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Laminated composite structures

Composite

— Fibers in a matrix
» Fibers: polymers, metals or ceramics
« Matrix: polymers, metals or ceramics
» Fibers orientation: unidirectional, woven,
random
— Carbon Fiber Reinforced Plastic
» Carbon woven fibers in epoxy resin
— Picture: carbon fibers
» Theoretical tensile strength: 1400 MPa
 Density: 1800 kgm3 AR
* A laminate is a stack of CFRP plies
— Picture: skin with stringers

d=5 mm
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Laminated composite structures

— Complex failure modes

Composite (2)
— Drawbacks

“Brittle” rupture mode
Impact damage
Resin can absorb moisture

Transverse matrix fracture
Longitudinal matrix fracture
Fiber rupture

Fiber debonding
Delamination
Macroscopically: no

plastic deformation
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Laminated composite structures

« Composite (3) T
— Wing, fuselage, ... . \ !" (F= )
— Typhoon: CFRP | ’ |'\“‘{ {

/ V—_

» 70% of the skin

* 40% of total weight
— B787:
» Fuselage all in CFRP

S 2013-2014
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Laminated composite structures

« Approaches in analyzing composite materials
— Micromechanics
« Composite is considered as an heterogeneous material
« Material properties change from one point to the other
— Resin
— Fiber
— Ply
* Method used to study composite properties
— Macromechanics
« Composite is seen as an homogenized
material
- Material properties are constant in Material

m

xtraction of a
Macroscale

each direction h
— They change from one direction — ’ 0
to the other BVP solved ('\ ﬁ
. _ o . using FE SN
Method used in preliminary design Microscale L

— Multiscale
« Combining both approaches
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Laminated composite structures

* Ply (lamina) mechanics: E,

) ) : cSXX cSX)(‘

— Symmetrical piece of lamina - Matrix |, .

 Matrix-Fiber-Matrix - .

— Constraint (small) longitudinal -— —

displacement AL Yt —

. AL < —

« Small strain ¢, = - Y
 Microscopic stresses ) ' L AL

— Fiber 0., = Etess
— Matrix o,,,, = F,,€.2
* Resultant stress o,, = F.€..
+ Compatibility a0y = 0 s flf + ozl

= Ea:gz?:;rlt — Efezra:lf + E?nea:a:l?n

Z ZTTL
[ EC{T — Z—fEf + ET‘QZ_ prm— UfEf +UTRE’ITL
t t

— The mixture law gives the longitudinal Young modulus of a unidirectional
fiber lamina from the matrix and fiber volume ratio

« AsE;>>E_, ingeneral E, ~ v; E

2013-2014 Fracture Mechanics — Composites "



Laminated composite structures

* Ply (lamina) mechanics: v,

. . . GXX GXX‘
— Cpnstramt (small) longitudinal | (12 Matrix .
displacement AL — —
. T displ t Al = “ —
ransverse displacement Al; = Aly + Al,, Y e .
» Microscopic strains < —
— Fiber Alf = —I/ng;g;fo — _Vflfeatat ':—;( L ::AL:
— Matrix Alnl = _V?nezra?f,rnl?n — _Vi'nl?ne;r;r
* Resultant strain Aly = —v,., €.
J Compatlblllty *Va:yea::rlt = Alt = AZf —+ Alfm = *Vfga:a:lf * megz?:;?:l?n
l l'm,
== Vypy = Lffl—f + Lfml— = V§VUf + VpUpm
t t
* This coefficient v, is called major Poisson’s ratio of the lamina
D S ;
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Laminated composite structures

* Ply (lamina) mechanics: E, S I I O
— Constraint (small) transversal
displacement A |

Total displacement Al = Al,,, + Aly

v

|12

| /2

viatrix

Matrix

Microscopic small strains y 4
— Fiber Eyy s = %
B Al,, .

— Matrix Eyy, =
==

Z’??’l

Small resultant strain

s =% I A A A

Al Alfm Alf lf l'm
Yy l, l, l, vy yy f l, vy l,
Resultant stresses = microscopic stresses
- Oyy = Eyey, = Efeyyf = Eneyy,,
: [ [
— Relation Eyy = Eyy i + €4y _m
Yt vy f Zt Y9m Zt
o O, | o 2 1 .
vy  Fyy lf Yy LYy n v
E'y Ef lt Efm, Zt E.y Ef E’m

As E;>>E, ingeneral E, ~ E, /v,

2013-2014 Fracture Mechanics — Composites
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Laminated composite structures

- Ply (lamina) mechanics: , o, Tt T T HT
— Constraint (small) transversal WAL
displacement A | (2) v I,

A

» Longitudinal strains are equal by compatibilj

— Resultant Erax — T — V€ 1 Im/2 Matrix

— Fiber Emi = —UVtE L + = Ep Y
_ vef 1M f o _nyl BN A o

— Matrix Exam = mEyy,, = Exx —’X . a

<
<

» But from previous analysi

e G ) R I S R

/U Ljf A
m -
= U Ieyyf (’Uf + > ) = yfsyyf | /2 Matrix |
m v «— —> ¢
I/fl'/m

ViV + UnlVf

« But this is wrong as there are microscopic Yyt Matrix
stresses to constrain the compatibility, so Iy /2 v
: _ . i 9
relation Eraf = —Vi€yy; = Eaa IS wrong | yyl l l l l l l
X
*rg ii 2013-2014 Fracture Mechanics — Composites 9 wuﬁg



Laminated composite structures

* Ply (lamina) mechanics: y, (2) o, t 1 1111
— Constraint (small) transversal
displacement A | (3)

» Resultant longitudinal strain

* Microscopic strains & compatibility

AL ny y A

— &y = —5— — _Vuaie-u-u — _V-u;r_
E,

L

v

iviatrix
W2

— — !

Matrix
Im /2

TJEREEERE

— Fiber
1 1
Exax f — E_f (Ua:a?f o Vfo-'y'yf) — E_f (Ua:a?f o I/fO'.y.y)
— Matrix
1 1
Erxem — E_ (0';1733771 - Virno'yy?n) — E (O.ZITZI?’ITL - V'mo-yy)

* Resultant stress along x is equal to zero

lfo'a:;?:f + lmo'am:m =0 == VfOuaf = ~VmOuram

« Using compatibility of strains

1 1 U, T yy
(O-a:a:m — Vm O'-y-y) — o\ TV 7/ O0axxm —VfOyy | — —Vyx
En AN Ey
2013-2014 Fracture Mechanics — Composites 10 “U§E



Laminated composite structures

* Ply (lamina) mechanics: y, (3) o, 1 1+ 11 TA
— Constralnt (small) transversal WAL |
v — —> t
[T, ek
| AERERER!
s '
Ly
V-mEf_VfE-m UmE-meEf VmEf Em

= V0O
UmEfE-m Ef’Uf + E-mvm / UUE fUf +Ernvrn

V:rnEf fEm,
— VUm | Oyy
Efo—FEmvm o

Vya _ 1 “Ufi’/fE.m + v, I/.mEm
E.y E,, FE fUf + E, v,

—F Vy + UV - yVay

vt Y fUr + Emb’? Ea_,_

2013-2014 Fracture Mechanics — Composites 11 wugg



Laminated composite structures

* Ply (lamina) mechanics: v, (4)
— Constraint (small) transversal

displacement A | (5)
 Minor Poisson coefficient

VEVE + UV, _ Ey v, y
Y E_fo + E’rnv?n Ea:

» This is called the minor one as usually

0

FEEEEEES

iviatrix
W2

v — —>

Matrix
Im /2

TJEREEERE

yX Xy
 Remarks
— The stresses in the matrix and in the fiber 3
Vi f =~V G o000
can lead to fiber debonding
— In all the previous developments we have O 6 O ‘
assumed zero-stress along z-axis v
» This is justified as the behaviorsin zandy ® 6 0 ¢
directions are similar. v
« This will not be true in a stack of laminas (laminate) | * Iz ] g
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Laminated composite structures

Ply (lamina) mechanics: g,
— Constraint (small) shearing y = As/I,
« Assumption: fiber and matrix are
subjected to the same shear stress

Txy = Tyx
» Resultant shear sliding
. ,LL L ;u L T;E-ylt L Tya:lt
TP As As
* Microscopic shearing
Hf
— Matrix Ag, . = Tﬂgm
m
« Compatibility
Ta
As = Asy + As,, == —2[, =
Hay
1 1 1
=> — Uf + Um
Hay Hf Hm

