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Linear Elastic Fracture Mechanics (LEFM)

« Cracked body: diff t t A N
" Svess sy factor L1111

» Governing the asymptotic solution J k&
K, 0 6 30 % g,

© Oyy = % cos§[1 + sinisin7 + 0(7‘0) . R g
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A

— Energy release rate oy

« Variation of strain energy

if crack grows 4

dEnergy b ut,
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A
v
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L

— J-integral

« Strain energy flow

. J= / Ue)n, —u, -T]dl
I
« More in depth

— How are they defined?

— How are they related?
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Linear Elastic Fracture Mechanics (LEFM)
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« Cracked body
— Where do the asymptotic solutions come form?
Mode | . Mode Il Mode Il11
o A— % cos g [1 — sin 329 sin g] + (% [G',II = % sing [2 + cos 2—29 cos g] + O 7"0) [G'U; — ¢ Smg +}’)//(,«0)
C 0 . 0 36
Tyy = % oS g [1 + sin 379 sin 5] + (9% Tyy = NG Cos 5 Bl 5 o8 = + O%
C 6 N C [
0-11;_5]_(0'3%(05 nglllg+0 ) «a;lzy_ﬁffoﬁi\»lSIII?SID§|+C%) ¢0y2_7(5055+(%w
. C(l+v 5 (0 A0
2 C(I—HJ rc‘m(g) [ﬁ.m1+2$inz (g)] u, = (E \/_%111< ) [f;+1+20082 (5)] :40(}E+y)\/FsiI1 (g
1+V 0 . 2 E - C(l+vw) — Q 1 w2 E
\ y = (2) [h-—l—l—?cos (2)} Uy = - ﬁcos(Q) |:h. 1 — 2sin (2” \
Mode | Mode I Mode Il1I
(opening) (sliding) (shearing)
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LEFM assumptions

Balance of body B

— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
* Dirichlet

1

— (Small) Strain tensor o — >

(Vou+ux V) of

— Hooke'slaw o =H:e ,0r o, = H;ijrek

6'”' =

1

2

: 1
WIth H; 0 = Di Ok + 5
A=K-2u/3 2
— Inverselaw  __ ., H H
: 1+v /1 1 1%
with Gijki = 5 <§5¢k5ﬂ + §5i15jk> — E(S’ijékl

(

0
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Resolution method

A1 A Sy

Oyy| yy f Oyy
< - > F > >
—> 4+—>
2d X 2b ™3 X 2a X

— Static
— 2D &

 Orplane e =s»! 9

Plane o

——

Orr — Oy — Oy — 0
Err — Eyz — €22 — 0
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Resolution method

Static & 2D assumptions: Plane-¢ case
— Plane ¢:

« Epz=Eyz: =€2=0 & ‘d =0
0z
— Hooke’s law

g;; — Héjklekl
« General Euv E 1 1

Hiik = 0; 10k + ——— | =0ix0;1 + =0;10k

M= Ty (120 9% T T, (2 KOst 50 ””)

 Plane ¢ 1, & :ngx + &yy + €5, = Exx t+ £y = Egq

= Ev

T T A - 21/)%9+
—<

£
14+v **

0
Ev f N E
g = & —E&
Y A+ v)1-2v e D14y
Greek subscripts forx ory
Ev ) + £ Roman subscripts for x, y or z
=— O, aBE~A a— PO '
T ) (=20 T T el
Ev 5 " E E
- N.B.. 0,, = & —&,, = &
T A+VA -2 T 1wy T v -2v)
2855 = 2&xx + 28y, = 28,
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Resolution method

« Static & 2D assumptions: Plane-¢ case (2)

— Plane ¢: .
0
o Ea.’.z:‘g-yz:gzz:o & - =0
0z
— Hooke’s law

g;; — Héjklekl

« General Ev E 1 1
Hijr = 0i 0k + —— <_5ék6jl + —5¢l5jk>

(14+7v)(1—2v) 1+v \2 2
* Plane ¢
7 Ev 5 N E
Oa3 — afB€~n —  €ar
ST Uy (=) T T T
B (1-+10(1——2v)

o @ Greek subscripts for x ory
kk
i (1 + V)(l — 2v)N\Z 1+v Roman subscripts for x, y or z

= Eyy T+ gyy = gyy

Ev
— o-zz — Erny — VO~ A
(I+v)(1—20) "7 i
. . . o LIEGE
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Resolution method

Static & 2D assumptions: Plane-¢ case (3)

— Plane &: 9
. Ea.’.z:‘g-uz:gzz:o & ‘—:0
) 0z
Ev
e O.. — Ermny — VO~ A
o (l4+v)(1-2v) 7 "
— Hooke’s law
e=0G: 0o
e General
1+v /1 1 v
Gijkl = 5 <§5¢k5ﬂ + §5i35jk> — Eééjékl
 Plane ¢

a 1+v v 14+v
Exx = E Oxx — E5x: E (axx - VGYV)

1+v v 1+v
Exy = E Oxy — ESxyo'kk : Oxy Greek subscripts for x ory
14 Roman subscripts for x,y or z
v
— Eq3 = (O-a;fi’ — VO, 504.,8 )
E Yy
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Resolution method

Static & 2D assumptions: Plane-o case

— Plane o:
¢ Uaz:qu:Uzzzo
— Hooke's law ¢, _ G:o
» General 1+v /1 1 U
ikl I3 551'1;53'1 + 55?;553% — E(sz’jcskl
© Plane o 1 Ok, = Oxx T Oyy T 0z, =0xx + 0y =0y
a 1+v v, 1+v Y
Exx = Taxx B Taxx — Eo'yy
1+v v 1+v
Exy =——F0 kk =——=—0
L Xy E Xy E Xy
Greek subscripts for x or y
1+v v R ot f
== €, 7 (o gE Eéaﬁo‘“f‘“f oman subscripts forx, y or z
1+v v, 1—v
2055 = 204y + 20, = 20,
2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 9 l: Pl



