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Elasticity

« Balance of body B
— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
» Dirichlet

« Small deformations with linear elastic, homogeneous & isotropic material

— (Small) Strain tensor ¢ — (Vou+ux V), or

b | —

— Hooke'slaw o =H:e ,or o;; = Hijk€r

with ’U)u fr,j(skl +‘ ?,L(sjl + 6116JA)

— Ilnverselaw =g o A=K-2u3
: 1+v /1 1 v
with gwu 5 <§51L6ﬂ + §5¢g5jk> — E(sg'j(skl
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Pure bending: linear elasticity summary

General expre

- StreSS O-IIIT
With [ ©9°
S111

— Curvature

_uz_,:ra:
uy,;?:;?:

ssion for unsymmetrical beams

= rwE2zcosa — kEYysin a

o\ IM.| [ I, -I.\ [ siné
o | kE —1,. L. —cos 6

) _ HM3737H ( Izz Iyz ) (
E(lyL.—1,.1,.) \ 1. I,

— In the principal axes I, =0

Euler-Bernoull

| equation in the principal axis

)2 0%, .
7 (E]C u‘) = f(x) forxin[O L]

Ox? Ox? f _
¢ AZ A 4 X
L0 (g o T
- Ox B D2 — oL e = il [ 1 TX
— BCs/ ' ' 0,L du,/dx =0 N i\vn>\/ >
il | Ak ’
L a,’)ﬁQ 0 . xTrr 0, L L

— Similar equations for u,
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Beam shearing: linear elasticity summary

« General relationships A2 e f(x T —
.f anniillG
fz (T) — _8:17Tz — _8;1::{?]\"Iy u, = T , i T 4 TX

- du, /dx Fo———It=0

f’y (T) - _arTy — 833;1:]\"12 3 K =
L
« Two problems considered L
— Thick symmetrical section () “ h )
» Shear stresses are small compared to bending stresses if h/L << 1
— Thin-walled (unsymmetrical) sections L R
» Shear stresses are not small compared to bending stresses N
» Deflection mainly results from bending stresses h t
—»
e 2 cases

— Open thin-walled sections v

» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion

A 8
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
— Stress 0., = _M B H(Z) - Ah A
Iyyb(z) N ” y T
+ With g, (z) / ~dA 6 . = >
* =
* Accurate onlyif h>D w v Y
— Energetically consistent averaged shear strain 2 ‘
°® ’?’ prm— ,‘z W|th A/ 1
A e ﬂdA
« Shear center on symmetry axes T
— Timoshenko equations
~ Ou ou o)
- N =9, TR g LD & = Y2
e R P
0 (Elai) pA (0, + d,u,) =0
« On[OL]: O O
0
o (WA (0, + D)) = — f
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams Tz
ZA
— Shear flow ¢ =tr =
L.T. - I,.T, [° /
Cq(s) = ———F / tzds' — C: Y,
Iyylzz - Iyz 0 S q Ty
LyyTy — Iyzgz /8 tyds' Z4 4{
I!LUIZZ o Iyz 0 y
* In the principal axes T4 T
Tz S , TU S , J
q(s) =—— [ tzds — — / tyds T
Iy’y 0 Izz 0 y
— Shear center S
TZ
* On symmetry axes A
« At walls intersection z
« Determined by momentum balance ) c
— Shear loads correspond to J—N_—N
t
« Shear loads passing through the shear center & vitl
P g g —
- Torque b
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams

— Shear flow g =tr7

- q(s) =¢qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

1.7, —1,.T, [°

0o (8) = ——— y‘ﬂ‘”/t(s’)z(s’)ds’
LyI.. =12, [y
1,,T, —I,.T.

» Constant twist part
_ yT’Tz — Z'T'Ty — iﬁp (g) 9o (9) dS
2A,

« The g(0) is related to the closed part of the section,

v

: : . T

but there is a q,(s) in the open part which should be ;
: £/ -,
O

conS|deLed for the shear torque ¢ p (s) g, (s) ds dA,
S
B
— 2013-2104 Aircraft Structures - Structural & Loading Discontinuities 7 wugg



Beam shearing: linear elasticity summary

« Shearing of closed thin-walled section beams 7 4 Z
— Warping around twist center R ‘
*u, (s) = u, (0 —ds— —ds < Acy (:
u, (S) =u ()+/0 uts Ahf{ut 9{ cp (8) + =
zr Y (s) —y(0)] —yr|z(s) — z(0)] }
2
A -,
. § tu, (s)ds A 77—
- With u, (0) = h S -
th e (0) =y s N\ P
— u,(0)=0 for symmetrical section if origin on q

the symmetry axis
— Shear center S

« Compute g for shear passing thought S

* Use
J(s—0) = L= 21Ty = fp(3) 4o (s) ds
| oA,
With point S=T
_— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities } 8