* AS 1 >> iy, ingeneral g, = gy vy,

As Ty
—  ——
12 Matrix | | I
y A %yx
. /2 Matrix
——
— Ty
o X -
< 3 >
T. To
Try [f + Ty ZTn
Hf Hm

— Unlike isotropic materials, shear modulus is NOT related to E and v

2013-2014
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Laminated composite structures

4+ O

Yy

« Orthotropic ply mechanics

— Single sheet of composite with

» Fibers aligned in one direction:

unidirectional ply or lamina Yyt

X
IGW
 Fibers in perpendicular direction: : "cxy
woven ply Gy
yu

+—
X

*: “ 2013-2014 Fracture Mechanics — Composites 14 wuﬁg



Laminated composite structures
yy

« Orthotropic ply mechanics (2)
— Woven ply
» Transversally isotropic
— Fiber reinforcements the same in yt
both directions
— Same material properties in the 2
fiber directions X Ow
» Orthotropic _Lu
— Fiber reinforcements not the same
in both directions
— Different material properties in the y 4
2 directions
— Specially orthotropic: Applied loading
in the directions of the plies
— Generally orthotropic: Applied loading
not in the directions of the plies

>
<

vQ
x
>

L |
>
<

>

+—

% 2013-2014
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Laminated composite structures

Specially orthotropic ply mechanics
— Plane stress (Plane-o) state
 Isotropic materials

€ra E 715 0 Oa
L/

Eyy = ~E E ? Oyy

E:r-y 0 0 E o.zr-y

» New resultant material properties defined in previous slides such that

— For uniaxial tension along x
Osa Vo Y Oy
Erp = & Eyy — Vay€xa — 7E—
T £X
— For uniaxial tension along y y 4
_ Ty o _ _ VyaOyy
E:yy - 1= Exx — L’yats-yy — T 5
E'y E’y
« Superposition leads to the orthotropic law .
X
1 Vyx 0
€ E. Ey O
_ _ Vay 1 0
Eyy | = E. £, Tyy
Exy 0 0 - Ty

— Be careful 1, cannot be computed from E,,, v,

2013-2014 Fracture Mechanics — Composites
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Laminated composite structures

« Specially orthotropic ply mechanics (2)
— Plane stress (Plane-o) state (2)

Xy
» Reciprocal stress-strain relationship Oxx
L _Vya A
E;I?LI? E:.': Ey 0 0117217 y
_ _ Vay L 0
Eyy = E, E, Oyy
8:133; 0 0 > 1 Oy
Hazxy i
X
E., f"ymE:r 0
Ogx 1—v, %/yw l—veyvye Erx
Tyy = 1 T > 0 Eyy
—VayVyaz l—veyVye
.. €.,
Ty 0 0 2“:‘83} Ty
* To be compared to stress-strain relationship for isotropic materials
E vE
Oy 1—v? 1—p2 Exx
vE
Tyy o 1—v2 1—12 Eyy
o-ajy 0 0 2# E.Ty
- 5 . 2013-2014 Fracture Mechanics — Composites 17 wugs



Laminated composite structures

Specially orthotropic ply mechanics (3)

— General 3D expression

* Hooke’slaw o =C:e or o;; = Cijriek

 Can be rewritten under the form

.=C

Oy

/ U;IZ:IZ \ / CLELBLULB CLBLIZ yy CZI?ZI?ZZ O
O yy Cyyyy Cyyzz 0
.. o szyy szzz O
U’gz 0 0 yzyz
0., 0 0 0

\ 0., /| \ 0 0 0

o o O O

yzkl€kl — Cyz-yzeyz + cyzzygzy — zcyzyzeyz

oo o o o

Qca.’.ya:y /

2013-2014
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Laminated composite structures

« Specially orthotropic ply mechanics (4)
— General 3D expression (2)
 Hooke's law o = C e or O',U — C?,jklekl

« With the 21 non-zero components of the fourth-order tensor being
] — VyzlVzry Vyax + VeaxlVyz

Vew + VyalVey
. Ca.’.a?:ra? — d c:ra?yy — & C;I::rzz —

E,E.D E,E. D E,E.D
_ C Va.’.y + szya.’.z C _ 1 — VazlVag & C sz =+ V:cyyz:r
wrer— p B.D YT BLE.D vz E,E.D
Vyz + VeyVyz Vyz + VezVya 1 — VyaxVay

- Cozpn — J sz-'- — szzz —
Crzon E,E, D i E,E. D E,E.D

o C-yzyz — Cyzz-y — Czyzy — Cz-yyz = Hyz
o C;I:'ya:y — C;I:-y-ya: — C'ya:ya: — Cy;z:;vy = Hauy
. Cﬂ:zn:z — C;Bzz:r — cza:za: — Cz:r;r:z = Haz

I — V:l:yyy:}: o szyyz — VpVeg — 2V$yyyzyzaz

 And the denominator ) =
E.E, L.

2013-2014 Fracture Mechanics — Composites 19 vyl



Laminated composite structures

« Generally orthotropic ply mechanics

— Stress-strain relationship

« Stress-strain relationship in the axes O’x’y’ is known for plane-c state
Em, I/yrmewr

o et 1—I/wfy)'1/yf$f 1—I/$r 1yl gt Eqxl g’
v o E /

(o W, — xz'y y y 0 E ol

y'y yy

oo 1—f/$)‘ylf/yf$f ]_—I/m.fy!f/y!:cl c .,

x’y 0 0 2,“/3:’-1;’ Ty

or in tensorial form o’ = C’ : €’

» If Ais the angle between Ox & O'x’
o = RoR!
e’ = ReR!

with R( cos) sinf )

—sin@ cos®

» From there we can get ¢ such that

oc=C:e

2013-2014 Fracture Mechanics — Composites 20 wuﬁg



Laminated composite structures

« Generally orthotropic ply mechanics (2)

— Stress-strain relationship (2)
« Equationo’ =(C': ¢’

with o' — RoRY, & = ReR”

&inZDR( cos 0 siné’)

—sin@ cosb

e Solution

— RoR! = (' : ReR"
=05 — RkécJ;l?nanj RipepRig

_ / _
== 0;; = RiiR;Cpy RpRig€pg = Cijpe€pg

e Oragain g=_C:¢

with C'Ukl — R?n’iRﬂjC, Rkaql

mnpq

2013-2014 Fracture Mechanics — Composites 21 wugg



Laminated composite structures

Generally orthotropic ply mechanics (3)

Plane o state

Em; I/y'rﬂ."’E;I‘" 0
Tz L—=vpryr vy g 1—I/$B;r/yrx; E Lyt
° From O — I/xfnyyf Y/ .,
vy ]_—I/xfyff/,y;'mf 1—I/$Iy!f/yfxf 0 vy
O-:C" / &'a_,_f ’
Y 0 0 2/.133;'.”1 Y
— The non-zero components are
E.
» c,; I i — r
x'x'x'x
1 — y;l"-y’y-y’g_*’
/ L E’y’
» Cuf,u!,uf,uf —
o 1 — I/a_,_f,yfl/y.fzf
” le Fafla)d — le Fopd o — V-y";};"Eg;" = ya?fy’E.y,
r'r'y'y yyxrx 1 - V;B!_y.'lfyfa,_f 1 — V:{?"y" L/_y;;r,r
»

/ / !/ !
C;E!.y.r‘xf.y.f — C;nyf,yfa_,_; — C,yf:rfajfy! — C,yfm.fy!a:f — [J/If-y"

— Letc =cos 8 s =sin @,

»R,r, :R; = C
x'x Yy

»
R;I:"-y — 7Ry’3.’. - S

DS 2013-2014
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Laminated composite structures

Generally orthotropic ply mechanics (4)
— Plane o state (2)
© Using Ry, =Ryy=¢ & Ryy=-Ry.=s
expression C,;x1 = RyiR,;C Rpe Ry leads to

mnpq

!
C.’r Txrxr R-m, T Rn:c cm, npq Rpﬂ: Rqﬂ:

/ !