Resolution method

« Static & 2D assumptions: Plane-o case (2)

— Plane o:
¢ Uaz:qu:Uzzzo
Hooke's law . _ G o
 General 1+v /1 1 %
ikl = TF 551'1;53'1 + 55?;553% — E(sz’jcskl
 Plane o
7 1+ v v
€ap E Onp3 E 60: BO~~
- <
1+v v 1—v
&vw =7 F Oy T g Ovv0ss £ %vr
~
1+vA0 v Greek subscripts for x ory
E,, = — 0
zz E EYY Roman subscripts for x, y or z
1% 1%
@ 822 — _EO-AJ/A‘/ — 1 VEAJ/AJ/
) ) ) ¢ LIEGE
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Resolution method

« Static & 2D assumptions: Plane-o case (3)

— Plane o:
* Oy =0y, =0z, = 0
v v
T E T TR T T
— Hooke’s law
g;; = Hijkl‘gkl
 General Ev E 1 1
Hiin = 0;:0k1 — 01051 + =00;10:1
M A4 v) (1—2v) J“+1+1/(2 KOt T3 ”’”)
 Plane o £ 1 E
p v
g o) —E&
@+ v)(1-2v) 1+v (1-2v)
_< 0 Skk = Eyy T E =TT Ey
_ £y Ve +
T = 1+v)(1-2v kk Ty Sy

Greek subscripts for x ory
Roman subscripts for x,y or z

Ev E

=003E~yy + ——
R G Y

— 0,3 = T2

Eap
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Resolution method

« Static & 2D assumptions: Hooke’s law 5
— Planeo (o,.=0,.=0..=0)0rplane ¢(e,. =¢,. =¢.. =0& o = 0)
) ) 0z
— Hooke’s law Ey . . E
OaB — BE~Ny T T €ap
« Plane ¢: " (T4+v)(1—=20) 777 140"
Ev
o..= Enm = VO~
T (141 —2v) 7 .
1+v
& Eap = D (o'alﬁ — VO~ 605;3’ )
1+ Vs
EapB = Oap — 5709080 ~4
* Plane o: 7 E 0 BT
v v
€2 = "% T T
Ev E

& Oap = mﬁsa BE~~ T H—V“Ea 3

— Greek subscripts substitute for x or y (Roman for x, y or z)
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Resolution method

Static & 2D assumptions: Linear momentum

O

— Plane o ( Opr = Oy = 0, = 0) or plane 8(53.’.2 = Eyz = €2z = 0& E
e Linear momentum b+V .ol
0

O=ba+0ax,x+aay,y % 0,, =00rd, =0

— 003,13 + ba =0

« If b =0, there exists an Airy function ®: 043 = —P 03 + 608 P

— Indeed Ogagp = —P4pp 5aﬁq’wﬁ

Pyva = Pppa = Papp
== Oapp = ~Papp T Papp =0

 Airy function:

— Linear momentum equation is replaced by finding ® and defining

— Onp — _(I)?alﬁ + 6(} 3 (I)_,ﬂ/ﬂ/
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Resolution method

« Static & 2D assumptions: Compatibility
— Plane o ( Opr = Oy = 0, = 0) or plane 8(53.’.,@ = Eyz = €2z = 0& =— =0 )
 Strain definition

1
Eap — 5 (’UJQM{-} -+ 'U.‘J{-}_‘_Q)
/( —
[ Exx = Uyy Exxyy = Uxxyy
=< Eyy = Uyy =9 Eyyax T Uyyxx
2£xy = Uy y + Uy o L ngy,xy = Uy yxy + Uy xxy
~

S— Erax,yy + Eyy.xx — anty,zvy
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Resolution method

« Static & 2D assumptions: Bi-harmonic equation in plane-¢

— Airy

° Oap — _(I)_.o:ﬁ + 60;,:3'(1)_.’77 = 0§55 — _q),gg + 555@0/], = CI)’&S
— Plane ¢ |

+ v
° Eap = E (o'o.»;ﬁ’ — VO~ 60(.,5’ )
1+ v
— 60,33 = E [_(I)_‘_o(ﬁ + (1 — 1/) 6@}.3(1),1/7}
— Compatibility
7 1+v £
Exxyy = T \C ? oy (1= V) (@ ey + q),yyyy))

/
1+v
T Eyyax =T (_ f%vxx (1= V)(@ e + ‘Dwxx))

1 /
28xyxy = % (_2/({) ,xyxb
~ 4

Exw,yy T Eyy,ax = 2€ay,ay

O = q),xxyy + q),yyyy + q),xxxx + q),yyxx

0= (axx + a)’)’)(q),xx + CD,YY) = (axx + a)’)’)(axx + a)’)’)q)
= V2P = 0
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Resolution method

« Static & 2D assumptions: Bi-harmonic equation in plane-o

— Airy
° Oap — _(I)_.o:ﬁ + 60;,:3'(1)_.’77 = 0§55 — _q),gg + 555@0/], = CI)’&S
— Plane o
1 +v v
* Eap = 5 Onp3 — F 6@;3’ T~~
1 +v 1
— £ 8 — — ; (I),O: 3 + Ecsa 3 (I);\,/’“,/
— Compatibility ,
= 1 + v 1
Exxyy = “F (_ quéij + E (q),xxyy + q),yyyy)
1+v ‘— 1
R e = (s ?,yyxx) tr (P xxx + P yyx)
1+v <
\sty,xy ~ T (_/2/({) ,xny

Exw,yy T Eyy,ax = 2€ay,ay

O = q),xxyy + q),yyyy + q),xxxx + q),yyxx

0= (axx + a)’)’)(q),xx + CD»YY) = (axx + a)’)’)(axx + a)’)’)q)

= [V?V?d =0
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Resolution method

