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Linear Elastic Fracture Mechanics (LEFM)

• Cracked body: different concepts

– Stress intensity factor

• Governing the asymptotic solution

•  

– Energy release rate

• Variation of strain energy

     if crack grows

•  

– J-integral

• Strain energy flow

•  

• More in depth

– How are they defined?

– How are they related?
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Linear Elastic Fracture Mechanics (LEFM)

• Cracked body

– Where do the asymptotic solutions come form?
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Mode I                                                  Mode II                                          Mode III

Mode I                                   Mode II                                       Mode III

   (opening)                                 (sliding)                                     (shearing)       



LEFM assumptions

• Balance of body B
– Momenta balance 

• Linear 

• Angular

– Boundary conditions
• Neumann

• Dirichlet

• Small deformations with linear elastic, homogeneous & isotropic material

– (Small) Strain tensor                                        , or

– Hooke’s law                     , or

            with

– Inverse law

            with

b

T

n

2m =  − 2m

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 4



Resolution method

• Examples of problems to be solved

– Static

– 2D & 

• Plane   

• Or plane 
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Resolution method

• Static & 2D assumptions: Plane-𝜀 case
– Plane  :

•                                         &

– Hooke’s law

• General

• Plane  

–  

–  N.B.: 
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𝝈𝑥𝑥 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝑥𝑥𝜺𝑘𝑘 +

𝐸

1 + 𝜈
𝜺𝑥𝑥

𝜺𝑘𝑘 = 𝜺𝑥𝑥 + 𝜺𝑦𝑦 + 𝜺𝑧𝑧 = 𝜺𝑥𝑥 + 𝜺𝑦𝑦 = 𝜺𝛼𝛼

𝝈𝑥𝑦 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝑥𝑦𝜺𝑘𝑘 +

𝐸

1 + 𝜈
𝜺𝑥𝑦

1

0

Greek subscripts for x or y 

Roman subscripts for x, y or z

𝝈𝛾𝛾 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝛾𝛾 𝜺𝛿𝛿 +

𝐸

1 + 𝜈
𝜺𝛾𝛾 =

𝐸

(1 + 𝜈)(1 − 2𝜈)
𝜺𝛾𝛾

2𝜺𝛿𝛿 = 2𝜺𝑥𝑥 + 2𝜺𝑦𝑦 = 2𝜺𝛾𝛾



Resolution method

• Static & 2D assumptions: Plane-𝜀 case (2)
– Plane  :

•                                         &

– Hooke’s law

• General

• Plane  

–  

–  
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Greek subscripts for x or y 

Roman subscripts for x, y or z
𝝈𝑧𝑧 =

𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝑧𝑧𝜺𝑘𝑘 +

𝐸

1 + 𝜈
𝜺𝑧𝑧

𝝈𝛾𝛾 =
𝐸

(1 + 𝜈)(1 − 2𝜈)
𝜺𝛾𝛾

𝜺𝛿𝛿 = 𝜺𝑥𝑥 + 𝜺𝑦𝑦 = 𝜺𝛾𝛾

0



Resolution method

• Static & 2D assumptions: Plane-𝜀 case (3)
– Plane  :

•                                         &

•  

– Hooke’s law

• General

• Plane  

–  
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Greek subscripts for x or y 

Roman subscripts for x, y or z

𝜺𝑥𝑥 =
1 + 𝜈

𝐸
𝝈𝑥𝑥 −

𝜈

𝐸
𝛿𝑥𝑥𝝈𝑘𝑘 =

1 + 𝜈

𝐸
𝝈𝑥𝑥 − 𝜈𝝈𝛾𝛾  

𝝈𝑘𝑘 = 𝝈𝑥𝑥 + 𝝈𝑦𝑦 + 𝝈𝑧𝑧 = 𝝈𝛾𝛾 + 𝜈𝝈𝛾𝛾

𝜺𝑥𝑦 =
1 + 𝜈

𝐸
𝝈𝑥𝑦 −

𝜈

𝐸
𝛿𝑥𝑦𝝈𝑘𝑘 =

1 + 𝜈

𝐸
𝝈𝑥𝑦 



Resolution method

• Static & 2D assumptions: Plane-𝜎 case
– Plane  :

•                                         

– Hooke’s law

• General

• Plane  

–  

–  N.B.: 
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𝝈𝑘𝑘 = 𝝈𝑥𝑥 + 𝝈𝑦𝑦 + 𝝈𝑧𝑧 = 𝝈𝑥𝑥 + 𝝈𝑦𝑦 = 𝝈𝛼𝛼
1

0

Greek subscripts for x or y 

Roman subscripts for x, y or z

𝜺𝛾𝛾 =
1 + 𝜈

𝐸
𝝈𝛾𝛾 −

𝜈

𝐸
𝛿𝛾𝛾𝝈𝛿𝛿 =

1 − 𝜈

𝐸
𝝈𝛾𝛾

2𝝈𝛿𝛿 = 2𝝈𝑥𝑥 + 2𝝈𝑦𝑦 = 2𝝈𝛾𝛾

𝜺𝑥𝑥 =
1 + 𝜈

𝐸
𝝈𝑥𝑥 −

𝜈

𝐸
𝛿𝑥𝑥𝝈𝑘𝑘 =

1 + 𝜈

𝐸
𝝈𝑥𝑥 −

𝜈

𝐸
𝝈𝛾𝛾 

𝜺𝑥𝑦 =
1 + 𝜈

𝐸
𝝈𝑥𝑦 −

𝜈

𝐸
𝛿𝑥𝑦𝝈𝑘𝑘 =

1 + 𝜈

𝐸
𝝈𝑥𝑦 



Resolution method

• Static & 2D assumptions: Plane-𝜎 case (2)
– Plane  :