Beam torsion: linear elasticity summary

« Torsion of symmetrical thick-section beams

3 - N
— Circular section
- T =y =71pd R
T
M, , - "
) C: 9,.1? B Lur dA Tl y Tmax" vvfﬂlle y
— Rectangular section @
M., — ||
* Tmax — —7 15
ahb? « >
M, b
- O =2 =3hb*u
0, hib | 1 15 |2 4 0
e Ifh>>Db a |0.208 | 0.231 | 0.246 |[0.282 |1/3
— Tay =0 & Tpr =2y, B |0.141 |0.196 | 0.229 |0.281 | 1/3
3M,
— Tmax — ;
hb?
M,  hb?
o e O
6 . 3
LAt i
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Beam torsion: linear elasticity summary

« Torsion of open thin-walled section beams
— Approximated solution for twist rate

* Thin curved section

= Tps = 2100,
M 1
- (O=""== ds
0. 3 / :
» Rectangles s, N
& =
— Tmax; — ﬂtég_._;r * 13
/ 3 >« b
B j\f’[z B Z llt%u |
0., “— 3 2
t1|+ l,
I:* |

— Warping of s-axis

Cul (s) = ul (0) — 0, / prds' = (0) - 2A4p, ()6.,
0
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Beam torsion: linear elasticity summary

 Torsion of closed thin-walled section beams
— Shear flow due to torsion M, = 2A4;q

— Rate of twist

M, 1
.= —5 f ds
| 4A5 |t

« Torsion rigidity for constant

Ip =

— Warping due to torsion

©u, (s) =

A, from twist center

142

7 (L

M.
2Ap

u, (0) +

<I,= [ r’dA
lds—p /:4}” q\
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Structure idealization summary

 Panel idealization
— Booms’ area depending on loading
* For linear direct stress distribution

( tpb o2
Ali<2+ ff)

6 0-11?3{.’-
) tpb L
D G b
Ay = — (2 + — )
N\ 6 Ua?a:
b |
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Structure idealization summary

Consequence on bending
— If Direct stress due to bending is carried by booms only
» The position of the neutral axis, and thus the second moments of area
— Refer to the direct stress carrying area only
— Depend on the loading case only

Consequence on shearing

— Open part of the shear flux
« Shear flux for open sections

qo (8) - ? c . / Ldirect O'ZdS + E Z,,;A@'
Iy'yjzz o Isz 0

10 8;<s

tdirect Jyd8+ Z yzAz |

i 8;<s

Inyy — Iszz /s
Lyyl.. — fﬁz 0

Conseqguence on torsion

— If no axial constraint
» Torsion analysis does not involve axial stress
« So torsion is unaffected by the structural idealization

13
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Deflection of open and closed section beams summary

« Virtual displacement
— In linear elasticity the general formula of virtual displacement reads

L
/ / o :edAdr = PWYWAp
0 Ja

« oM s the stress distribution corresponding to a (unit) load P®

« Apis the energetically conjugated displacement to P in the direction of P() that
corresponds to the strain distribution &

— Example bending of semi cantilever beam $£ E
u, =0 / N TX

- (1) du, /dx =0 —M=>9 -

./0 [403:3: E:B;BdAdx — APU ’ ) 3 X X ‘
L
— In the principal axes
1 " 1 1
Apu = BT 1. /O {Izzz\.ffg )M, + 1,,,M! )]\ffz}d:z:

— Example shearing of semi-cantilever beam

L
. / /q(l)idsdﬂ? = T(l)A_’iL = ATU
0 S /,Lt

A 8
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Limitations of these theories

* Previously developed equations

— Stresses & displacements produced by
« Axial loads
« Shear forces
* Bending moments
« Torsion

— No allowance for constrained warping
* Due to structural or loading discontinuities
« Example torsion of a built-in beam
— No warping allowed at clamping
— Coupling shearing-bending neglected
 Effect of shear strains on the direct stress
« Shear strains prevent cross section to
remain plane
 Direct stress predicted by pure bending
theory not correct anymore
« For wing box, shear strains can be important

= :
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Limitations of these theories

* These effects can be analyzed on simple problems

— Problem of axial constraint divided in two parts
* Shear stress distribution calculated at the built-in section

» Stress distribution calculated on the beam length for the separate loading cases
of bending & torsion

— Problem related to instabilities as buckling
« See later
« For more complex problems
— Finite element simulations required

= ;
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Closed-section beam

 Shear stress distribution at a built-in end
— ldealized or not cross-sections

— Assume a beam with closed cross-section
» Center of twist R
» Undistorted section of the beam
» Shear flow, displacements and rotation
of the section were found to be

ou,, . 00
—% = 5; + [p— yrsin ¥ + zp cos V] .
( D, u¢
YR = —
~ With | 00
axug
T 00
— At built-in this relation simplifies into
q 00  ou® 81&5
C = =p— = 1 - 1
ot p@m + py sin W + py COS