Static & 2D assumptions: Summary 5
- Planeo (o,.=0,.=0..=0)0rplane ¢(eg,., =¢,. =e.. =0& 5 = 0)
' ’ 2
— Hooke’s law Ey . . E
Onp — o€ —— &ap
* Plane ¢: STty (12w T T
Fv
o..= Ery = VO
(1+v)(1—2v) "7 i
1+v
& eap =5 (0ap = V05 0as)
1 +v v 5
Enl = Onp — =030
* Plane o: & E B g
1% %
€22 T TR0 T T 5
& BV 5se, + —
Onp — 7/ 50ap€ PE—
3 1 — 1/2 By 1 Y 3
— Linear momentum equation
* Isreplaced by finding ® and defining  |o,3 = —® o3 + 043P +~
— Hooke’s law
« Is replaced by bi-harmonic equations  [V2V2® = 0
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Resolution method

A

« Application: infinite plate with a hole . T T T T T T
— Cylindrical coordinates h

Oy O cos 0 sin 6
p— . G G
( Tr0 0o ) ( —sinf cos6 | %/ yy|
. T \ y
Oz U;I:y cos 0 sin @ 2a
Try Oyy —sinf cosf

« Boundary conditions O l
4

A

<_
-
-
|
-

- Atr=a g, (r=a,0) =0, (r=a6) =0

— Atr =b—x:only g,= o,Is non zero

Load case 2

_Load case 1 dependent on cos 26
independent (symmetry with
from @

respect to x)

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 18 u Pl



Resolution method

« Application: infinite plate with a hole (2)
— For both loading cases: find potential ® such that

 Bi-harmonic equation is verified VYV2Vy2d = ()

« Stressfield o, = —® o3 +9.3P -, satisfies the boundary conditions

— Superposition of cases 1 and 2 (see appendix 1)

« Stresses:
/A2 4 2
p o 4a 3a a
Orp = — —1— —Jcos20+1— —
%) _( ,.r,z "I”4 ) ),,2]
One | 3a* a?
- =
T oo ! 3a* N 202\ . 99 25 S
0 = — — ‘ SIn
Cro 9 A 2 5 -
« For 0=0: 0,,= oy 1.5
o s 3a*  a? 1 -
Oy lz,y=0)=— |24+ — + —
— yy( , Y ) 5 ( +{IZ4 +132) 05 -
« Stress concentration factor: K e = 3 0 ‘ ‘ x<a
0 2 4 6

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 19 v Pl




Resolution method

Application: infinite plate with an elliptical hole

Ya

A

|

XVV‘Q

— Elliptical coordinates N T T T T T T‘
x = ccosh acos 3 o
y = csinh asin 3
O, o,
with, on the boundary, yy¢c | -
ccoshag =a 2b 2a
csinhag = b
L

4

— Resolution using complex functions of z (see next slides)

z = ccosh ¢ with the complex variable { = o + i3

2
« 1913, Inglis  Opax = Oyy (a,0) = 0 (1 + _a)

— Stress concentration factor

b

b

2
c Kg=1-+ i 1+ 2\/§ with p the curvature radius at the tip
P

« Singularity when p — 0

2021-2022 Fracture Mechanics - LEFM - Asymptoti
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Resolution method

 Fracture modes

— 1957, Irwin, 3 fracture modes

Mode |
(opening)

« Boundary conditions

Mode Il
(sliding)

Mode IlI

(shearin

Mode I Mode I1 ” Mode I1I
fo..=00r €..=0 [ o0..=0 o €..=0 (Cpy =Opy =0y, =0
oyy (0 ==2m)=0 gy (0 ==xm) =0
J)Oyy (0 ==xm)=0 J Oy (==xm)=0 <
u, (0> 0) =u, (0 <0) 2 (0>0)=—-u,(0<0)| u, =u, =0
Kfe,.s,y(e9>0):—q,.c,.y(@<0) k s (0>0)=u, (@ <0) [u.(0>0)=
7 2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 21




Resolution method

Application: cracked body

— Change of variables y1
» Complex variables Y ’
(=a+iy = rexpif o, o /r'
X W%
« Complex functions > —
) “«—> . X
2(Q) =al(z, y)+iB(z, y) 2a 7
with o & g real functions
— Interest
6
° CZ—\/_expz \/_cos—+\/_lsm— y
" éf r 0 - +m
Upper lip:  lim {2 = i/r y4 >
1
« Lower lip: llm (2 = —i\r r
X
1 ¢
» Ahead: gr% (2 =+ 0> —7 Y
r 6>
1
== A function of {z is discontinuous I/ R
X
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Resolution method

Method for linear and elastic materials

— Use of

« Complex variables
(=x+1y =rexpif

« Complex functions

<

f)/ \Gu
. X

. <+—> V ! =X
2(Q) = a(x, y) +if (2, y) 2a 7
. Ja=R(z(0)
with a & greal functions
B=2(z(0)
— If zis differentiable (analytic) == 2/ ({) = 8,2 = —i9,2
» This yields the Cauchy-Riemann relations
8;132 = Q5 + ?:',B:;r — _?f"ayz — _iaj:y + ,B:y e X = B’y & Qg = _-6#17
« And the functions satisfy the Laplace equation
& g = ,ﬁﬁgry = — 4y & ,B,:m;? = W gy — _,B,yy — v2a — VQB =0
2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 23 U HES’.&



Resolution method

Method for linear and elastic materials (2)
— What becomes of the bi-harmonic equation?

- Change of variables: x,y — {,{
H(_=x+iy =>N 0x = 0g0x + 0705 = 0 + 0
(=x—1y Oy = 0;Cy + 0z(y = 10 — i0;
 The Airy function ®(x,y) = ®(¢,{)
— Let us define ¥ such that: V*® (¢, ¢) = ¥ (¢, )
— The bi-harmonic equation is rewritten  V*V2® (¢, ¢) = V¥ (¢, () = 0
« Since Y satisfies the Laplace equation, it is the real part of a function z({):

- () =R:= ZT 2 with z = z(J) a function of { only

2
— But
Doy =0, (Pr+P) =P +20 74+ D5
D, =0, (Z(I) ¢ — 2<I> ) = O ¢+ 2(1),65 — (I),C_E

: : : ¥
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Resolution method

« Method for linear and elastic materials (3)
— What becomes of the bi-harmonic equation?