•                                         

– Hooke’s law

• General

• Plane  

–  

–  
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0
Greek subscripts for x or y 

Roman subscripts for x, y or z

𝜺𝛾𝛾 =
1 + 𝜈

𝐸
𝝈𝛾𝛾 −

𝜈

𝐸
𝛿𝛾𝛾𝝈𝛿𝛿 =

1 − 𝜈

𝐸
𝝈𝛾𝛾

𝜺𝑧𝑧 =
1 + 𝜈

𝐸
𝝈𝑧𝑧 −

𝜈

𝐸
𝝈𝛾𝛾 



• Static & 2D assumptions: Plane-𝜎 case (3)
– Plane  :

•                                         

•  

– Hooke’s law

• General

• Plane  

–  

           

Resolution method
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0

Greek subscripts for x or y 

Roman subscripts for x, y or z

𝝈𝑥𝑥 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝑥𝑥𝜺𝑘𝑘 +

𝐸

1 + 𝜈
𝜺𝑥𝑥

𝜺𝑘𝑘 = 𝜺𝛾𝛾 + 𝜺𝑧𝑧 =
1 − 2𝜈

1 − 𝜈
𝜺𝛾𝛾

𝝈𝑥𝑦 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
𝛿𝑥𝑦𝜺𝑘𝑘 +

𝐸

1 + 𝜈
𝜺𝑥𝑦

1



Resolution method

• Static & 2D assumptions: Hooke’s law
– Plane   (                                   ) or plane  (                                 &              )

– Hooke’s law

• Plane  :

            &

• Plane  :

            &

– Greek subscripts substitute for x or y (Roman for x, y or z)
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Resolution method

• Static & 2D assumptions:  Linear momentum

– Plane   (                                   ) or plane  (                                 &              )

• Linear momentum            

• If b = 0, there exists an Airy function :

– Indeed

• Airy function: 

– Linear momentum equation is replaced by finding Φ and defining

–  
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0 = 𝒃𝛼 + 𝜎𝛼𝑥,𝑥 + 𝜎𝛼𝑦,𝑦 + 𝜎𝛼𝑧,𝑧

0

𝝈𝛼𝑧 = 0 or 𝜕𝑧 = 0
0

𝝈𝛼𝛽,𝛽 = −Φ,𝛼𝛽𝛽 + 𝛿𝛼𝛽Φ,𝛾𝛾𝛽

𝚽,𝛾𝛾𝛼 = 𝚽,𝛽𝛽𝛼 = 𝚽,𝛼𝛽𝛽

𝝈𝛼𝛽,𝛽 = −Φ,𝛼𝛽𝛽 + Φ,𝛼𝛽𝛽 = 0



Resolution method

• Static & 2D assumptions: Compatibility

– Plane   (                                   ) or plane  (                                 &              )

• Strain definition
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𝜺𝑥𝑥 = 𝒖𝑥,𝑥
𝜺𝑥𝑥,𝑦𝑦 = 𝒖𝑥,𝑥𝑦𝑦

𝜺𝑦𝑦 = 𝒖𝑦,𝑦
𝜺𝑦𝑦,𝑥𝑥 = 𝒖𝑦,𝑦𝑥𝑥

2𝜺𝑥𝑦 = 𝒖𝑥,𝑦 + 𝒖𝑦,𝑥
𝟐𝜺𝑥𝑦,𝑥𝑦 = 𝒖𝑥,𝑦𝑥𝑦 + 𝒖𝑦,𝑥𝑥𝑦



Resolution method

• Static & 2D assumptions: Bi-harmonic equation in plane-𝜀

– Airy

•  

– Plane  

•             

– Compatibility

•  

•  
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𝜎𝛿𝛿 = −Φ,𝛿𝛿 + 𝛿𝛿𝛿Φ,𝛾𝛾 = Φ,𝛿𝛿

𝜺𝑥𝑥,𝑦𝑦 =
1 + 𝜈

𝐸
− Φ,𝑥𝑥𝑦𝑦 + 1 − 𝜈 Φ,𝑥𝑥𝑦𝑦 + Φ,𝑦𝑦𝑦𝑦

𝟐𝜺𝑥𝑦,𝑥𝑦 =
1 + 𝜈

𝐸
−2 Φ,𝑥𝑦𝑥𝑦

𝜺𝑦𝑦,𝑥𝑥 =
1 + 𝜈

𝐸
− Φ,𝑦𝑦𝑥𝑥 + 1 − 𝜈 Φ,𝑥𝑥𝑥𝑥 + Φ,𝑦𝑦𝑥𝑥

0 = Φ,𝑥𝑥𝑦𝑦 + Φ,𝑦𝑦𝑦𝑦 + Φ,𝑥𝑥𝑥𝑥 + Φ,𝑦𝑦𝑥𝑥

0 = 𝜕𝑥𝑥 + 𝜕𝑦𝑦 Φ,𝑥𝑥 + Φ,𝑦𝑦 = 𝜕𝑥𝑥 + 𝜕𝑦𝑦 𝜕𝑥𝑥 + 𝜕𝑦𝑦 Φ



Resolution method

• Static & 2D assumptions: Bi-harmonic equation in plane-𝜎

– Airy

•  

– Plane  

•             

– Compatibility

•  

•  
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𝜎𝛿𝛿 = −Φ,𝛿𝛿 + 𝛿𝛿𝛿Φ,𝛾𝛾 = Φ,𝛿𝛿

