62.0 2.4 28 3.2
Area = 0.00237 77.98—

0.00181 77.98H0.00237 68.23{+ (0.00237 — 0.00181) (77.98 — 68.23
il il (2 ) ( ) = 0.03066 Nm
A :

_— G, ~ rea 0.03066 3035 N . m-?

2tAa  20.0101 0.005

2020-2021 Fracture Mechanics — LEFM — Energetic Approach 49 v u'-,,',ESjE



References

e Lecture notes

— Lecture Notes on Fracture Mechanics, Alan T. Zehnder, Cornell University,
Ithaca, http://hdl.handle.net/1813/3075

— Fracture Mechanics Online Class, L. Noels, ULg, http://www.ltas-
cm3.ulg.ac.be/FractureMechanics

« Book

— Fracture Mechanics: Fundamentals and applications, D. T. Anderson. CRC
press, 1991.

— S. Suresh, Fatigue of Materials, Cambridge University Press, 2001

: . . # LIE
2020-2021 Fracture Mechanics — LEFM — Energetic Approach 50 ﬂ; uLn!EgE



http://hdl.handle.net/1813/3075
http://www.ltas-cm3.ulg.ac.be/FractureMechanics

Annex 1: Crack closure integral

* |n elasticity (linear or not) and if b assumed equal to O
— Potential energy variation

HT _ / U(Vu)dB— | T -udoB
B on B
Iy + Allp = / U (V’u + VA’LL) dB — T - (’LL -+ Au) doB
B—AB on B
ATTy — / U(Vu+ VAu)~U (V) dB— / U(Vu)dB— [ T-AuddB
B—-AB AB on B

— Stress derives from a potential

et+Ae e
@ o an Ule + Ae)— U(E)dB/BAB{/o J(s):ds/OU(s):ds}dB
B

« Since V-6 =0 (as b=0)

u+t+Au
+As)U(s)dB/ / V. (ol (u)-du')dB
ARB B—AB Ju

* Applying Gauss theorem

u+Au
/ U(e+Ae)—U(e)dB = / / o (u')-n] du'dOB
B—-AB S+AS+ONB+0pB Ju

’
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Annex 1: Crack closure integral

* |n elasticity (linear or not) and if b assumed equal to 0 (2)
— Study of term

u-+Au
@ U(e+ Ae)—Ule)dB = / / o (u') -n|-du'dOB
B-AB S+AS+ONB+3p B

» Traction is constant on dxB & displacement is constant on dpB
* On the cavity surface S: tis defined as o'n

'u,+A'u,
/ U(Vu+ VAu)-U (Vu)dB = / / "Y-du'dOB+ T-AudoB
B—AB S+AS On B
» Be careful: S+A4S is stress free, but only in the final configuration
— (o+Ao)n =0 on S+4S but,
— o(€’)n*0onS+AS == so the integral does not vanish
— However, S remains stress free during the whole process

u—I—Au
=>/ U(Vu+ VAu)-U (Vu)dB = / / ")-du'dOB+ T -AudOB
B—AB AS on B

'u,—l—A'u,
— Eventually Ally = / - du'dOB — / U(Vu)dB
AS AB

 If instead of a cavity we have a crack, the change of volume is zero and the last
term disappears

: . # LIE
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Annex 2: J integral for crack growing straight ahead

« Back to crack closure integral
— Material not necessarily linear T

Al = / U(Vu + VAu)~U (V) dB—
B—-AB

/ U (Vu)dB-— T-AuddB
AB On B
— For acrack (AB =0), and in 2D, the energy release rate becomes
Allp
G = lim —
Anmo tAa
1 _
= lim —{/ U(Vu)—-U(Vu+VAu)dB + T-Aud'C)B}
Aa—0 Aa | /g On B
* AS the crack IS stress free, as Au = U on Op B, and as Ac = v on o\ b
T-AuddB = / Au-(o + Ao)-ndoB
On DB On B+0pB+S5+AS