« Change of variables: x,y — ¢,
{ =x+iy 5x=065,x+52<x=?6+6§
( = x — ly ay = aC(,y + aZ(,y = la( — laz

+ The Airy function ®(x,y) = ®((,{) with V?® (¢, ¢) = ¥ (¢, ¢)

W Q) =Re=

V=0, +®,, =40 =T
« Let4Q’({) = z({) and w({) be the unknown functions

Z+ 2z _
= 40z =——=2(0'+ 1)

40, =2(Q'(+ Q) + f(O)

40 = 2(Q0 + 00 + [ () + 2w(()
W+ +w+w
B 2

= (D

e Q(¢) and w({) are the new and only unknown functions

: : : # LIE
2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 25 b Pl



Resolution method

« Method for linear and elastic materials (4)
— What become of the stresses?

e N/ Q/ Q/ N/ =11
= ;w L= ; & = St

» The stresses are rewritten

* Since (I)_,CC:

EQH +w// i CQ” +@//

Tr — (I) P —(I) 2(1) - — (I) . QI Q/ o
o v Yy ,C¢ + CC NS + ) 2_
= QO + W Y
Oyy = (I),a.’.a? = (I);CC + 2(1),“— € (I).EC_ — Q0 L+ C +w ‘2}_6 + W
QH = _Q” N
Ty = By = 0, (B + B ) = ity 4 it =i > —

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 26 l: Pl




Resolution method

Method for linear and elastic materials (5)
— Displacements can be deduced from the stresses

« Complexform: u = u, (z, y) +iu, (x, y) = u (C? CT)

» Using Hooke’s law (see appendix 2)

1 _
- u=— EV(CQ’+w’—&Q(C))
— Plane o: ,@:3_1/
14+ v

— Planee k=3 —4v

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution
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Resolution method

« Static & 2D assumptions: Summary

- Planeo (o,.=0,.=0..=0)0rplane ¢(e,. =¢,. =¢.. =0&

0

0z

~0)

— Hooke’s law & linear momentum equations replaced by

0o = —Pap +0a3P 4y

VZV2d = 0
* One unknown function: finding @ and defining so that BCs are satisfied
— Complex variable y
* No more differential equation if we use /r' ¢
o QU+ +w+a 1 S
= L X
2 L
¢

e Q(¢) and w({) are the unknown functions which should satisfy the BCs

e i oY =1 1 _
o Q/+Q,’_CQ +u) +CQ +UU U = — EV(CQ’_’_@’_K/Q(C))
x 9
B CTQH £+ W' + CQH i o « 3 — v Plane o
<O'yy: Q’—}—Q,_}_ K = o.
CQH + o — CTQH L wQH L+v
Oy = i 5 \ k=3 _— 4y Plane g

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution 28 U Pl



Asymptotic solution

« Application: cracked body y
— Choice of complex functions /rv
« Owing to the discontinuity for 8 =7 we choose | 10 >
X
Q) = z (e +icV) oM+ = z (e +ic?) ri*texp(i6(A + 1))
, A A
w'()) = Z (Cg) + ng)) M = Z (Cg) + ng)) r**1exp(i6(1 + 1))
A A

Indeed, for A=-1/2 the functions are discontinuous

— Conditions on 4

« Stress g in Q' == displacementuin Q ==» u xrit!

Displacement u remains finite === 1 >-1

* Crack is stress free

Oyy (0 =+m1) =0

y
/
0.y (0=17)=0 | N6 .

: : : # LIE
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Asymptotic solution

Application to mode | (opening)
— New constraints

(
Q@) = Z (Cl(A) +icz(’”) P = z (Cl(/u +l.C2(/1)) P exp(i0( + 1))
. « A>—1 A>—1
W'(0) = z (Cg) +icf‘)) g = z (CB(A) +icfo) P+ exp(i0(A + 1))
\ A>—-1 A>—-1
s Symmetry:

[

y
ﬁ r u, (0 >0) =u, (0 <0)
|/9 S !

ﬂ u, (0 >0)=—u, (0 <0)
\

1+ v
E

(CQ + " —KQ(Q))

- u=—

|:> RA(O) ,Rw’ in cos(8) and IQ(),IJw’ in sin(H)

=) ¢’=cP =0
¥
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Asymptotic solution
Application to mode | (opening) (2)
— New constraints (2)

yA
/
Q@) = Z Cl(A) gAML = Z Cl(l) r**lexp(i0(1 + 1)) ﬁ /%'9
. 2« A>-1 A>-1 ;X
w'()) = z C§’” g+l = z Cg) r**1exp(i6(1+ 1)) @
\ A>—1 A>-1
» Stress field:
B _QH w,l/ QH QJ”
[[0-11:;1,_ Q!"_QI_C i —))_C +
B _QH w’H QH W/
40'1,1,— Q’+Q'+C i if i
QH + LDH . Ql! oIt
\ Ozy — ZC C
: 2
/ ) C(/l)/1 FeA-1 4 g FA-1 _|_C(/1) Ay 7a
faxxzz(l_l_l)lcl(/’l)((z_l_()t)_ A (8¢ “2) 37(¢M+ )
A>—1 A4 (772-1 >A—1 WD 2 72
_ C:7A + +C +
[:'></ G,y = Z(A+1)[C§”((ﬂ+(’1)+ A CCZ )+ 67 C)]
A1 D4 (772-1 =1—1 D1 _ 72
C:7A = )+ C -
axy=2(/1+1)[—i1 (5 “2) (=8
\ A>—1
2021-2022
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Asymptotic solution

» Application to mode I (opening) (3) = rexp(if)
— New constraints (3) H { = rexp(—if)
« Stress field:

Dy (F7A-1 4 A1 WD rra . =1
//gxxz Z(,H_l)lcl(l)(zz_l_@)_Cl A({e 1 + ¢ : )+ PP+ )]
A>—1 1) > 2—1 >1—1 A (71 -
</ Oyy = z(l+1)lcl(/1)((,1+5—1)+€1 A(G¢ " + ¢ : )+ C7 (¢ +¢ )]
A>—-1
D) (FeA-1 _ z7A-1 WD a 52
Ory = (/1+1)[—iC1 A(%¢ 552 )+ 67 c)]
\ A>—1
@) . 1) -
o= G4 1)#[61“) 2c0s(26) — 22 cos(@ 2>29) + 25" cos(26)

2¢M2 cos((A - 2)6) + 2¢P cos(26) |

l:f> </ Oyy = Z A+ Dr? l Clm 2cos(40) + 5

A>=—1

D D
2077 Aisin((A—2)0) + 2C; i sin(4A60
S (G20 0
2
\ A>—1
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Asymptotic solution

Application to mode | (opening) (4)
— New constraints (4)

( Oyy = z (A + Drt [ 2C1('1) cos(10) + Cl('u/l cos((/l — 2)9) + Cg)cos(/w)]
A>-1
. A
Ory = Z A+ Dr? [ (,’1('1)/1 sin((/l — 2)9) + Cé’u sin(/w)]
\ A>-1
y
» Stress free crack: 7y (0= +7) =0 ﬁ r
« |//</; >
Oy (0 ==Em)=0 @ X
\

261(’1) cos(+Am) + Cl()l)/l cos(+Am) + Cgl)cos(iﬂn) =0

Clw/l sin(+Am) + CSQ) sin(+Am) =0

\
l:> ((2 + 1) cos(Am) cos(An)) Clm _ (0
A sin(Ar) sin(Am) CB(/U B 0)
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Asymptotic solution

Application to mode | (opening) (5)
— Solution
« System of equations

(2 + A) cos(Amr) cos(Am) Clu) _ /0
( A sin(Am) sin(/ln)) ngfl) —\0

* Non trivial solution

_ |2+ 2)cos(Ar) cos(Am)| .
0= A sin(Ar) sin(Am)| sin(247)
=3 A=n/2,withn=-1,0,1,.... since A>-1

« Displacements in r*! and stresses in r*
== the dominant term near the crack tip is obtained for A=-1/2

== ONnly this term is considered in the asymptotic solution

* Determination of the constants:
O,y (0+m)=0 = Clm/l sin(+Am) + C:,EA) sin(+Ar) = 0 for A =

WD_ @D (=2) _ (2
) AP=cP =) ¢ ¥ =2
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Asymptotic solution
« Application to mode | (opening) (6)

— Stress field:
//O'Xx = z A+ Dr? - 261(/1) cos(460) — Cl()‘)/l cos((/1 — 2)9) — C3()‘)cos(/19)_
A>—-1 ] _
</ Oyy = Z (A + Drh -2C1(/D cos(10) + Cl(’l)l cos((/l — 2)9) + C?E'Dcos(/w)—
A>—1 ) )
Oy = Z @+ DrA[ cPasin((A - 2)6) + €5 sin(10) ]
\ A>-1 - La—b  a+b
cosa — COSb = —2sin B S111 )
1 1 Oy = z 1+ 1)C1(’1)r’1 [ 2 cos(A0) — A (cos((/l — 2)9) — cos(/w))]
A=- i ke [ /1=—%,0,%,... 2 cos(A0) + 2Asin(—0) sin((2 — 1)8 )
_/1(:1(’1)= CBSA) 2 cos(A0) — 2Asin(—6) sin((/l —-1)6 )
|:> </ Oy = z A+ 1)C1(’1)r)‘ [ 2 cos(A0) + 1 (cos((/l — 2)9) — cos(/w))]
A==5,0,.. 2 sin(—6) cos((A — 1)6)
Oxy = z A+ 1)7"1(}1()“)1[ sin((/l — 2)9) — sin(/w)]
& Az_%’O% qina—qinb:2qina_bco~%&+b

2 2

: : : # LIE
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Asymptotic solution

« Application to mode | (opening) (7)
— Stress field summary: yt

e Symmetry: ﬁ ;
Ko
ﬂ X

e Leadsto C(’D = C(’D = 0 & relation between C(’U& AC(’U C(’U

Q) = z c A1 = z c) 1+ exp(i0(2 + 1))
) | 1=-Tod. 1=Tol.
\w’({) = z o T G z —ACP r2+ 1 exp(i6(2 + 1))
1.1 1.1
l=—§,0,§ .- =—§,0,§,...
/ Cq A 6 306]

Oy :@cos— 1 — sin=sin—| + 4A(0)r° + B(O)\T ...
2 2 2

C 0 6 30]
[:'> Tyy @os— 1+ sinEsin7 +C(O)Tr° + D(O1 ..

C 7 36
axy @os sm cos—- + E@)r° + F(0)VJr .

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution
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Asymptotic solution

Application to mode | (opening) (8)

y
— Asymptotic stress field ﬁ
;
c, 9 o 36 Ko X
© gy =@71ﬂcos§[1 + SinESiDTI +C(O)r° + DO .. ﬂ | X

For mode I, the stress concentration is obtained for (6= 0)

As the stress tends to infinity, the Stress Intensity Factor (SIF) is defined as

):Clx/%

== K7 = lim (v 27r o‘ﬂfdel

7—0

=0

C, & so K, depend on both the geometry and loading condition

Unit of the SIFs in Pa m%/2

: : : # LIE
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Asymptotic solution

Application to mode | (opening) (9)
— Asymptotic stress field (dominant terms)




Asymptotic solution

« Application to mode | (opening) (10)
— Displacement field:

Q) = z Cl(’l) ML = Z C(A) rA+l exp(i@(/l + 1))
e { A:—%,o,%,... A:—%o%
W' = Z _Ac® g+ = Z —ACP 1+ exp(i0(A + 1))
A==3503,.. A==5,0,..
STV
K= ane o:
. Lt 1+v
we )
K=3—4r Plane s
l:> u, + iu,
_1+4v ()21
Z C/r* kexp(i(A+1)0) — (A + Dexp(i(1 — 1)) + Aexp(—i(1 + 1)0)]
Seris
1
(-5 K
2) _ 1
& C; =
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Asymptotic solution