𝜺𝑥𝑥,𝑦𝑦 =
1 + 𝜈

𝐸
− Φ,𝑥𝑥𝑦𝑦 +

1

𝐸
Φ,𝑥𝑥𝑦𝑦 + Φ,𝑦𝑦𝑦𝑦

𝟐𝜺𝑥𝑦,𝑥𝑦 =
1 + 𝜈

𝐸
−2 Φ,𝑥𝑦𝑥𝑦

𝜺𝑦𝑦,𝑥𝑥 =
1 + 𝜈

𝐸
− Φ,𝑦𝑦𝑥𝑥 +

1

𝐸
Φ,𝑥𝑥𝑥𝑥 + Φ,𝑦𝑦𝑥𝑥

0 = Φ,𝑥𝑥𝑦𝑦 + Φ,𝑦𝑦𝑦𝑦 + Φ,𝑥𝑥𝑥𝑥 + Φ,𝑦𝑦𝑥𝑥

0 = 𝜕𝑥𝑥 + 𝜕𝑦𝑦 Φ,𝑥𝑥 + Φ,𝑦𝑦 = 𝜕𝑥𝑥 + 𝜕𝑦𝑦 𝜕𝑥𝑥 + 𝜕𝑦𝑦 Φ



Resolution method

• Static & 2D assumptions: Summary
– Plane   (                                   ) or plane  (                                 &              )

– Hooke’s law

• Plane  :

            &

• Plane  :

            &

– Linear momentum equation

• Is replaced by finding Φ and defining

– Hooke’s law

• Is replaced by bi-harmonic equations
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Resolution method

• Application: infinite plate with a hole

– Cylindrical coordinates

• Boundary conditions

– At r = a 

– At r = b→∞: only yy= ∞ is non zero

y

2a x

∞

∞

yy
yy

y

∞

∞

r=a x

r
q

r = 

b→∞

Load case 1 

independent 

from q

Load case 2 

dependent on cos 2q 
(symmetry with 

respect to x)
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Resolution method

• Application: infinite plate with a hole (2)

– For both loading cases: find potential  such that

• Bi-harmonic equation is verified

• Stress field        satisfies the boundary conditions

– Superposition of cases 1 and 2 (see appendix 1)

• Stresses:

• For q = 0: yy= qq 

• Stress concentration factor: Kcircle = 3 0

0.5

1

1.5

2

2.5

3

0 2 4 6

x/a


yy

/
∞
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Resolution method

• Application: infinite plate with an elliptical hole

– Elliptical coordinates

 with, on the boundary,

– Resolution using complex functions of z (see next slides)

                         with the complex variable

• 1913, Inglis

– Stress concentration factor

•  with  the curvature radius at the tip

• Singularity when  → 0 

2a
2b x

y

∞

∞

yy
yy

x

y

 
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Resolution method

• Fracture modes

– 1957, Irwin, 3 fracture modes

• Boundary conditions

Mode I Mode II                                       Mode III

   (opening)                                 (sliding)                                     (shearing)       

y

x

r
q

Mode I                                         Mode II                                        Mode III

or or

y x

z

y x

z

y x

z
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Resolution method

• Application: cracked body 

– Change of variables

• Complex variables

• Complex functions

 with  &  real functions

– Interest

•  

• Upper lip:

• Lower lip:

• Ahead:

    A function of  𝜁
1

2   is discontinuous
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yy
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y
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𝑖𝜃

2
= 𝑟 cos
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2
+ 𝑟 𝑖 sin

𝜃

2
y

x

r 𝜃 → +𝜋

y

x
r

𝜃 → −𝜋


lim
𝜃→+𝜋

𝜁
1
2 = 𝑖 𝑟 

lim
𝜃→−𝜋

𝜁
1
2 = −𝑖 𝑟 

lim
𝜃→0

𝜁
1
2 = 𝑟 y

x

r
𝜃 → 0





Resolution method

• Method for linear and elastic materials
– Use of 

• Complex variables

• Complex functions

 with  &  real functions

– If z is differentiable (analytic)

• This yields the Cauchy-Riemann relations

                                                                                                       &

• And the functions satisfy the Laplace equation

                                            &

2a

x

y

yy
yy

y

x

r

q




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Resolution method

• Method for linear and elastic materials (2)
– What becomes of the bi-harmonic equation? 