iRy Corrro R Rt Ry R Clv Ry Ry +
! /

LEJZI:R'QI:.EC F ol ot fR;I:";ERy’:r + Ra_’fajR-y”:I:C;rfuf,ufa-:f Ry"a‘R;{:";I: +

ry xry

-y";rRa.’.’;?:C-,f Lt fR'L""BRy’a: + Ry’a:R'B’*Bc:fa-fyfa_-fRy"a?R;?:’;I: +

y'xtx’y €T €T 7
R

1 !;ERyfa?C,;.lyf;Eﬂ';B!R:I--';I:R:r:":r ‘F@C;a’yryr‘ r@

! /
Fagl fﬁf ‘l—cmf‘:‘y!xf‘}_

x'y'xzy

+S4C_.If Pyl oyt

vyyy

= C = C4C,,f it (3282

€rrari xr'x'x'a

C’f Ny Tl + C..:}.r‘;rfy}'a:

y'x'x'y 1

» Eventually, using minor & major symmetry/a T

aterial tensor

ca.’-a?a?g; = C4C" £t + 2(3282 (C’,; gyl ayt + QC;Eya’aﬁy!) + S4C;ﬂ'y’y'y’

x'x'xx x'x’ vy’

— 2013-2014 Fracture Mechanics — Composites 23 wugg



Laminated composite structures

« Generally orthotropic ply mechanics (5)
— Plane o state (3)
» Doing the same for the other components leads to

x'x'x'x x'x'y’1 x'y'x’y

CUUUU — 846;"33";1?’:{?’ + 26282 (CZI

vy

Ca?y;r-y — C;r-yya? — Cy;?:;ry — Cya:ya: —

T'y'x'y x'x'x'x vy'y'y
* These are the 8 non-zero components

* Inthe O’x’y’ there were 8 non-zero components

(CZI.’.’.I?ZI‘I = C4Cfr Vol ot +262-92 (CII Foyl oyt —FQC’; ot l) —FS4C,; oyl ot

__.I’:I:.I'.-UI-U! + 26;,11};33:“;') + 646

€rxr T T

& i 2 (. &
\ (Cz - 992) Cl,! L !+Cze92 (Cl,l N - + le Y Y ch! S P

2013-2014 Fracture Mechanics — Composites
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ry xry
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Laminated composite structures

« Generally orthotropic ply mechanics (6)

— Plane ¢ state (4)
« But due to the rotation: a coupling between tension and shearing appears

c;?:;r;ry — R’m,a: Rn;r C:nnpq Rpa: qu
— waﬁxﬁpr’x’me’y + Rat’a?R:r’;?:C;;fazfyfyfRy@
x'x yfiUc:i:" ’a:’y’RiI?fﬂ? Yt + B, ’y'ti;?’-y"y";r’Ry’ﬂ? 77 +
. f:ng_j"ajC,;fana:f‘ ;RajfajR..‘ 4 -+ -'_f;ERaj"ajC;fajfyflrfRyf;rR L +
u'x y"a?Cynyl?’ﬂ?’Rﬂ?lﬂ?R‘ﬂy + RMQ’QTC;@’?,W
= Cﬂ?ﬂ?af'y — CSS (C;;";r";r’;?:" o C;i?’;r’-y;y/cér’y’a?’y’ - C-;’;?:’a?"y") +
¢s” (Clryryrar + Coparrar + Copparar — Cop )

« Atraction g, along Ox induces a shearing ¢,, due to the fiber orientation

y

= 2013-2014 i
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Laminated composite structures

« Generally orthotropic ply mechanics (7)
— Plane o state (5)

» All the non-zero components are

C:I.‘Ll?.’r;r = 046;;';}3:13;33; -+ 20282 (CI,I NI QC’; It l) -+ 840,; 1oyl ot

x'x’ 1y’ 'y x'y vyuyy
A 2 2 / / 4 1
cyyyy — S Ca_,_;a?;a?;a_,_; + 26 S (C:I:!I.f.yfyf + zcajfyfa?_!.yf) + C cyf-yfyf-yf

yyuyy

Cy;?:;ry — Cya:ya: —

i 2 (. &
((12 - 992) C;T!_y!:r:fy! +Cze92 (Cl,l N - + le Y Y ch! . )‘)

x'x'x'x y'y'y'y x'x’y'y

C;r:ca.’.y - C;I:y;r:{? — C:rary;t: — Cy;t:;r:a.’. —

C’yy;t:-y - CILUZUZU — C'y'yy:.s: — C’ya:'y'y -

'y x'y

C;Baryy — C-yy;:-:g: — ((34 -+ 84) C;/B!;E,'yfyf -+ (3282 (C;/BI.TIIII_I + C,r Y A 4Clr !yt r)
C

3 / / / 3 (! / /
c S (CIJI,'I!I,' - C:rfmf_y!yf — QCQTfy;J_,_fyf) + CS (C A QC I C_yfyf_yf_yf)

x'x'y’ x'y'x'y

3 (! / / 3 / /
CcS (C‘Tfajfa_,_flrf - Ca_,_fa:f,yfyf - Qcmfyra_,_;yf) +Cc's (C R 2C° 1 1o

!
x'x'y'y o'y'x’y’ cy’y’y’y’)

2013-2014 Fracture Mechanics — Composites
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Laminated composite structures

« Generally orthotropic ply mechanics (8)
— Plane o state (6)
« Can be rewritten under the form

Oza C;E;?:;r:c C;?:;I:yy TTTY Erx
T yy - c'y'yo’lffﬁ CUU A C’nyﬁ’y Eyy
T 1y C:cya?;r Yyy rYTY €y

Opy — C;r;z:n:;rea:a: + C;B;E-yyeyy + Ca:af;r-y‘g;:-:-y + C;r;r-yazgyaf

o';?:-y - Ca?ya:atea:;r + Ca:yyyeyy + C;Bya:yea.‘.y + Ca?yy;reya:

 Remark: a symmetric matrix (not a tensor) can be recovered by using
— The shear angle y, = g, + g, =2 g,

O C;I: rrT C;I: TYY Erx
- O yy = Cyyrz  Cyyyy €yy
O 1y ﬁf:cy

Tension/shearing
coupling

2013-2014 Fracture Mechanics — Composites 27
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Laminated composite structures

« Laminated composite
— A laminate is the superposition of different plies
« For a ply i of general orientation &, there is a coupling between tension and

shearing
i i i i i
O.E xr CLIFLI? xrrT c;l?;l?yy C:I xrary € 1? T
T _ 1 1 a 1
Ty = ny;ra? C " Cy vy €y
T 1 1 1 L
0..:17 Y ca:y T ca:’y Yy c:?: Yyry F:’ TY

— Symmetrical laminate
« Symmetrical geometric and material distribution

» Technological & coupling considerations (see late

* To ease the transfer of stress one
layer to the other t=0.1254
— No more than 45° difference between plie mm 45°

2013-2014 Fracture Mechanics — Composites



Laminated composite structures

« Laminated composite (2)
— Supression of tensile/shearing coupling

3 ! ! / /
° Cajajajy = C S8 (Cajf;rfmfmf — CaTII:'_ya’yf — Ca?!,yfa?f,yf — C_yfmfa?f,yf) -+
3 ! / / /
CS (CIa’ya’y!If —+ C,y;a?;,y;a:r -+ cyf_y!a?fajf — C_yf_yf_yfyf)

» Supression of tensile/shearing coupling requires

— Same proportion in +o° and —o.° oriented
laminas (of the same material)
* Then s(+a) =sin (+a) =-s (-a) &
s3(+a) = sind (+a) = -s° (-a.)
« So two terms (,,,, Will cancel each-others

XXXY

= 2013-2014 i
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Laminated composite structures

« Laminated composite (3)
— Resulting elastic properties of a laminate can be deduced

— Deformations of the laminate assumed to correspond to a plate

« Membrane mode & resultant membrane stresses

Ny = /o:rydz =mn, =
\. h i

« For a laminate the integration is performed on each ply

Zi41
— E / T dz
i v

-,
Ny = / Ouprdz =M, = (/ o - E“‘d?‘)
h x
Y
.S Ny, = / o,y dz =mn; = (/ E“d?*)
Ay h hoo ‘

= (o2,

Zi41
< = Z / Ty dz o
i v t;=0.125
st mm ¥
= Z / O pydz
i Y
2013-2014 Fracture Mechanics — Composites




Laminated composite structures

Laminated composite (4)

— Deformations of the laminate assumed to correspond to a plate (2)

