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First question 

 

 
Figure 1: Compact Test Specimen (CTS) 

 

A compact test specimen (CTS) is submitted to a loading Q, see Figure 1. The displacement at 

the loading pins is denoted by u, and the crack mouth opening is denoted by m. The CTS is 

made of steel, see material properties in Table 1. The steel material follows the power law  
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In the elastic regime, following the norm ASME E399-90, the evolution of the crack mouth 

opening vm,e, and of the stress intensity factor K in terms of the loading force Q and of the crack 

size a, were calibrated using the finite element method. 

 

For the crack mouth opening, one has in elasticity 
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For the stress intensity factor, one has in elasticity 
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 Steel  

h [m] 0.036 

a [m] 0.02 

W [m] 0.08 

Thickness t [m] 0.03 

Toughness  KIC 

[MPa.m1/2] 

150 

Young E [GPa] 210 

Yield p
0 [MPa] 400 

Poisson  [-] 0.3 

Power law  [-] 1 

Power law n [-] 10 

Tearing  TR  [-] 25 

Table 1 : Properties of the CTS 
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In the elasto-plastic regime, the limit load in plane strain is given by 
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The ratio Q/Q0, with 𝑄 the applied load, is used to evaluate the fraction  
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of the plastic zone 
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that is used to evaluate the effective crack length  

𝑎eff = 𝑎 + 𝜂𝑟𝑝.     (8) 

 

The plastic part of the crack mouth opening displacement reads  
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and the plastic part of the J-integral reads 
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The function h1 and h2 are tabulated in the non-linear handbook and are reported in Table 2. 

 

 

Table 2 : Tabulated plastic coefficient for the CTS 
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You are requested  

 

A) To evaluate the force Q leading to crack propagation considering the Linear Elastic 

Fracture Mechanics framework; 

B) To evaluate the force Q leading to crack propagation considering the Small Scale 

Yielding solution (Linear Elastic Fracture Mechanics framework corrected with the 

effective crack size (8)); 

C) Considering that the force Q found in B) is applied to the sample, using the Non-Linear 

Fracture Mechanics framework, to evaluate the total J integral and to conclude on the 

crack initiation; 

D) Considering that the force Q found in B) is applied to the sample, using the Non-Linear 

Fracture Mechanics framework, to assess the crack growth stability; 

E) To comment on the validity of the developments. 

 

Second question 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Two beams of the same material, see Figure 2, with Young modulus 𝐸 and Poisson ratio 𝜈, and 

with respective symmetric cross sections of inertia 𝐼1 and 𝐼2, are welded on top of each other 

on their width 𝑏. The two beams deformations are unconstrained on a surface 𝑎 × 𝑏 and each 

beam extremity is submitted to a bending moment 𝑀 yielding deflection angles 𝜃1 and 𝜃2, 

respectively for each beam.  

 

You are requested  

A) To evaluate the internal energy of the system subjected to the loading 𝑀 in terms of  𝐼1,
𝐼2, 𝑏, 𝑀, 𝐸, 𝑎, and to deduce the energy release rate of the system in terms of 𝐼1,
𝐼2, 𝑏, 𝑀, 𝐸, 𝑎; 

B) To evaluate the compliance of the system subjected to the loading 𝑀 in terms of 𝐼1,
𝐼2, 𝑏, 𝐸, 𝑎, and to deduce the energy release rate of the system in terms of 𝐼1,
𝐼2, 𝑏, 𝑀, 𝐸, 𝑎; 

C) To evaluate the stress intensity factor of the system; 

D) To discuss the stability of the crack; 

E) In the case of rectangular cross sections ℎ1 × 𝑏 = 0.01 × 0.02 m2 and ℎ2 × 𝑏 =
0.005 × 0.02 m2, for the values of 𝐸 = 71 GPa, 𝜈 = 0.22, 𝑎 = 0.25 mm and a critical 

stress intensity factor of 30 MPa ⋅ m
1

2, to evaluate the maximum bending moment 𝑀  

that can be applied.   
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Figure 2: Two-beam system 
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Reminder of beam bending theory 
 

For a beam under pure bending (constant bending 

moment 𝑀), see Figure 3: 

 

1) The curvature 𝜅 is constant and is related 

to the neutral axis deflection 𝑢 and to the 

bending moment 𝑀 through 
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where 𝐸 is the Young’s modulus and 𝐼 the 

cross-section inertia. 

2) The deflection angle reads 
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3) The inertia with the origin taken at the 

section center of inertia, reads  
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4) The stress distribution of a symmetric 

profile of uniform Young modulus, with 

the origin taken at the section center of 

inertia, reads  
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5) The internal energy per unit beam length 

of a symmetric profile of uniform Young’s modulus 

reads 

 𝑒𝑖𝑛𝑡 =
𝑀2

2𝐸𝐼
      (5) 

 

 

 

 

z 

L 
x 

M 

M 

u(x) 

𝜅 =  
𝜕2𝑢

𝜕𝑥2
 

−1

 

𝜃(x) 

Figure 3: Beam under pure bending 