= / V. (Au- (o + Ao))dB
B
 After using the equilibrium equation V-(c+Ac) =0
1

GAICILIEOE{/BU(E)U(E+AE)+(U+AU) :AsdB}

vl
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Annex 2: J integral for crack growing straight ahead

« Referential O’x’y’ moving with the crack tip
— Only if the crack grows straight ahead
d=r—a &y =y

f(mla y,? Ol-) — f(il’ —a,Y, Cl)

_f — _63?’f +8af
da

« Energy release rate
1

GAEEOE{/BU(E)U(€+A€)+(U+AU) :AsdB}

— Involves the whole body B

— However, as 4a —0, the non vanishing contributions are around the crack tip

» The equation is then limited to the FIXED region D of boundary I”

: 1 _
GAEEOE{/DU(E)U(€+As)+(U+AU)'AEdD}

vl
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Annex 2: J integral for crack growing straight ahead

« Energy release rate (2)
— Instatic V-(e+Ao)=0 1InD

=>f V. (oc+ Ao) - AudD =0
D

— Since the crack is stress free
Gauss theorem leads to

/ (U+A0‘):A5dD/Au-(0'+A0')-ndl
D r

— Last term of energy release rate becomes
1

. _ T
dm, 5 ], 0+ 80 aeaD = i, <o [ X

« Using limit definition and after changing frame
d
= lim —/ (o + Ac) : AedD = / o -Tdl = / (=0 u + O u) - Tdl

« Using momentum equilibrium equation and internal potential definition
/(‘“)au-le = / d,u-0.U -ndl = / d,e : 0. UdD = / 0, UdD
r r D D

0w - T'dl +/ 0, UdD
| D

(T + AT) dl

==>| lim L/ (0+AU):AsdD/
Aa—0 Aa D T

vl
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Annex 2: J integral for crack growing straight ahead

* Energy release rate (3)
— As D is fixed, let us define D* moving with Y a

the crack tip: D = D"+ ADy, — ADgp D
— First part of energy release rate becomes f
X
lim L/U(E)U(g+Ag)dD — \ L Aa
Aa—0 Aa D 6 a
1 7
A {/D Utela)dD-

/D*+ADLADR Ulela+Aa)) dD}

e Since D* — D, this relation tends toward

: 1 — m Ule(a)) —Ule(a+ Aa)) .
lim —/DU(E)U(s+As)dD = | {/D A dD

Aa—0 ACL Aa—0

ﬁ/ADLADRU(s (a+Aa))dD}

* N.B.: Formally, one should use derivatives & limits of integrals with non-constant
intervals
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Annex 2: J integral for crack growing straight ahead

* Energy release rate (4)

— First part of energy release rate becomes (2)
« Homogeneous materials (0, U =0)
U —U A
[ Ule(@) = U(e(a+Aa))
Aa—0 D Aa
« Considering the opened curve 7, , at the limit

/ UdD = / Un,Aadl ===
ADL —F’L

dD/ o,UdD
D

1

lim —/ Ule(a+ Aa dD/ U (e (a))n., dl

| vl A CRR) _ Ule(a)

Iy
r* y D
« Considering the opened curve 7;* , at the limit ‘ P
I x -

/ UdD/ Un,Aadl == 3 T Aa

ADp T Aa [ *

1

AEEOE /ADR Ule(a+ Aa))dD = /r;; U (e (a)) n,dl I

: . # LIE
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Annex 2: J integral for crack growing straight ahead

* Energy release rate (5)

— First part of energy release rate becomes (3)
« As /| +Iy*— [ ,ityields

. 1 B
Alégom/DU(a)U(e+As)dD = /D@aUdDJr/FU(s(a))nxdl
— And as .
GAligoﬁ{/DU(s)U(s+As)+(o+Ao):AsdD}

« with  lim L/ (0'+A0'):AsdD]
D

Aa—0 a T

0w - Tdl +/ 0, UdD
D

« The energy rate is rewritten G = / Ul(e(a)) n.dl — / Oyuw-Tdl =T
r

r

e S0G=]
— For materials defined by an internal potential (linear response or not)
— AND if the crack grows straight ahead

. # LIE
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