« Application to mode | (opening) (11)
— Asymptotic displacements (dominant terms)

1 [ 0 5 0]
w, = Ky gy Q;COS§[I{1+QSiH2 |

N N D

1 -' o) (
u, = K Ey 2;si11§[1{—}—12(3082 |
With for pl S v & for pl 34
| or plane o 1+V or plane : K 1%

_ P
= Q\ RN NN
& =
¥ a0
] Z
3 =
w
} = .05
01
0.1
0.1 -0.1
y X y -0.1 -0.1 ¥

: : : # LIE
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Asymptotic solution

« Application to mode | (opening) (12)
— Validity of the asymptotic solution
« This solution is only valid in
a restricted region

A

(0

Zone of asymptotic »

solution (in terms of
1/r2) dominance

Asymptotic o,

X Structural
response

: : : # LIE
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Asymptotic solution

* Application to mode Il (sliding)

| (0..=00 e.=0
— New constraints: y oy (0 = 1) =0
* Symmetry: ) ) 00y (0 =47) =0
/@ R u, (0 >0)=—u, (0 <0)
(= | X Kuy(9>0):uﬂ(9<0)

* Leadsto Cl(’l) = C?f’l) = 0 & relation between Cz(’l)& CLE’D

Q) = z icY g = z icP r**1exp(i0(A + 1))

1 1
) | 1=-Tod. 1="Tod.

\a)’(() — z iCF) M1 = z inD r’*lexp(i0(1 + 1))

1 1 .1
A—__,O,E,... A__EFOFEF"'

=
[uny

/ Oy = %@m— [2 + cos—cos —] +G(O)r° + HO)Jr .

I:> Tyy =@m Ecosgcos? +1(0)r° + J(O)VT ..

K 0 6 36
\ Oy =@cos§ [1 — sin—sin—] + K(O@)r® + L(O)r ..

2 2
. . . o LIEGE
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Asymptotic solution

* Application to mode II (sliding) (2)
— Asymptotic stress field (dominant terms)

Ovw = - I;:r sin g [2 + cos g CcOs %9] >
Q X g
2 o
7,
2 01

y -0.1 -0.1

2021-2022 Fracture Mechanics - LEFM - Asymptotic Solution L
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Asymptotic solution

« Application to mode 11 (sliding) (3)
— Asymptotic displacements (dominant terms)

1 - 0 5 0
u, = Ky gy Q;Sin§ K-+1+2C082§
1 - 0 5 0]
w, = K1 EV 2;@:35 11{+281112§_
3
« With for plane ¢: x = uvy

14w

S
I‘b “
\“ N8

»\‘:»

"“‘t e8!
‘0'0 “‘:“:“3’.“ 3

~—~
=
+
—
~
Y
N
S~
L]
>
>

u,E/(K (1+v))

v

y -0.1 -0.1 X

y -0.1 -0.1 ¥

LIEGE

université
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Asymptotic solution

* Application to mode Il (shearing)

A
— Mode lll: Y o
Opy — Opy — Oyy — Oz — 0

@ /’%'9 ) ) uy=u, =0

® X u2(9>0):—u2(9<0)
"
— Equations | I >
. ’ s = = On = Eaz = U o
Hooke’s law Eaz Quz,o: — 1+ 5 (1 T 1/) ;
- Equilibrium Toe =0 == Viu,=0

— Laplace equation satisfied == u, is the imaginary part of a function z(¢)

« Choice of function z = Z CHOA = Z CDrtexp(ing)
1 1

« u.(0>0)=—u,(0<0)

== 1, is the imaginary part of z, and €™ is real

= U, = z CPr2sin(16)
A
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Asymptotic solution

* Application to mode III (shearing) (2) y

— Stress field: @ r
( u, = Z C Dyl sin(16) %g >
S B s

* Cylindrical CV

dr. \ [ cosB — “f’—le 0,
dy )\ sing =t Jy
)

,axz = ﬁz CDrA=1[} cos(0) sin(18) — Asin(0) cos(16)]
7

\ayz = ﬁ; CPyrA=1[2 sin(0) sin(16) + Acos(8) cos(16)]

( E
- (D) 1 A-1 —
O, 20+ ) E C\YAr sm((l 1)9)

(D pa-1 —
\ayz 2(1+V)ZC Ar*~tcos((A — 1)6)
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Asymptotic solution

« Application to mode 11l (shearing) (3)

— Mode lll: Y s Oy — oy — 0 — O
@ /%'0 ) ) u,=u, =0
R X \ w. (60 >0)=—u. (0 <0)
— Resolution (Hooke’s law & equilibrium)
ECW ECW

ArA=1 sin[(1 — 1)6] ArA=1 cos[(1 — 1)0]

° Oxz =

L2010+ ) & Oyz = L 2(1+)

— Constraints

« Displacement field should be finite == 1>0

- Crack is stress free: €oS[+(A — D] = ) = n/2, withn=1,2, .... since A>0

7 EC 0

Oy = —msin— +M@O)r° + N(Or ...

4(1+v) 2
|:> </ Ec d +0(0)r° + P(O)\T

Oyz = COS— r T .