* Bending mode & resultant bending stresses

(

<

—~

Mypy =

/ Opp2dz =M,
h

= Y
My = / Oy zdz =my
h

* For a laminate the integration is performed on each ply

(
Mgy =

i
Myy = E :
i

Zi41
E / Oyl

Zi
Zid1
/ Oy 2z
Zi

Zif1
\ mﬂ:y — E / U:{:yZdz
i

= (/0' - Eﬂ’zdz)
h T

= (/ o - Eyzdz)
h Y

’?’hi{(/a-Eyzdz)
) h x
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Laminated composite structures

A

« Laminated composite (5) z
— Stress-strain relationship
» Deformation of the laminate can be separated into

— Deformation of the neutral plane
— Deformation due to bending
» See picture for beam analogy
« Strains can then be expressed as

Era Erx (Z — 0) —U zx {
eyy | = | € (z=0) | +2 — Uz yy P
Ty Yay (2= 10) —2U iy
8;?:3: ﬁ;?:a:
= e%y + z H,g}y
Ty Ry

— EXxponent zero refers to neutral plane
» Assumedtobeatz=0
» In case of symmetric laminate it is located
at the mid-plane
— Classe on shells for rigourous demonstation
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Laminated composite structures

Laminated composite (6)
— Stress-strain relationship (2)

7 ) 7 ) 1
h ol O.;r;?: crrrr crru’u CLI:I:I’U 83:;1:
e |n eac 7 o 1 ) ) 7
Py o'y'y o Cuu TT Cu yyy Cuua Y eyy
) 2 2 1 ~2
Gaty Ca YrxT ca’uuu cruru fxy
With Earw 6193;17 K’;?:a:
| _ 0 0
Eyy — €y + z Ry
N -0 0
Jzy 2y Ty
- So, using tensorial notation o5 = C., Bwbevé 2C! {3,yéuz o

» As properties change in each pIy, this theoretically leads to discontinuous stress
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Laminated composite structures

« Laminated composite (7) z
— Stress-strain relationship (3)

+ Membrane resultant stress y

— As in each ply

0

) 1
C %/Oeﬂ/() 7Ca8ﬁ/5uz.’y5
Zid41 Zi41

l:’>’na 3 = E / O -}d7 = 870 E f .3,\/5d7 u., ’j/() E / 7CQ ;,\J,(;dz
2

. —
—_ _ -0 2 ' 1—|—1 7
Nap = 8“/5 E :Ca.,:fi’ﬂ/()'t? —u, '\/6 E :Co: B0

_ E 0 E 1 7.
== Nng — 57/0 co.f %/O uz_._ﬂ,/é Co{ﬁﬁ/étlzﬁ
1

— With the posmon of the neutral plane of each ply z; =

kz—l—l

Ziv1l + 2
2
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Laminated composite structures

Laminated composite (8) z
— Stress-strain relationship (4)
« Bending resultant stress y
— As in each pl ////l ]
py y/4 N m
yy
= C' 55805 — 2C o sul X - M, My
o:* afBvyo=~o Bvo Pz, ~b m,

Zid1 Zid1 Zid1 2 _
1
= Mag = E / Oapzdz = e,\fé E / Cl, 3'~r0d7 ,, ':/O E / 27Ch gz

3

. C ‘ C 1—|—]_ Zz
mcw 3 — 570 afByov iZi T, q/c) afB~yd 9

-~ 0 Z i _ Z @'+1+7 + 2 %41
= mO(B - Er\/é ca{'}f\/ét’tz’& o z ,\/6 CQ '}n/é 1 ‘_))

= ma-} = E’yé E CQ ;,Yétif?; —

2 2
Zit1 + 7z n (Zzit1 — 2i)
12

z '\/6 Z Co:f%/é'ti ( 9
#3
= Tla3 = €1 Z CorysliZi — ul s Z Ceya ( + ﬁ)
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Laminated composite structures

« Laminated composite (9)

— Stress-strain relationship (5)

» The two equations are

f

\

0
n Y ,&8 — & 0% O
~ 0
m [@% -8 — E f\/ 6

Aa@é

E :(11370

2 = 0
E :(lxﬁyétiziggfth,
2

Baﬁ@

Baﬂw

Z,7y0

i _
) E :(llﬁvétizi
1

7
Y0 E :(11875 (ti

* Which can be rewritten under the form

yyzrx

xTyxrr

[SuJESNge S

€TrTrrix

yyre

/,__
Ssjisy

TYTrT

?133'__flﬂltfepr_%fleUUe _%flrrrug _%fqaauae

Blf(ra.’-a.’-uz , LT

TTYY
Yyyy
TYyy

oo e

TTYY

o

Yyyy

Sy

TYYy

0

ngmmmy
2Byyay

0
'_lgxmyytﬁayy——

lgmwxm TTYY
lgyy£$ yyyy
Boywa TYyYYy

0
lgmmxyzﬁaxy__

213$$my
2Byyay
2By
Ql)mmzy
2D yyay
2D 1y

0

B(I?(I?’ylruzﬁyq;
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Laminated composite structures

Laminated composite (10)
— Stress-strain relationship (6)

(

As Yy - Exy + Eyx & Kxy - 'uz,xy - uz,yx

Ty A’yy$$ Ayyyy Ayyxy By’y$$ Byyyy Byymy
Ny _ Aa:ux:c Ax‘u'qu A:cya:y B:cya::c Bwyyy B:::ywy
mx:c B:cx:r::c B:r::cyy Bxa:a:y DI’{B.BQJ D'J::r:yy Dmxa:y
m’yy B’yy$$ Byyyy Byy:cy D’U’U$$ D’U’U’U’U D’U’!ﬂ@f
mwy } \ Bmyxa: Bwyyy Bﬂ:yxy nyxx D:I:yyy Da:y:z:y

Terms B are responsible for traction/bending coupling

— With B, gys = Zcéf}yétizi
— A symmetrical stack prevents this coupling
» 2 identical C' at z' opposite
Terms A,,,, are responsible for tensile/shearing coupling
— Can be avoided by using the same proportion
of +a and -a plies
Terms D,,,, are responsible for torsion/bending coupling

0
E%y
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Laminated composite structures

« Symmetrical laminated composite
— Stress-strain relationship

« Terms B vanish

0
Ny A:r:r.ra: Am:{?yy A:rxxy €ra
0
= Ty = Ayym A'yy’yy A'yyary E%y
TNy Aa:y:m: Awyyy Ait'yfcy Ty
* If his the laminate thickness
0
Oyx 1 Axm:m: Aac:cyy Ax:c:ry P
B 0
= Oyy = 7 Ayym Ayyyy A’yymy Eyy
o\ 4 A A 0
O 1y TYTT TYYY ryry Ty

e As Acxﬁ’y(? = Zcéﬁ'\/éti with
7

Ca:a:a:y — C:rya::r — C:ra:y;z: — c-y;r:;r:c —
3 3
C S (C;;If;rfxf — C:;flrf.uhuf — QC;;U;:B;U;) + ¢s (c;;‘a?f,uf,ui + ZC;LUI:EIU! — C_,f rot f)

vyuyuyy

— Supression of tensile/shearing coupling requires same proportion

in +o° and —a® oriented laminas (of the same material)
— Then s(+a) = sin (+a) = -s (o) & $3(+a) = sin® (+a) = -5 (-a)
— So two terms C,,, Will cancel each-others

XXXY
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Laminated composite structures

Symmetrical laminated composite without tensile/shearing coupling

— Stress-strain relationship
« Terms B & A,,,, vanish

Nz A:r:rx:c Aa::cyy A:m:xy
— Ty = | Ayyar  Ayyyy  Ayyay

* To be compared with an orthotropic material

E. VyocE:r
O l—r/x%/yx l—vpyvys
a.. — Vaey Ly Yy
vy l—veyvya l—veyvye
O 1y 0 0
— Homogenized orthotropic material
' A A — A?
I LrTrrr-Tyyyy TTYY
! hA .y
2
A;}:;}:;}:;I:A-yyyy o A:r;ryy
< EU —
‘ hA;r;r:ca’.
P Avayy & v — Azzyy
Ty — yr —
\ Ayyfyy Ax:m:m

0
20y

0

€ra
0

E’lly

0
’ny
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Laminated composite structures