• Change of variables: x, y → 𝜁, ҧ𝜁

• The Airy function Φ 𝑥, 𝑦  =  Φ 𝜁, ҧ𝜁

– Let us define  such that:

– The bi-harmonic equation is rewritten

• Since  satisfies the Laplace equation, it is the real part of a function 𝑧(𝜁):

–  with ҧ𝑧 = 𝑧 ҧ𝜁  a function of ҧ𝜁 only

– But

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 24

𝜁 = 𝑥 + 𝑖𝑦 

ҧ𝜁 = 𝑥 − 𝑖𝑦 

𝜕𝑥 = 𝜕𝜁𝜁,𝑥 + 𝜕ത𝜁
ҧ𝜁,𝑥 = 𝜕𝜁 + 𝜕ത𝜁  

𝜕𝑦 = 𝜕𝜁𝜁,𝑦 + 𝜕ത𝜁
ҧ𝜁,𝑦 = 𝑖𝜕𝜁 − 𝑖𝜕ത𝜁  



Resolution method

• Method for linear and elastic materials (3)
– What becomes of the bi-harmonic equation? 

• Change of variables: x, y → 𝜁, ҧ𝜁

• The Airy function Φ 𝑥, 𝑦  =  Φ 𝜁, ҧ𝜁  with

• Let 4Ω’ 𝜁 = 𝑧(𝜁) and 𝜔(𝜁) be the unknown functions

• Ω 𝜁  and 𝜔(𝜁) are the new and only unknown functions
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𝜁 = 𝑥 + 𝑖𝑦 

ҧ𝜁 = 𝑥 − 𝑖𝑦 

𝜕𝑥 = 𝜕𝜁𝜁,𝑥 + 𝜕ത𝜁
ҧ𝜁,𝑥 = 𝜕𝜁 + 𝜕ത𝜁  

𝜕𝑦 = 𝜕𝜁𝜁,𝑦 + 𝜕ത𝜁
ҧ𝜁,𝑦 = 𝑖𝜕𝜁 − 𝑖𝜕ത𝜁  

4Φ,𝜁ത𝜁 =
𝑧 + ҧ𝑧

2
= 2 Ω′ + ഥΩ′

4Φ,𝜁 = 2 Ω′ ҧ𝜁 + ഥΩ + 𝑓(𝜁)

4Φ = 2 Ω ҧ𝜁 + ഥΩ𝜁 + ∫ 𝑓 𝜁 + 2𝜔 ҧ𝜁

Φ =
Ω ҧ𝜁 + ഥΩ𝜁 + 𝜔 + ഥ𝜔

2



Resolution method

• Method for linear and elastic materials (4)

– What become of the stresses? 

• Since                                     ,                                    &

• The stresses are rewritten
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Resolution method

• Method for linear and elastic materials (5)

– Displacements can be deduced from the stresses

• Complex form:

• Using Hooke’s law (see appendix 2)

–  

– Plane  :

   
                                                                 

– Plane : 
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Resolution method

• Static & 2D assumptions: Summary
– Plane   (                                   ) or plane  (                                 &              )

– Hooke’s law & linear momentum equations replaced by

•             

• One unknown function: finding Φ and defining so that BCs are satisfied

– Complex variable

• No more differential equation if we use

• Ω 𝜁  and 𝜔(𝜁) are the unknown functions which should satisfy the BCs
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Φ =
Ω ҧ𝜁 + ഥΩ𝜁 + 𝜔 + ഥ𝜔

2

y

x

r

q





Plane  :

   

Plane :



Asymptotic solution

• Application: cracked body

– Choice of complex functions

• Owing to the discontinuity for q = p we choose

  

 Indeed, for =-1/2 the functions are discontinuous

– Conditions on 𝜆 

• Stress 𝜎 in Ω′           displacement 𝒖 in Ω               𝒖 ∝ 𝑟𝜆+1 

 Displacement u remains finite          >-1

• Crack is stress free
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Ω 𝜁 = ෍

𝜆

𝐶1
(𝜆)

+ 𝑖𝐶2
(𝜆)

 𝜁𝜆+1 = ෍

𝜆

𝐶1
(𝜆)

+ 𝑖𝐶2
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍

𝜆

𝐶3
(𝜆)

+ 𝑖𝐶4
(𝜆)

 𝜁𝜆+1 = ෍

𝜆

𝐶3
(𝜆)

+ 𝑖𝐶4
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

y

x

r
q



Asymptotic solution

• Application to mode I (opening)

– New constraints

•  

• Symmetry:

–                                             & 

   𝐶2
(𝜆)

= 𝐶4
(𝜆)

= 0                                                            
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Ω 𝜁 = ෍

𝜆≻−1

𝐶1
(𝜆)

+ 𝑖𝐶2
(𝜆)

 𝜁𝜆+1 = ෍

𝜆≻−1

𝐶1
(𝜆)

+ 𝑖𝐶2
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍

𝜆≻−1

𝐶3
(𝜆)

+ 𝑖𝐶4
(𝜆)

 𝜁𝜆+1 = ෍

𝜆≻−1

𝐶3
(𝜆)

+ 𝑖𝐶4
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

ℜΩ 𝜁  , ℜ ഥ𝜔′ in cos 𝜃   and  ℑΩ 𝜁  , ℑ ഥ𝜔′ in sin 𝜃  



Asymptotic solution

• Application to mode I (opening) (2)

– New constraints (2)

•  

• Stress field:
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qΩ 𝜁 = ෍

𝜆≻−1

𝐶1
(𝜆)

 𝜁𝜆+1 = ෍

𝜆≻−1

𝐶1
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍

𝜆≻−1

𝐶3
(𝜆)