\ 241+ v{j) 2
CFE T

. I , ,_ mode III L
- SR Ko = lim (VI o, ) = s
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Asymptotic solution

« Application to mode 11l (shearing) (4)
— Asymptotic fields

( B 2K 11 (1+I/) 2r . 6

&y
=\
1l

A
Q
8
o
|
|
=
b~
b~
=
|
o /K
Xz

y -0.1 -0.1

0.5

=

AR S S
RS

N SIS TR Te SN |
A RS S S SEss:
AR R

- \NUNRRRSSSERTSan sy

\NRLQRRSENR I e

'} SENSSaey

NSNS g etiuss

\\st\“‘“ SO

s
TSRS
opsssessssessss
‘ “ € " % “O‘ o
l%'.:.:".‘:::::::‘::

anetieess

S,
S
<
CSQUISCTII,
SRS
oS eSS

1

0
950

~—~
=
+
i
~
X
~
~~
LIJN
>

yz

0.1

y -0.1 -0.1
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Asymptotic solution

e« Summary in 2D

Mode Il Mode Il
1 — . K?; .
(She o_mode I fmode i (9)
\/ 27

mode i T  modei
= Ky — 0
u 59 (0)

— Principle of superposition holds as linear responses have been assumed
« K, depends on
— The geometry and
— The loading
* U, o can be added for
— *modes: u=u mode | 4 u modell’ =6 mode | 4 G mode 11
— Ioadings u = y loading1 4 loading 11 o = ¢ loading1 4 ¢ loading 2
« K, can be added
— For # loadings of the same mode K; = Kjloading1 + K loading 2
« But since f and g depend on the mode K # K o401 + Kinoge 2
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Linear Elastic Fracture Mechanics (LEFM)

« 1957, Irwin, new failure criterion

Gmax

— oo =3 g |S Irrelevant

— Compare the SIFs (dependent on loading and geometry) to a new material
property: the toughness
« If K, = K, == crack growth
« Toughness (ténacite) K,

— Steel, Al ... :

see figures

— Concrete: 0.2 - 1.4 MPa m'/2

Toughness K,c [MPaym]

140

100—

60—

O Pure Al

. Mild

steel

\

Al alloys

all

Trip
Low steel steels 160 —
oys

200 —

|
0 500

|
1000

4 Toughness K- [MPaym

Aisi403 12 cr —~——___

puctile/brittle

120 ransmon ggime
80— /
I alloys
0 40—
Yleld c [MPa] Brittle Temperature T [C]
1500 2000 0
200 -100

2021-2022

LIEGE

: : : ¥
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Fracture toughness

* Measuring K|, b5
— Done by strictly following the ASTM E399 procedure 1 ’
— Specimen Thickness t
« Normalized, e.g. Single Notched Bend (SENB) W
« Plane strain constraint (thick enough) ! V/2<_ v/2

=== CONnservative (see next slide) ‘
« Specimen machined with a V-notch

— Crack initiation
» Cyclic loading to initiate a fatigue crack
» Crack length from compliance
— Crack Mouth Opening Displacement
(CMOD=v) measured with a clipped gauge
— Calibrated using FEM
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Fracture toughness

* Measuring X;. (2)
— Done by strictly following the ASTM E399 procedure

— Toughness test
« Calibrated P, drecording equipment

» Crack Mouth Opening Displacement
(CMOD=v) measured with a clipped gauge

- P_.is obtained on P — v curves
— Either the 95% offset value or
— The maximal value reached before

C /, C ,’/,
« K,.is deduced from P, using ‘ /\
III \\ l//k

tW2 tg] 1095t |/tg) .0.95tg

— f(a/W) depends on the test (SENB, ...)
— f(a/W) calibrated using FEM etc, in the norm

— Check the constraint once you have K|,
» Plane strain constraint (thick enough)
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3D problems

« Only 2D solutions have been considered but a real crack is clearly 3D
— At any point of the crack line
» A local referential can be defined
» Since the asymptotic solutions hold for
r — 0, at this distance the crack line seems
straight, and the problem is locally 2D

» The crack tip field can be broken into

3 2D problems (3 2D modes)
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3D problems

3D effects

— Near the border of a specimen the problem |
IS plane o, while it is plane € near the center _
== at the center there is a triaxial state 4 e /

| t

»

rupture

 The SIF is larger at the center as

no lateral deformations are possible

(see next lecture)

e 2 consequences t

— The front will first propagate at the center
— The toughness decreases with the thickness
» Crude approximation

Ko () = Ko (t = o) |14+ 2ot (Kcﬁﬁoo))

2 0
t 0,

b=

» Later on we will see how to evaluate this effect

— The practical toughness K_is the plane strain one

université
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Linear Elastic Fracture Mechanics (LEFM)

« Evaluation of the stress Intensity Factor (SIF)
— Analytical (crack 2a in an infinite plane)

N A . ry y
i R R A T
K;=o0.V7a — o o | 7. 1 oTo oo
= < K1 =7.V7a ] ‘;:Gw I T)(= ” ‘ .
|
!

 Krir=1evma 24 e 2a 2a

Z'T 5
«— — € I

— Numerical

f(

Kr = froVma
= < K1 = 011TacVTa

Krrr = BrirmeeVma
.

. 4 depends on - sig xx[Pa]-st%p150(151/155) - lff_x
[ |

— Geometry
— Crack length
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Annex 1: Plate with a hole

« Cylindrical coordinates -] T T T T T T
( O, OO0 ) B ( cosf  sin6 )
o Opp )] \ —sinf cosf
. -T_(_j&/ Oyy
Ovy Oy cosf  sinf p S
Ory Oy —sinf  cosé 2a
— Boundary conditions
L
 Atr=a v v

O (r=a,0)=0,.9(r=a,0)=0
* Atr=Db—e:only ¢,= o.lIs non zero

Load case 2
!_oad case 1 dependent on cos 26
independent (symmetry with
from 4

respect to x)
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Annex 1: Plate with a hole
Cylindrical coordinates (2)

— Bi-harmonic equation y2y2¢ —

with 0, \ [ cosf — Sii—TQ 0,
d, )\ sin6 @ Jp

‘ 1 1. 1 1
S ‘()fr + =0, + _‘859 D, +—-D,+—=Dyg) =0
— Stresses from Airy function

Oryp = Opp COS> 0 - Ty sin’ 6 + 20,5106 cosd
Toyp = Oyy cos® 0 + o, sin’ 0 — 20, sin0 cos 0

00 = (0yy — Oy;)sinfcosb + o,y (c:os2 6 — sin? 9)

with Onp — _(I)_.QI,S + 5&;9 (I),ﬂ/q/ == Ogx

— (I),'y'y v Oyy — (I),ar:c & T3y

T (I) , LY

1 1
/O'q’-r — ._(I).‘_?, + _2(1)!99
r r

Opp — (I)_._-r-r

] 1
o9 =——P9+ 5Dy
@, 5.