« Methodology
— Finite element problem solved using ABD matrix of the laminated structure

(

\

Ty

With x; =

— In each ply i, field &

)\

Aa:x:m: Axmyy Axa:a:y B.BLIZCL’.E Bmmyy Ba:xa:fy
Ayymx Ayyyy Ayy:cy B’yyﬂﬂm Byyyy B’Ql@@l
Axuxw Awuuu A:cyxy Ba:yatx Bxyyy Bw 1
B:cxxa: Bxa:yy Bxxwy Da::m:a: Da:a:yy D:c:m:y
Bny$ Byyyy Byymy D’U’U$$ D’U’U’U’U Dyymy
Ba:y;m: B:cyyy Bmya:y nya:x D:cyyy Dwyazy

gt & & K5 = uzu—ulei

XX?

yy

2013-2014
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Laminated composite structures

« Methodology (2)

— Ineach ply i, field &, o,, d\, in laminated axes:

yy’
. T C’i 0 C?, 0

o.cxﬁ — o:[:?'yée'ycs -z cx[3'yc5uz,'yc3

— Ineach ply i, field ¢

wxr Oy Oy N the laminate axes

° O-i}:f}@l = R;;adaﬁR%ﬁ;B

with R( cos 0 sinQ)

—sin@ cosb

 The strain can be deduced from the stress y1

using g’ =’ : &’

— We have access to
 Homogenized resultant stress/strain in laminated structure

 Homogenized stress/strain in each ply (in the ply main directions)
— Analyses can predict stress/strain in the fibers/matrix

— How can we predict failure of laminated structure?

= 2013-2014

=
0
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Failure mechanisms of composites

« Heterogeneous structure of composites
— Failure mechanisms depend on the loading

» Tensile loading
— Matrix or fiber cracking, debonding ...

¥
VYVVVY

« Compressive loading
— (Micro-)buckling

AAAAAA

« OQOut-of-plane loading
— Delamination

— Several of these mechanisms may be
simultaneously involved

= 2013-2014

=
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Failure mechanisms of composites

« Tensile loading
— Fiber rupture (1)
* If no matrix
— Fiber would not be able to carry any loading
— Fiber would become useless
* In reality
— Matrix transmits the load between the two broken parts
— Fiber can still (partially) carry the loading
— Fiber/matrix debonding (2)
— Fiber bridging (3)
* Prevents the crack from further opening
« Corresponds to an increase of toughness
— Fiber Pullout (4)

— Matrix cracking (5) @
» Facilitates moisture
absorption
* May initiate delamination
between plies
— Ultimate tensile failure ,/
» Several of these mechanisms @ ‘/0

- E; 2013-2014 :
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Failure mechanisms of composites

« Tensile loading: Strength of unidirectional fiber reinforced composite

— A simple model

— Resulting strength curve of a ply

— What happens if a fiber breaks ?

* To be applied in each ply
— Study in the longitudinal direction 5
— Forclarity &... —> ¢, 0 ... > o

« Strain compatibility for fiber and matrix

AL

—:g:gf:gm

L

max

€r

max
<&,

N

* Fracture stress along x’ of ply i

max

max

y
) ] ] ) . g
* Since the fiber is more brittle than the matrix “m  {-f-----3-------------=- ,
, (e=€¥""") ! e
— €TRaCL — E’}TI?,(M'J O',nl i N
max
em
maxl A
(Ezsmam) 0‘

(o)

:0'f
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Failure mechanisms of composites

« Tensile loading: Strength of unidirectional fiber reinforced composite (2)
— A Simple model (2) 1

— Matrix may still have a load carrying capacity | |
« Assume that all fibers break simultaneously ‘ ‘ ‘ ‘ ‘

 What happensif g > gm** ?

— Fiber will break

— Matrix carries the whole load l
— Fracture strain is now gmer
maix o maxr
— Fracture strength @308 fibers = T (1= vf)
= 5! 2013-2014 Fracture Mechanics — Composites 45 wugs



Failure mechanisms of composites

« Tensile loading: Strength of unidirectional fiber reinforced composite (3)

— A Slmple model (3) g Mar 4
* Fiber dominated failure

___mazx
mazx mazx (e=e

o =" s 4 o, 1 = wy)
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Failure mechanisms of composites

« Tensile loading: Strength of unidirectional fiber reinforced composite (3)

— A Slmple model (3) g Mar 4
* Fiber dominated failure

___mazx
mazx mazx (e=e

o =" s 4 o, 1 = wy)
* Matrix dominated failure

mazx _ _mazx
O broken fibers — O (1 o Uf)
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Failure mechanisms of composites

Tensile loading: Strength of unidirectional fiber reinforced composite (3)

— A Slmple model (3) g Mar 4
* Fiber dominated failure

mazx mazx (e=e

o =" s 4 o, 1 = wy)
* Matrix dominated failure

mazx _ _mazx
O broken fibers — O (1 o Uf)

max

 Critical fiber volume ratio
— V¢ below which the composite strength

Is lower than matrix strength

(szemﬂ,fﬂ)
max f
Ucm't _ Om —Om

f B (sze}nam)
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Failure mechanisms of composites

« Tensile loading: Strength of unidirectional fiber reinforced composite (3)

maxr A

— A Simple model (3) a
* Fiber dominated failure
oM — o_?mazvf 1 a;}f_e}nam)(l B Uf) o-f
» Matrix dominated failure 7
o-g?:gfggen fibers — agax(l o Uf) Ufg:g}””

 Critical fiber volume ratio
— V¢ below which the composite strength

Is lower than matrix strength

(E::Ema:n)
max f
Ucm't _ Om —Om

f (E:E}”am)

a'}”a‘” — Om
* Reinforce a matrix with a stiffer and more brittle fiber

— Always leads to an increase in stiffness
— But not necessarily to an increase in strength
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Failure mechanisms of composites

« Compressive loading VY ov b v

— Microbuckling
* Fibers
— Long and thin
— Unstable in compression
* Never perfectly straight in the matrix
— Fiber waviness
— Increases the buckling risk

ttr et

— Macroscopic delamination buckling
» Especially if the material contains a pre-existing delaminated region

— +—
— +—
— +—
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Failure mechanisms of composites

« Out-of-plane stress: Delamination
— Fibers cannot carry out-of-plane stress
» Failure between plies

— Out-of-plane stress can result from
« Structural geometry

— 2 panels joined in a « T » configuration

— Should be reinforced by stringers .

» Free edge effect (see next slides)
— Delamination can also be caused by impact loadings
« Accidental drop of a tool during manufacturing
 Bird strike on aircraft structures
— Damage not always apparent
« Dangerous
 Ultrasonic inspection

% 2013-2014
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Failure mechanisms of composites

« Delamination — Free edge effect
— Classical laminated theory assumes plane-o state of each plies

O, =0p; =0y = 0

— BUT
 Significant out-of-plane interlaminar stress may appear
— In small zones
— Close to the free edges
« Even for in-plane external loading only
« This is the free edge effect which can initiate delamination
— Plane-o laminated theory fails to predict interlaminar stresses
« 3D laminated theory and correct boundary conditions should be used
* Involves complex differential equations

» Requires numerical solving methods (e.g.: finite differences)

- 2013-2014
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Failure mechanisms of composites

Delamination — Free edge effect (2) Z
— Example : [0°/90°]; laminated structure in tension Va

 Letx’y’ be the local axes in each ply

)

,7—>y

X
|
OO
Voo =
« In the global axes { m, 'y’
y;cy = Vyrg

« Bonding compatibility
— Same strain along y
— Since v, < v,
» 0°-ply: tension along y
» 90°-ply: compression along y
— This leads to this stress distribution alongy %

—
Gy

* Rotational equilibrium is not satisfied !!
— There should be a restoring moment
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Failure mechanisms of composites

« Delamination — Free edge effect (3) Z

— Example : [0°/90°]; laminated structure in tension (2)
» Restoring moment
— Free edge and the upper faces stress-free
— There should be a o, distribution at the
90°/90° interface

X, _.-'::;:3:::;:3:::;:3:::;:3:::;:3:::;:3::.;:5:3"'

X
—_
Center of the Singular solution at
laminate free edge
< Free
N edge

* At each interface

— Interlaminar stress distribution (mode I)
» At each interface except symmetrical one

— Shearing (mode II)