 𝜁𝜆+1 = ෍

𝜆≻−1

𝐶3
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝝈𝑥𝑥 = ෍

𝜆≻−1

𝜆 + 1  𝐶1
𝜆

𝜁𝜆 + ҧ𝜁𝜆 −
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 + 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 + ҧ𝜁𝜆

2

𝝈𝑦𝑦 = ෍

𝜆≻−1

𝜆 + 1  𝐶1
𝜆

𝜁𝜆 + ҧ𝜁𝜆 +
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 + 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 + ҧ𝜁𝜆

2

𝝈𝑥𝑦 = ෍

𝜆≻−1

𝜆 + 1  −𝑖
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 − 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 − ҧ𝜁𝜆

2



Asymptotic solution

• Application to mode I (opening) (3)

– New constraints (3)

• Stress field:
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𝝈𝑥𝑥 = ෍

𝜆≻−1

𝜆 + 1  𝐶1
𝜆

𝜁𝜆 + ҧ𝜁𝜆 −
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 + 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 + ҧ𝜁𝜆

2

𝝈𝑦𝑦 = ෍

𝜆≻−1

𝜆 + 1  𝐶1
𝜆

𝜁𝜆 + ҧ𝜁𝜆 +
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 + 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 + ҧ𝜁𝜆

2

𝝈𝑥𝑦 = ෍

𝜆≻−1

𝜆 + 1  −𝑖
𝐶1

𝜆
𝜆 ҧ𝜁𝜁𝜆−1 − 𝜁 ҧ𝜁𝜆−1 + 𝐶3

𝜆
𝜁𝜆 − ҧ𝜁𝜆

2

𝝈𝑥𝑥 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  𝐶1
𝜆

 2cos 𝜆𝜃  −
2𝐶1

𝜆
𝜆 cos 𝜆 − 2 𝜃 + 2𝐶3

𝜆
cos 𝜆𝜃  

2

𝜁 = 𝑟 exp 𝑖𝜃

ҧ𝜁 = 𝑟 exp −𝑖𝜃

𝝈𝑦𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  𝐶1
𝜆

 2cos 𝜆𝜃 +
2𝐶1

𝜆
𝜆 cos 𝜆 − 2 𝜃 + 2𝐶3

𝜆
cos 𝜆𝜃  

2

𝝈𝑥𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  −𝑖
2𝐶1

𝜆
𝜆 𝑖 sin 𝜆 − 2 𝜃 + 2𝐶3

𝜆
𝑖 sin 𝜆𝜃  

2



Asymptotic solution

• Application to mode I (opening) (4)

– New constraints (4)

•  

• Stress free crack:

–                                           
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𝝈𝑦𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  2𝐶1
𝜆

 cos 𝜆𝜃 + 𝐶1
𝜆

𝜆 cos 𝜆 − 2 𝜃 + 𝐶3
𝜆

cos 𝜆𝜃

𝝈𝑥𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  𝐶1
𝜆

𝜆 sin 𝜆 − 2 𝜃 + 𝐶3
𝜆

 sin 𝜆𝜃

2𝐶1
𝜆

 cos ±𝜆𝜋 + 𝐶1
𝜆

𝜆 cos ±𝜆𝜋 + 𝐶3
𝜆

cos ±𝜆𝜋 = 0

𝐶1
𝜆

𝜆 sin ±𝜆𝜋 + 𝐶3
𝜆

 sin ±𝜆𝜋 = 0

2 + 𝜆 cos 𝜆𝜋 cos 𝜆𝜋
𝜆 sin 𝜆𝜋 sin 𝜆𝜋

𝐶1
𝜆

𝐶3
𝜆

=
0
0



Asymptotic solution

• Application to mode I (opening) (5)

– Solution 

• System of equations                                                

• Non trivial solution

         = n/2, with n = -1, 0, 1, ….    since  >-1

• Displacements in r+ and stresses in r             

  the dominant term near the crack tip is obtained for =-1/2          

  only this term is considered in the asymptotic solution

• Determination of the constants:
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2 + 𝜆 cos 𝜆𝜋 cos 𝜆𝜋
𝜆 sin 𝜆𝜋 sin 𝜆𝜋

𝐶1
𝜆

𝐶3
𝜆

=
0
0

0 =
2 + 𝜆 cos 𝜆𝜋 cos 𝜆𝜋

𝜆 sin 𝜆𝜋 sin 𝜆𝜋
= sin 2𝜆𝜋

𝐶1
𝜆

𝜆 sin ±𝜆𝜋 + 𝐶3
𝜆

 sin ±𝜆𝜋 = 0 for 𝜆 =
𝑛

2
 

𝐶1

−
1
2 = 2𝐶3

−
1
2  −𝜆𝐶1

𝜆
= 𝐶3

𝜆
 



Asymptotic solution

• Application to mode I (opening) (6)