« Eventually, after substitutions <

-
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Annex 1: Plate with a hole

« Loadcasel
— Independent from 8 = @(r)

* Bi-harmonic equation ==> (C)f».r + 1()?) (q{m, 4 1(1{?,) -0
r : "

* General solution: g _ Cilnr + COorlnr + Car? + Oy

1 C
(o= =D, = —2 4+ Oy (14 2In7) 4205
~0, = —

| C
o Stresses: < Tpy = (I).?"T’ = ——21 — CQ (3 + 2 lIl r) -+ 20‘3
; r2

. Orp — 0
o (r=a,0)=0,.9(r=a,0)=0
* Boundary conditions: 1
o (r=00) = 500
Cq . Ch 1
= — + 3 (1 +2Ina) +203 =0 & Ehm =l + Co (1 +2Inb) +2C3 ) = 5000
a“ — 0O
a’ 1
=> 01:—?(700 J CQIO & 03: iax

- 1 a? 1 a®
e Solution: |0y, = §U'x' 1 — 2 Ooyg — 5090 ) + 1/ & o0 =
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Annex 1: Plate with a hole

 Load case 2
— Dependent on cos 260 == ®(r, cos 26) = g(r) cos 26

* Bi-harmonic equation

‘ 1 1 . "4
(df? + =0, + —2859> Kg” + L —g) cos 29] =0
. . T2

2/// 9// 9!

r "3”2 '?"3

« General solution: ¢ — (Clr4 + Cor? + % + (74) cos 260
r

r r 2 ")”4 "."’2

4 / . .
4 6C' 4C
o_rr(g__‘g) 60829(202 S 4)60829

. : ‘ 6C
Stresses: < oop = ¢ cos 20 = (12(71r2 + 2C5 + —43) cos 20

29" 2 ( 6C' 2C,
O, = 4 _g sin 20 = | 60 r? + 205 — 5 (4 sin 260
\ , 2 i r2
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Annex 1: Plate with a hole

 Load case 2 (2)
— Stresses

4 / / ,
4 6C 4C
o, = (_g — —g) cos 260 = (2(72 — 43 — 24> cos 26
r r r r

‘ 6C
< opy = g cos 20 = (12(717‘2 + 2C5 + r_f) cos 20

2 2 ( 6C' 20,
O, = i _ 2 sin 20 = | 6Cyr? + 205 — S _ ‘4 sin 26
\ N 2 i r2

— Boundary conditions:

‘o, (r=a,0)=0,9(=ab)=0
L0y (r=10,0)= —%UOC. cos 26
\0'?79 (r=>5,0) = %OOC sin 20 ) 2
— =0 =20 ="0 &0 = -
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Annex 1: Plate with a hole

« Load case 2 (2)

- O [ 4a® 3a?
O, = 5 (rQ 17)('0329
. o 3a*
— Solution: < gy = == 1+ — ) cos 26
2 ré
0 3a* 2a?
O = 53 (1 ! -+ = )Sm%)
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Annex 1: Plate with a hole

« Superposition of case 1 and 2

— Stresses: <

2 2 rd

-:>o_ ‘34 2
0‘99:% (1+%>C0b29+—+1]

~ 3at  2a”
\UTQ%(I ° 4 ?)sin%)

~ | /4 3 2
/U-r?‘_L <L1i>(’0b29+1a—

rd r2
—N- — 8
) =
O~ 3a* @\ 25 - ©
-=>O'yy(£t?,y0)7(2+g+?> |
— Stress intensity factor: K e = 3 15 -
1 |
0.5
0 x/a
0 4 6
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Annex 2: Displacement of asymptotic solution

Displacements for linear and elastic materials
— Complex form: uw = w, (2, y) + iu, (z, y) = u (¢, )

— In terms of strains:
. ‘ . ‘ 1 . .
U = (u:r._;r + 'Z'U-y,:r) C)E'T + (u;r,-y + 'Z'U'y._-y) C)C_y — § (u;r,a? + LWy o + LUy — uy,y)
1 .
= U; = 9 (Exw — Eyy) T 1€ay
— Hooke’s law (Plane o or &):
1+v . 14+v , - _
U= 5 F (Ore — Oyy + 2i0,y) = — E (CQH + wH)
1+v , -
—u = - (CQ +&" +p(Q))
* With x(<¢)such that the plane o or ¢ condition is satisfied:
]

U = (Up oy + Uy, ) O+ (Upy + 11Uy ) Ocy = 9 (Ui + 1Uy e — TU, oy + Uy )

1 . .
(uiIZ,:I.‘ — Uy + (0 2y + uy,’y)

't],cf - (u;r,;r - 'Z'-'UJ-y,:I.‘) aéfr + (uif-.'y o Z’U-ryy) (‘“)gy - 2

= U F UG = Uy 5+ Uyy = Eqq + Eyy = €44
L+v (Q/+MI+Q/+FL/)

c But w,+u;=—
T E
1+v -
_ / / / —/
—> oy = (Q +u+Q + 1)
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Annex 2: Displacement of asymptotic solution

Displacements for linear and elastic materials (2)
— Out-of-plane state effect

14+v - -
v T T TR (@ + 4+ + )
1— 2(1— _
- Planeo: e, = Eyozw = % (Q’ -+ Q’)
3 — 3 —
— 1(Q) =T = —RQ(Q) with k=T
. Plane ¢ e — (1+v)(1—2v) o 2(1+v)(1—2v) (Q’ N Q’)
E E
= u(()=—(3-4)Q=—kQ() Wh rx=3—4v
— For both plane states: | u = — . EV (¢ + " — Kk (Q))
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