— But obviously vanishes at free edge
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Failure mechanisms of composites

« Delamination — Free edge effect (4)
— Interlaminar stresses can initiate delamination at the edge of a laminate
— These stresses strongly depend on the stacking sequence

— Free edge effect can be reduced by
« Modifying the stacking sequence
» Using edge reinforcements
* Modifying edge geometry

= 2013-2014

=
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Failure study methodology

Heterogeneous vs isotropic homogenous materials

— Notch strength: assume plate large compared to hole
 Isotropic homogenous materials

— Stress profile (lecture 2
profie ) N N
o 3a*  a?
"yy@’yo)T(Q*?*ﬁ) o

Large hole
— Stress concentration factor equals 3
Small hole

» Whatever the radius of the hole R
» Thus, for a stress-based criterion
strength independent of radius
— However the distance where the stress

concentration acts depends of the hole radius L A A A |
« Composite
— Measurements show a radius dependence
on material strength
— Increasing radius lowers the strength
— Volume over which the stress acts is important
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Failure study methodology

Heterogeneous vs isotropic homogenous materials (2)

— Notch strength: assume plate large compared to hole (2)
« Composite (2)

— Increasing radius lowers the strength '

— Volume over which the stress acts is important
* Whitney-Nuismer criterion for failure in
notched composites
— Failure will occur if the stress exceeds the
un-notched strength o' over a
critical distance d
— This parameter is obtained experimentally

A

Large hole
Small hole

B

»

— Criterion ¢, (R +d, 0) > ol !

* This is not a rigorous approach
— Due to the heterogeneity, there is a scale-effect
— What happens for sharp crack?

%Z ;l 2013-2014 Fracture Mechanics — Composites
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Failure study methodology

« Heterogeneous vs isotropic homogenous materials (3)

— Sharp crack

» (Brittle) homogenous material K
— Asymptotic solution g™°de ! — L pmode ()

NoT

— Outside singularity zone

» Solution completed by terms in r9, r/2 .

» Geometry dependant
— K-only-based fracture criterion

» Only if all non-linear behavior in
singularity zone
* This model is based on continuum mechanics assumption

— Theoretical concept that is verified or not depending on which scale a
material is studied

— For LEFM: micro structural constituents small compared to singularity zone
» Non-damaged metals
» Ceramics
» Plastics

— What about composites?
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Failure study methodology

« Heterogeneous vs isotropic homogenous materials (4)

— Sharp crack (2)
« Composite
— LEFM valid if continuum mechanics is valid

» Fiber spacing small compared to the size
of the singularity zone (continuity condition)

» Nonlinear damage (debonding,

matrix cracking ...) must be confined
to a small region within the singularity zone
— However, anisotropy has to be taken into account
» Asymptotic solutions will be different

» SIF’s now depend on geometry, loading AND anisotropic parameters

 Interlaminar failure: delamination Q
— Crack is usually confined to the matrix
between plies h
— Continuum theory is applicable UAEMEESE I -

— LEFM can be used
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Failure study methodology

« Heterogeneous vs isotropic homogenous materials (5)
— Sharp crack (3)
« Composite (2)

— In some cases, LEFM is valid
» See previous slide

— BUT for composites
» These conditions are not always met, and when met
» Several complex fracture mechanisms are involved
» Failure is often controlled by micro-cracks distributed

throughout the material instead of a single macroscopic crack

2013-2014 Fracture Mechanics — Composites
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Failure study methodology

« Failure prediction of composite materials
— Interlaminar failure: delamination
» Analytical: LEFM
* Numerical point of view
— Crack path is known Thickness t
— Cohesive elements can be used
— With appropriate traction-separation law
— Intralaminar failure Q

« Often controlled by micro-cracks distributed throughout the material
« This can be better handled by damage mechanics for example
— The ply is homogenized
— Loss of integrity in the ply is introduced through damage variables
— Damage affects the stiffness and the strength of the material in a continuous
way (see lecture on numerical methods)
* Numerical point of vue

— Verify a failure criterion on each ply for fracture initiation
— Can be completed with damage theory

2013-2014 Fracture Mechanics — Composites
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Failure study: Interlaminar fracture

* Interlaminar fracture toughness
— Assuming continuum mechanics & SSY hold: LEFM

— Due to anisotropy, G, is not the same in the two directions
* The fracture energy will be different in mode | and mode I
« DCB specimen testing: G, & G,

h :
Thickness t h I u Thickness t

 Mixed mode fracture criterion

GI ) m ( GII ) mn
- + [ —— — 1
(ch Grie

where m & n are empirical parameters

% 2013-2014 :
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Failure study: Interlaminar fracture

« Interlaminar fracture toughness: Mode |

— Crack propagate in the matrix (resin)
* G, =G, of resin?
— Due to the presence of the fibers
« G,. # G, of the pure resin
 Fiber bridging
— Increases toughness
* Fiber/matrix debonding
— Brittle matrix
» Crack surface is not straight
as it follows the fibers
» More surface created
» Higher toughness
— Tough matrix
» Fibers may prevent the
damage zone in the matrix
from extending far away
» Smaller surface created
» Lower toughness
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Failure study: Interlaminar fracture

* Interlaminar fracture toughness: Mode | (2)

— Measure of G, ?
 DCB (see previous lecture) -
300 Thicknesst I u
O
o 120Q%a? B 3u*Eh? ~ 3u@ Q
Et2h3 16a* 2at

guCQC

Qat
* The initial delaminated zone is

« Atfracture G, =

introduced by placing a non-adhesive

Paul Tihon, coexpair

insert between plies prior to molding
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Failure study: Interlaminar fracture

« Interlaminar fracture toughness: Mode | (3)

— Measure of G, (2)
» Linear beam theory may give wrong
estimates of energy release rate

— The area method is an alternative solution
« Periodic loading with small
crack propagation increments
— The loading part is usually nonlinear
prior to fracture
« Since G is the energy released

Paul Tihon, coexpair

per unit area of crack advance : (; = ﬁ
tAa
A G A
Q
$ \ O‘— ——————— @_ __________ _@__-
lgi,
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Failure study: Interlaminar fracture

« Interlaminar fracture toughness: Mode Il

GIlc

* Usually 2-10 times higher than G,
— Especially for brittle matrix

* In mode Il loading
— Extended damage zone, containing

micro-cracks, forms ahead of the crack tip
— The formation of this damaged zone is energy consuming
» High relative toughness in mode Il

Thickness t

* Note that micro-cracks are 45°-kinked
— Since pure shearing is involved, this is the direction of maximal tensile stress
— Thus, the micro-cracks are loaded in mode |

‘-‘—f@ 2013-2014 3
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Failure study: Intralaminar fracture

« Intralaminar failure prediction

— Aim: Predict if a composite will break or not for a given loading
» Failure often controlled by micro-cracks distributed throughout the material
* Numerically
— Verify a failure criterion on each ply for fracture initiation
— Can be completed with damage theory for failure evolution
— Practically
* Proceed on each ply
» Use of homogenized properties of the ply

« Extract stress in the main direction of the ply

aﬁ =C, /375575 2C; (3«/@“ A8
Ty = Rira 00 s Riy s
» Consider a fracture surface F (c’, Material parameters) < 1
— If F > 1, then the composite breaks

— The material parameters are determined experimentally
— Microscopic failure mechanisms are hidden behind these parameters

= 2013-2014 i i s
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Failure study: Intralaminar fracture

Intralaminar failure criteria

— Homogenized stress state
« For conciseness, rename stresses
« Longitudinal stress o,... — o;
* Transverse stress O, — Oy
* Shear stress o, — 7
— Failure criterion for an orthotropic ply

In plane-c state should consider
« Longitudinal (along Ox’) tension and
compression strengths: X, & X,
« Transverse tension and compression
strengths: Y, & Y,
* In-plane shearing strength: S
— This means at least 5 material parameters
« 3 if no distinction between tension and compression
— Criteria
* Maximum stress
» Considering a surface (Tsai-Hill & Tsai-Wu)
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Failure study: Intralaminar fracture