– Stress field:
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𝝈𝑦𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  2𝐶1
𝜆

 cos 𝜆𝜃 + 𝐶1
𝜆

𝜆 cos 𝜆 − 2 𝜃 + 𝐶3
𝜆

cos 𝜆𝜃

𝝈𝑥𝑦 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  𝐶1
𝜆

𝜆 sin 𝜆 − 2 𝜃 + 𝐶3
𝜆

 sin 𝜆𝜃

𝝈𝑥𝑥 = ෍

𝜆≻−1

𝜆 + 1 𝑟𝜆  2𝐶1
𝜆

 cos 𝜆𝜃 − 𝐶1
𝜆

𝜆 cos 𝜆 − 2 𝜃 − 𝐶3
𝜆

cos 𝜆𝜃

𝝈𝑦𝑦 = ෍

𝜆=−
1
2

,0,
1
2

,…

𝜆 + 1 𝐶1
𝜆

𝑟𝜆  2 cos 𝜆𝜃 + 𝜆 cos 𝜆 − 2 𝜃 − cos 𝜆𝜃

𝝈𝑥𝑦 = ෍

𝜆=−
1
2

,0,
1
2

,…

𝜆 + 1 𝑟𝜆𝐶1
𝜆

𝜆  sin 𝜆 − 2 𝜃 −  sin 𝜆𝜃

𝝈𝑥𝑥 = ෍

𝜆=−
1
2

,0,
1
2

,…

𝜆 + 1 𝐶1
𝜆

𝑟𝜆  2 cos 𝜆𝜃 − 𝜆 cos 𝜆 − 2 𝜃 − cos 𝜆𝜃

−𝜆𝐶1
𝜆

= 𝐶3
𝜆

 

𝜆 = −
1

2
, 0,

1

2
, … 2 cos 𝜆𝜃 + 2𝜆 sin −𝜃 sin 𝜆 − 1 𝜃 

2 cos 𝜆𝜃 − 2𝜆 sin −𝜃 sin 𝜆 − 1 𝜃 

2 sin −𝜃 cos 𝜆 − 1 𝜃 



Asymptotic solution

• Application to mode I (opening) (7)

– Stress field summary:

• Symmetry:

• Leads to 𝐶2
(𝜆)

= 𝐶4
(𝜆)

= 0 & relation between 𝐶1
(𝜆)

& −𝜆𝐶1
𝜆

= 𝐶3
𝜆

                                                           

 

 

   

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 36

y

x

r
q

Ω 𝜁 = ෍

𝜆=−
1
2

,0,
1
2

,… 

𝐶1
(𝜆)

 𝜁𝜆+1 = ෍

𝜆=−
1
2

,0,
1
2

,…

𝐶1
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍

𝜆=−
1
2

,0,
1
2

,… 

−𝜆𝐶1
𝜆

 𝜁𝜆+1 = ෍

𝜆=−
1
2

,0,
1
2

,… 

−𝜆𝐶1
𝜆

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜎𝑥𝑥 =
𝐶1

𝑟
cos

𝜃

2
1 − sin

𝜃

2
sin

3𝜃

2
+ 𝐴 𝜃 𝑟0 + 𝐵 𝜃 𝑟  …

𝜎𝑦𝑦 =
𝐶1

𝑟
cos

𝜃

2
1 + sin

𝜃

2
sin

3𝜃

2
+ 𝐶 𝜃 𝑟0 + 𝐷 𝜃 𝑟  …

𝜎𝑥𝑦 =
𝐶1

𝑟
cos

𝜃

2
sin

𝜃

2
cos

3𝜃

2
+ 𝐸 𝜃 𝑟0 + 𝐹 𝜃 𝑟  …



Asymptotic solution

• Application to mode I (opening) (8)

– Asymptotic stress field

•  

• For mode I, the stress concentration is obtained for yy(q = 0)  

• As the stress tends to infinity, the Stress Intensity Factor (SIF) is defined as

• C1 & so KI depend on both the geometry and loading condition 

• Unit of the SIFs in Pa m1/2  
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𝜎𝑦𝑦 =
𝐶1

𝑟
cos

𝜃

2
1 + sin

𝜃

2
sin

3𝜃

2
+ 𝐶 𝜃 𝑟0 + 𝐷 𝜃 𝑟  …



Asymptotic solution

• Application to mode I (opening) (9)

– Asymptotic stress field (dominant terms)   
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Asymptotic solution

• Application to mode I (opening) (10)

– Displacement field:

•  

•    
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Ω 𝜁 = ෍

𝜆=−
1
2

,0,
1
2

,… 

𝐶1
(𝜆)

 𝜁𝜆+1 = ෍

𝜆=−
1
2

,0,
1
2

,…

𝐶1
(𝜆)

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍

𝜆=−
1
2

,0,
1
2

,… 

−𝜆𝐶1
𝜆

 𝜁𝜆+1 = ෍

𝜆=−
1
2

,0,
1
2

,… 

−𝜆𝐶1
𝜆

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

Plane  :

   

Plane :

𝒖𝒙 + 𝑖𝒖𝑦

=
1 + 𝜈

𝐸
෍

𝜆=−
1
2

,0,
1
2

,…

𝐶1
𝜆

𝑟𝜆+1  𝜅 exp 𝑖 𝜆 + 1 𝜃 − 𝜆 + 1 exp 𝑖 1 − 𝜆 𝜃 + 𝜆exp −𝑖 𝜆 + 1 𝜃

𝐶1

−
1
2 =

𝐾𝐼

2𝜋 
&



Asymptotic solution

• Application to mode I (opening) (11)

– Asymptotic displacements (dominant terms)

       

• With for plane :                        & for plane  
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Asymptotic solution

• Application to mode I (opening) (12)

– Validity of the asymptotic solution

• This solution is only valid in

 a restricted region
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yy
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Asymptotic yy 

True yy

Zone of asymptotic 
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Asymptotic solution

• Application to mode II (sliding)