« Intralaminar failure: Maximum stress criterion
— Interactions between stresses is neglected

g
0]
{09
g2
12|

NNV OA VA

Xt
Xe
Yy
Ye
S

if
if
if
if

g 2
o, <
gy 2
oy <

— Maximum strain criterion

 Same formulation, but in terms of strains

— EXxperiments

» Discrepancy for biaxial stress state
 Biaxial strength criterion to be sought

o O O O

E-Glass-Epoxy

150
100
70

TENSION
4 28

0° 15° 30° 45° 60° 75° 90°
OFF-AXIS ANGLE, 6

S Tsai, Strength theories of filamentary structures, in
Fundamentals Aspects of FRPC, 1968, Wiley, New-York
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Failure study: Intralaminar fracture

e Tsai-Hill criterion
— Aim: consider biaxial stress state
* Inspired from yield von-Mises surface
— Hill proposed a yield surface for orthotropic materials in 3D
(G+H)ol+ (F+H)o3+ (F+G)o? - 2Ho109 — 2Go103 — 2F 09073
+2L73, + 2M 123, +2N712, < 1
6 parameterss FGHLMN

— Tsai modified these parameters for composite failure
* Relate these parameters to the failure of an orthotropic ply in composites
— X: longitudinal strength,
— Y: Transverse strength
— S: Shear strength
» Consider separate critical loadings to find the parameters

1

—Only 'T12:S | 2N:§
1
— Oﬂly T13 :Slg = 2N = Vo R
813

1

— Oﬂly Tog — 823 = 2L = Vol
823

= 2013-2014

=
0
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Failure study: Intralaminar fracture

* Tsai-

Hill criterion (2)

— Tsal modified these parameters for composite (2)

» Consider separate critical loadings to find the parameters (2)

(G+H)o?+ (F+H)o3+ (F +G)o? —2Ho109 — 2Go103 — 2F 09073
+2L72, + 2M 723, +2N712, < 1

—Oonly g =X — GiH=—

Y2
1
— Only o9=Y = F-|—H:ﬁ
1
—Only 0'3:Z = F+G:ﬁ

» General 3D case: strength Z in the third direction

— Resolution of the system:

1 1 1 1 1 1 1 1 1
QG:X2+ZQ_Y2 2F:y2+22_X2 QH:X2+y2_ZQ
y4
» For unidirectional fibers in the x-direction, e o © ‘0 e o
. . e O @ o
the strength isthe sameinyandz: Y=Z2 @ o o ® >
© o 0 © © y
e © ¢ o 0 O

=
0

2013-2014 Fracture Mechanics — Composites 71 vl



Failure study: Intralaminar fracture

« Tsal-Hill criterion (3)
— Hill criterion

(G+ H)o? + (F+ H)o3+ (F + G)o2 —2Ho 109 — 2Goy03 — 2F 09073
+2L73, + 2M 712 +2N713, < 1

1 1 1
| 11 1 1 11
With <2G:X2+ZQ—Y2&QF:YQ+ZQ—X2&2H:X2+Y2—Z2
1 1 1
- — 2M = — & 2L = —-
=% & 7 &

— Assuming plane stress, and Y=Z, the Hill criterion becomes the Tsai-Hill
criterion for unidirectional composite ply

2 2 2

v x ptg<!

Xy if >0

* The values for X and Y are taken Y-/ ot b g
depending on the sign of ; and o, . V. if gy >0
B YC if o9 < 0
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Failure study: Intralaminar fracture

* Tsai-
— Tsai-Hill criterion vs Maximum stress critericn

Hill criterion (4)

— Depending on composite

» Tsai-hill criterion may or may not give

better results than maximum stress
« One way to improve the criteria is to
add more terms

E-Glass-Epoxy

Ox
>
150 2 "T_%} - 1000
100 N
70 Yy / - 500
w0 7
Ox S, 1200 Ox
ksi 20 ™ - . 138 MPa
¢ - 100
COMPRESSION
10 ‘ : :
7 TENS".)N 50
4 28
0° 15° 30° 45° 60° 75° 90°

OFF-AXIS ANGLE, 0

S Tsai, Strength theories of filamentary structures, in
Fundamentals Aspects of FRPC, 1968, Wiley, New-York
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Failure study: Intralaminar fracture

Tsai-Wu tensor failure criterion

— Add terms to the surface
« Strength parameters in a tensor form

» Failure surface: Fig; + Fjjo0; <1 (i,j=1,...,6)

« Subscripts i,j correspond to Voight notation
1L =011, ..., 03 =033, 04 —T23, 05 = T13, 06 — T12

* More experimental parameters required in the general case
— For an orthotropic composite ply in plane-o state
* Plane-ostate: F;, Fy, Fs, Fi3, Fiy, Fis, Fsi, Fyi, Fg; disappear
« Assume no coupling between tensile and shear stress failure parameters
— Fi6 = Fy=0
— Otherwise the criterion would depend on the sign of shear stress
— See the remark on F4 on the next slide

Fioy + Fyoo + FsTio + Fi10% + Fasas + Feeriy + 2F 100105 < 1

» Linear terms are useful to distinguish traction and compression failure

= 2013-2014
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Failure study: Intralaminar fracture

« Tsal-Wu tensor failure criterion (2)

— Criterion
. Floy 4+ Foo9 4+ FTio + F110% 4+ Foo03 + Fymiy + 2F 100105 < 1

— ldentification of parameters
« Only o=X;, = FX +FX?=1 (traction)

only o=X, = FIX +F;X*=1 (compression)

1 1 1
=y Ty & 'm=Txy
« Same for transverse stress
1 1 1
e P — [
2 Y, + Y. & I V.Y,

° Only T = S = F@S + F6682 =1

 Shear criterion should be independent of the sign of 719 == F;=0

1
| e— = —
Foe 3
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Failure study: Intralaminar fracture

« Tsal-Wu tensor failure criterion (3)
— Criterion
o« By oy 4 Fooy + FoTia + Fi107 + Fagos + Feemiy + 2F 100109 < 1
— Fy
* A bi-axial loading is required.
« Let's choos[e o=o=0: (F+EF)o+(Fii+Fyn+2F,)0° =1

1 1 1
F1:—-|-— & FH:—
— AS < Xt Xc XtXc
1 1 1
Fh=— + . = —
| 12 Y}+YC & 29 V.Y,

= F12=L {1— (iﬂ-iﬂ-iﬂ-i)oﬂ-( 1 + : )02]
202 X, X, Y Y, XX, YY.
— F,, depends on
» Tension/compression strength parameters
« AND o
* How to determine it?

% 2013-2014 %
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Failure study: Intralaminar fracture

« Tsai-Wu tensor failure criterion (4)
— Ciriterion
« Fyoy 4 Fooy + FoTia + Fi107 + Fagos + Feemiy + 2F 100109 < 1

S N PR RS SRS O R DA SRS B
g=— |1 - | —+ — o o
with - f12 =573 X, XYY XX VY

Value of leading to failure 0 O 1400
- N= =0 [FoRo=PorT |
1= 2= [BORON-EPOXY | < 4200
« Can be determined experimentally 2 0!
— Such tests are expensive 1°0r \/ 71000
o p : Ox y<— / Ox
« Criterion not really sensitive to F,, ksi 1800 MPa
100 -
— Approximate solution ® TENsIONDATA < » {600
—— TSAI-HILL Ox
——=TSAI-WU [Fy5 = ~.58x10~4(ksi)~2]
1 1 1 [Fy5 = -1.2x10-6(mPa)-2] | 400
F ~ —— - S0 - 3 TSAFWU [Fyp = —4.8x10~%(ksi) 2]
12 2V X X VLY % [F12=-10x10%(MPa)] |50
C A

0
0° 15° 30° 45° 60° 75° 90°
OFF-AXIS ANGLE, 6

1+1 +1+1 o’ a§+fr122\/1 1 4
— | T — | 09 — g0
X, X))\ ) XX Y2 VXX Ly e
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— Final Tsai-Wu criterion is




Failure study: Intralaminar fracture

« Remarks on failure criteria

— The choice of a criterion is not an easy task
— No one is universal

— Can lead to good or inaccurate results depending on the loading and on the
composite

— The fracture envelope is constructed by a curve fitting procedure
« Some fracture points of the envelope are experimentally measured

« The whole fracture envelope is then fitted assuming (for example) a polynomial
shape

* However, the experimentally measured points correspond to different physical
mechanisms, e.g. for a unidirectional ply

— X, corresponds to fiber fracture
— X, corresponds to fiber buckling
— Y, and Y, correspond to matrix fracture
« So there is no physical reason to connect these points with a continuous curve
— However, such criteria are
* Very simple to use in practice
« Can give good results

- 2013-2014
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Failure study: Intralaminar fracture

« Extension to 3D

— To include transverse shearing and normal out of plane stress (if any)
* LetS,;,, Si3, S,3 be the shear strength along 12, 13, 23 respectively.
« The methodology is exactly the same as before

— Tsai-Hill
0'% cr% a% 1 1 1 1 1 1
Tt \nTre 2\t e ;)0
SRR Py T T
— — o0
y2 "7z x2) TP e T g2
— Tsai-Wu
1 i 1 i 1 L 1 . 1 . 1 o’ ol ol
— o o — | 03— — —
X 'x)U\yv ")) \z " 2)7 XX, VY. ZZ
T223 T123 Tizz
+ 5 + 5 + 5 -|—2F120'10'2-|—2F130'10'3+2F230'20'3<1
823 813 812
© With  Fp ~ _% thXC YtlYC s & _% thX,: Ztlze I23 “‘% Ytlyc Zf,lze

— But how to evaluate the transverse shear c,5, ,51n each ply?