– New constraints:

• Symmetry:

• Leads to 𝐶1
(𝜆)

= 𝐶3
(𝜆)

= 0 & relation between 𝐶2
(𝜆)

& 𝐶4
(𝜆)
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𝜎𝑥𝑥 = −
𝐾𝐼𝐼

2𝜋𝑟
sin

𝜃

2
2 + cos

𝜃

2
cos

3𝜃

2
+ 𝐺 𝜃 𝑟0 + 𝐻 𝜃 𝑟  …

𝜎𝑦𝑦 =
𝐾𝐼𝐼

2𝜋𝑟
sin

𝜃
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cos

𝜃

2
cos

3𝜃

2
+ 𝐼 𝜃 𝑟0 + 𝐽 𝜃 𝑟  …

𝜎𝑥𝑦 =
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𝜃

2
1 − sin

𝜃

2
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2
+ 𝐾 𝜃 𝑟0 + 𝐿 𝜃 𝑟  …
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𝑖𝐶2
𝜆

 𝜁𝜆+1 = ෍
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1
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1
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,…
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𝜆

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1

𝜔′ 𝜁 = ෍
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1
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,… 
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𝜆
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1
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,… 

𝑖𝐶4
𝜆

 𝑟𝜆+1 exp 𝑖𝜃 𝜆 + 1



Asymptotic solution

• Application to mode II (sliding) (2)

– Asymptotic stress field (dominant terms)  
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Asymptotic solution

• Application to mode II (sliding) (3)

– Asymptotic displacements (dominant terms)  

 

• With for plane :                        & for plane  

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 44

-0.1

0

0.1

-0.1

0

0.1
-0.5

0

0.5

xy

u
x E

/(
K

II
(1

+


))

slidingu
xE

/(
K

II
(1

+


))

-0.1

0

0.1

-0.1

0

0.1
-0.5

0

0.5

xy

u
y E

/(
K

II
(1

+


))
u

yE
/(

K
II
(1

+


))



Asymptotic solution

• Application to mode III (shearing)

– Mode III:

– Equations

• Hooke’s law

• Equilibrium

– Laplace equation satisfied          uz is the imaginary part of a function z()

• Choice of function

•                                     

 𝒖𝑧 is the imaginary part of 𝑧, and 𝐶 𝜆  is real

                                       

y

x

r
q
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𝑧 = ෍

𝜆

𝐶 𝜆 𝜁𝜆 = ෍

𝜆

𝐶 𝜆 𝑟𝜆 exp 𝑖𝜆𝜃

𝒖𝑧 = ෍

𝜆

𝐶 𝜆 𝑟𝜆 sin 𝜆𝜃



Asymptotic solution

• Application to mode III (shearing) (2)

– Stress field:

•  

• Cylindrical CV

y

x

r
q
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𝒖𝑧 = ෍

𝜆

𝐶 𝜆 𝑟𝜆 sin 𝜆𝜃

𝝈𝑥𝑧 =
𝐸

2 1 + 𝜈
෍

𝜆

𝐶 𝜆 𝑟𝜆−1 𝜆 cos 𝜃 sin 𝜆𝜃 − 𝜆sin 𝜃 cos 𝜆𝜃

𝝈𝑦𝑧 =
𝐸

2 1 + 𝜈
෍

𝜆

𝐶 𝜆 𝑟𝜆−1 𝜆 sin 𝜃 sin 𝜆𝜃 + 𝜆cos 𝜃 cos 𝜆𝜃

𝝈𝑥𝑧 =
𝐸

2 1 + 𝜈
෍

𝜆

𝐶 𝜆 𝜆𝑟𝜆−1 sin 𝜆 − 1 𝜃

𝝈𝑦𝑧 =
𝐸

2 1 + 𝜈
෍

𝜆

𝐶 𝜆 𝜆𝑟𝜆−1 cos 𝜆 − 1 𝜃



Asymptotic solution

• Application to mode III (shearing) (3)

– Mode III:

– Resolution (Hooke’s law & equilibrium)

•                                                                  &

– Constraints

• Displacement field should be finite             > 0 

• Crack is stress free:                        = n/2, with n = 1, 2, ….  since  >0

– SIF:
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y
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𝜎𝑥𝑧 = ෍

𝜆

𝐸𝐶 𝜆

2 1 + 𝜈
𝜆𝑟𝜆−1 sin 𝜆 − 1 𝜃 𝜎𝑦𝑧 = ෍

𝜆

𝐸𝐶 𝜆

2 1 + 𝜈
𝜆𝑟𝜆−1 cos 𝜆 − 1 𝜃

𝜎𝑥𝑧 = −
𝐸𝐶

4 1 + 𝜈 𝑟 
sin

𝜃

2
+ 𝑀 𝜃 𝑟0 + 𝑁 𝜃 𝑟  …

𝜎𝑦𝑧 =
𝐸𝐶

4 1 + 𝜈 𝑟 
cos

𝜃

2
+ 𝑂 𝜃 𝑟0 + 𝑃 𝜃 𝑟  …

cos ± 𝜆 − 1 𝜋



Asymptotic solution

• Application to mode III (shearing) (4)

– Asymptotic fields
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Asymptotic solution

• Summary in 2D

– Principle of superposition holds as linear responses have been assumed

• Ki depends on

– The geometry and 

– The loading

• u,  can be added for

– ≠ modes: u = u mode I + u mode II,  =  mode I +  mode II 

– ≠ loadings u = u loading 1 + u loading 1,  =  loading 1 +  loading 2

• Ki can be added 

– For ≠ loadings of the same mode Ki = Ki
loading 1 + Ki

loading 2 

• But since f and g depend on the mode K ≠ Kmode 1 + Kmode 2 

Mode I Mode II                     Mode III

(opening)                    (sliding)                     (shearing)       

y x

z

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 49



• 1957, Irwin, new failure criterion

–  max → ∞          is irrelevant 

– Compare the SIFs (dependent on loading and geometry) to a new material 

property: the toughness

• If Ki = KiC          crack growth 

• Toughness (ténacité) KIc

– Steel, Al, … : see figures

– Concrete: 0.2 - 1.4 MPa m1/2 

Linear Elastic Fracture Mechanics (LEFM)
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Fracture toughness

• Measuring KIc 

– Done by strictly following the ASTM E399 procedure

– Specimen

• Normalized, e.g. Single Notched Bend (SENB)

• Plane strain constraint (thick enough) 

          conservative (see next slide)

• Specimen machined with a V-notch 

– Crack initiation

• Cyclic loading to initiate a fatigue crack

• Crack length from compliance 

– Crack Mouth Opening Displacement 

 (CMOD=v) measured with a clipped gauge

– Calibrated using FEM
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Fracture toughness

• Measuring Kic (2)

– Done by strictly following the ASTM E399 procedure

– Toughness test 

• Calibrated P, d recording equipment

• Crack Mouth Opening Displacement 

 (CMOD=v) measured with a clipped gauge

• Pc is obtained on 𝑃 − 𝑣 curves 

– Either the 95% offset value or 

– The maximal value reached before

• KIc is deduced from Pc using

– f(a/W) depends on the test (SENB, …)

– f(a/W) calibrated using FEM etc, in the norm

– Check the constraint once you have KIc 

• Plane strain constraint (thick enough)

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 52

CMOD, v

v

P

tg 0.95 tg

Pc

P

tg 0.95 tg

Pc



3D problems

• Only 2D solutions have been considered but a real crack is clearly 3D

– At any point of the crack line

• A local referential can be defined

• Since the asymptotic solutions hold for

 r → 0, at this distance the crack line seems

 straight, and the problem is locally 2D

• The crack tip field can be broken into 

 3 2D problems (3 2D modes)
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3D problems

• 3D effects

– Near the border of a specimen the problem 

 is plane , while it is plane  near the center             

           at the center there is a triaxial state 

• The SIF is larger at the center as 

 no lateral deformations are possible 

 (see next lecture)

• 2 consequences

– The front will first propagate at the center

– The toughness decreases with the thickness

» Crude approximation

» Later on we will see how to evaluate this effect

– The practical toughness Kc is the plane strain one
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• Evaluation of the stress Intensity Factor (SIF)

– Analytical (crack 2a in an infinite plane)

                       

– Numerical
                        

•  i depends on

– Geometry

– Crack length

Linear Elastic Fracture Mechanics (LEFM)

∞
∞

y

2a

x

∞

∞

y

2a

x

∞

∞

y

2a

x

∞

∞
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Annex 1: Plate with a hole

• Cylindrical coordinates

– Boundary conditions

• At r = a 

• At r = b→∞: only yy= ∞ is non zero

y

2a x

∞

∞

yy
yy

y

∞

∞

r=a x

r
q

r = 

b→∞

Load case 1 

independent 

from q

Load case 2 

dependent on cos 2q 
(symmetry with 

respect to x)
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• Cylindrical coordinates (2)

– Bi-harmonic equation

  with

– Stresses from Airy function

 with                                                                     ,                      &

• Eventually, after substitutions

y

∞

∞

r=a x

r
q

r = 

b→∞

Annex 1: Plate with a hole
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• Load case 1 

– Independent from q             (r)

• Bi-harmonic equation

• General solution:

• Stresses:

• Boundary conditions:

                                                         &

                           ,                    &

• Solution:                                           ,                                            &

Annex 1: Plate with a hole
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• Load case 2 

– Dependent on cos 2q             (r, cos 2q) = g(r) cos 2q 

• Bi-harmonic equation

• General solution:

• Stresses:

                                               

Annex 1: Plate with a hole
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• Load case 2 (2)

– Stresses 

– Boundary conditions:

                    

       ,                  ,                         &                                                     

Annex 1: Plate with a hole
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• Load case 2  (2)

– Solution:

Annex 1: Plate with a hole
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• Superposition of case 1 and 2

– Stresses:

– For q = 0: yy= qq 

– Stress intensity factor: Kcircle = 3

0

0.5

1

1.5

2

2.5

3

0 2 4 6

x/a


yy

/
∞

Annex 1: Plate with a hole
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Annex 2: Displacement of asymptotic solution

• Displacements for linear and elastic materials

– Complex form:

– In terms of strains:

– Hooke’s law (Plane  or ):

                                                                

• With m() such that the plane  or  condition is satisfied:

• But                                                          
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• Displacements for linear and elastic materials (2)

– Out-of-plane state effect

• Plane  :

   
                                                                   with

• Plane : 

                                                                       with

– For both plane states:

Annex 2: Displacement of asymptotic solution
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