% 2013-2014 i [ :
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Shear stress

« Transverse shear stress
— Plane-o state was considered in each ply of the laminated structure
— Transverse shear stress
« EXists
« Can lead to mode Il debonding
« Should also be considered in failure criterion
— Example: consider

 Laminated structure

« Submit to shear resultant T,
4

» Cross section will rotate of a mean angle Gy
 Each ply will warp differently (increments 73, and 1, )

% 2013-2014 :

Fracture Mechanics — Composites 80 vyl
le Libge o




Shear stress

« Transverse shear stress (2)
— Displacement field

‘(2. y, 2) = ug + 20, (2, y) + 1, (2, Y, 2)
| Uy (Zl’), Y, Z) — ug — 20, (373 y) + Ty (':Ua Y Z)

\ u. (ZU, ya Z):u2+nz ('T;a ya Z)
— Strain field
(€20 = 52:3: + 20y 4 + %ﬂ
Eyy — . €2y - 205y + M S 0.,
’Y’yz — ’u’z,y o 9$ + T}’y,z + UE A A
< ).
)
V2e
Yoy = ug:y + uz?l,:r: + 2(0yy —brs) + ny,%/nm,y
\ A0
i Assume negligible in-plane
variation or warping
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Shear stress

« Transverse shear stress (3)

— Strain field (2)

KOXX
Ere = €0+ 4@
Eyy = s%y — @ i
Yyz = Vyz T My.2 Y
Vzx = 721: + :
Yoy = 'ng + ‘(
KOy
Era — 8:[1)73: —l_ Z‘K’g'x \ . .
c — &0 4 0 «— As without shearing
yy Yy Yy
=> { VYyz — ’VSZ +  Ny.z
Yy = ’Yg,u + Zﬁ?gy
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Shear stress

Transverse shear stress (4)
— In each plane-c ply i, we found

o' Ct

C! CL gt

T &rarrr TIrYY TIrIY g:;l:
G-y-y - C Yyyrx Cuuuu Cy’ua-"y egy
U;t.’y ca yrx Ca'uuu Cruru ﬁa"(a.’y
» Assuming only 0 and 90° plies, and adding out-of-plane shear effect, ply k reads
k k k k
() (G G 000 (e
o-'%y yyxrx yyyy . €y y
O, = 0 0 Cyz,qz 0 0 %Z
: k
\ o-sfgy ) \ 0 0 0 0 C:rwy ) %:y )

« Stress obtained using

Ere = €y, T 2R,
Sy = 581; + zhy,
$ Yz = ’Vuz T Ny.z
Vzx = 'Vz:c + Nz
Yoy = ’Yg,u + Zﬁ?gy
=> 0- - Cimamgﬂfﬂ? —|_ cfmyyeyy Cjcca:.czc ( C[CE —|_ ZK ) —|_ Cﬂib;cyy ( gy —|_ Zﬁgy)
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Shear stress

Transverse shear stress (5)
— Recall plane-o state relations for a laminated structure

0
0
Tyy Ayym Ayyyy Ayyfw Byyze  Byyyy  Byyay E%y
nxy L Ax'qu Axu’uu Amymu B:c’y:t:x Bmyy’y Bwy::cy f}/;m;
- P E— 0"
~ 0
My Byyzz  Byyyy  DByyry| Dyyez  Dyyyy  [Dyyay Ry
~ 0‘
K Moy / \ Boyer  Bayyy Baywy| [Dayez  Dayyy| Dayay ) K Ry }
— Assume symmetric pile up AND only 0 and 90° plies
Axa:a:;c A:m:yy 0 .
0 _
Ayyaa: Ayyyy 0 ( 5;1;3; A:I‘.EQS‘:I' A:t:wy'y 0 N
0 _
xy:cy suy _ A’UU$T A’y’yyy 0 n’y’y
0 0 0 A n
0 0 0 Yy zyzy Ty
(000 — 4 =
0 0 0 H;:rx Da:a::m: Dm‘yy 0 Mgy
D D.. 5y = | Dyyazr  Dyyyy 0 Myy
TLXILX Trr D g
yyzz Pyyyy \
0 0 D:Bya:y
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Shear stress

« Transverse shear stress (6)
— PIy k

k k k k

- Cxxaxgu’lﬂ? -I_ Ca:):yyeyy C:casc:c ( ax -I_ Zﬁ ) -I_ C:U:cyy ( 23} -I_ Zﬁgy)

« With adequate assumptions (symmetric pile up AND only 0 and 90° plies)

0 —1
5;1:3; A:I‘.EQS‘:I' A:t:wy'y 0 na::c
0 _
€y v | T Ayyaz  Ayyyy 0 Nyy
'yxy 0 0 Asyay Ny
— Couple does not introduced tension 7
» For problem under consideration

— No tension
— No coupling bending/tension
— Could be added later by superposition

~ 0 — _ A _ k k
e:m_gyy 0 — Oy Z(Cmmam aw+cawyy yy)
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Shear stress

« Transverse shear stress (7)

— Plyk
k k k
e O, (Cxxaza' Kya + Cxa:y'q ’qu)
e As p - .
; . W0 DyyyyMas = Daayyiyy
~ T
ﬁ:;rx DII:I?LU D:E.Iyy 0 rrn’x.’lf D;c‘;[ ;[;;chyyy D:%.l yy
7 vy 2
xy 0 0 Da:yaty mf:;:y \ D:ra:xxD*yyyy o D:c;ryy
k _ k
= 0,, = (Cfmx TT + Cwscgl{vy yy) " .
. (Cx“nyyyy Ca:a nyl xyy)mfxaz + (Cau nyxfCﬂ?l C“:EIDx:ryy)m/yy
Dﬂ?m ID Yyyyy Dx:cyy
* In case of no applied bending m,, /4
k k
O'k . me T D yyyy C:.':a:ny¢1735’lJy "
Tr N2 LI
Da:a:a:nyyyy ngcyy
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Shear stress

« Transverse shear stress (8)

— Plyk(2)
k k
. O'k . CCE.GC.I.I‘D yyyy Cmnyafwyy ﬁ?,
TT 2 LI
l)mmmml)yyyy _'l)xmyy
. do ij
* As linear momentum balance reads Br. = (
x .
J
80-55’55 n ao-aty n ao-a:z — 0
dx dy 0z
* Assuming
O 80-5(32 80-:17.’,8
(0) il [ — = —
e 0z ox

k k ~
C.l L] nymyy C.l ma:Dyyyy 0mfm:

D;I:x:c;rDyyyy o D2 Ox

TTYY
yA

* Finally
OMeyy

— T,

oz
k k
8CT:;::Z C:,L":I'uy Tryy CiI'.I}LE‘fL’ yyyy
8z D£I$$Dyyyu Dxm;y
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Shear stress

« Transverse shear stress (9)

f— z =

TTYYy

k k
ang Cm:cnyiBiI?’yy o C:{tmaszyyy’y

— Transverse shear distribution

« By recursive integration on each ply

e BCs { ;. = 0 On the 10W€l‘ and upper faceS

ol = o, Between plies (shear stress continuity)

« Can be very different from the distribution expected for an homogeneous beam

Homogeneous beam
Cross section: b xh

3T,
@ G =

Qv

(5]
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