?g QE; g
— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 17 upeelf]



Closed-section beam

« Shear stress distribution at a built-in end (2) 2 ¢l
— At built-in shear flux is written
q 00  out ‘C)uc
o _- [IJ : _'le
[t Por i Ox S+ B OO
* By equilibrium
- T, = j{qcos Wds
- T, = qusin Wds
—wﬂw%fm@
— After substitution of shear flux
( oL ous; . ou’
T, = ((:):r f{}utp cos Wds + 5 f;uf cos? Wds + Cg; jg;uf cos W sin Wds
oL, (‘“)uc ) ‘
\T. = / j{,utpbmllids + %ut cos U sin Uds + Ouy jgutsinz Wds
Or Ox Ox
00 C)uu C)uc ,
\ yrT. — 27T, = e jg,utp ds + o fﬂt})COb Wds + 5 j{;ufpsm Wds
R 2013-2014 Aircraft Structures - Structural & Loading Discontinuities T
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Closed-section beam

« Shear stress distribution at a built-in end (3)
— New system of 3 equations and 3 unknowns

( 90 (“)u 0
T, = ;_x plp cos Wds + 5 j{ut cos” C;Z) it cos W sin Wds
ol (“)’LLC e ‘
{T. = “ ptpsin Wds + fut cos U sin Uds + i j{,ut sin® Wds
Oz Ox Ox
00 C)’Uﬂ ou’
T. — 21T, = tp~d tpsin Wd.
YT zZr dyfup S + ():r: f ) ptpsim Was
e, 5,,C
 Solution of the system: C— , Ou, & Ou, 7 AT
— This solution is then substituted into
q 00 out (‘“)'u,c
2 U Y
[t Por i Ox S+ Dr %

« Shear flow and shear stress are then defined
* Remains true for any choice of Caslongaspis
computed from there

2013-2014
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Closed-section beam

 Example
— Built-in end B %
S T,=22 kN
» Section with constant shear modulus -
— Shear stress distribution?
— Center of twist? ,
C ‘y N
0.1lm
D A g

Wall Length (m) | Thickness (mm)
AB 0.375 1.6
BC 0.500 1.0
CD 0.125 1.2
DA 1.0
- 3
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Closed-section beam

« Deformation
— Sign convention: >0 anticlockwise B ¢
— Angle a: sin o = 0.25/0.5 == o = 30°
— Coefficients

C ,
y ==
jgtpcosklids/ patBY cos WBCasBC 4 Cer---L FELIN
B .

D
/ patP cos OO 4¢P D A ”
C
7
— j{tp cos Uds = (BCtBYIAB cog % cos % +
CD,CDAD . 9T ;
(=771 cos -5 Wall | Length (m) | Thickness (mm)
33| AB 0.375 1.6
. _ _0510-% 0375 Y33
tpcosWds 0.5 10 _30.3?7)5 5 5 BC 0.500 10
= 014107 m CD 0.125 1.2
DA 1.0

— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 21 el



Closed-section beam

« Deformation (2)
— Coefficients (2)

C
f{tpsin Wds = / pAtBC sin WPC B 1

B
D
/ pat®P sin CP s
C
s T
— jgtpsin Uds = [PEPCIAB cos Et sin ?t +
[CPEDIBY (g x sin E
6 2
31 i
?gtpbm Uds — —0.510-3 0.375 i_ | wall | Length (m) | Thickness (mm)
2 \% AB 0.375 1.6
0.1251.2107 0. 55 BC 0.500 1.0
— _0.1510"* m" CD 0.125 1.2
DA 1.0
%2013-2014 Aircraft Structures - Structural & Loading Discontinuities 22 e I




Closed-section beam

« Deformation (3)
— Coefficients (3)

fmos2 Pds =

B

tAB CcOS

T

A

S

2 KIJAB dSAB

tBC cos? UPC B

+

D
/ t90 cos2 WP gsCP 1
C
A
/ tDA COSQ \I’DAdSDA
D
= Wall Length (m) | Thickness (mm)
ftfcos2 Uds = [ABHAB o2 L HBOBY 082 7W+ AB 0.375 1.6
D % D4 DA 0 BC 0.500 1.0
2
[CPOD cog? —— 1 1PAPA cog? 2 cD 0.125 1.2
DA 1.0
=>j§tcosz Uds = 0.5 103 T+ 0.5% 103
—0.81107* m?
— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 23 wugg




Closed-section beam

« Deformation (4)
— Coefficients (4)

jgtsin2 Uds =

B
tAB ¢in2 gAL AP

T~

A

tBC gin2 ¢ BC gsP¢ +

S

D
/ $OD in2 OP 3sCD | D A
C
A
/ tPAsin? pPAgsPA
D
= 7 Wall Length (m) | Thickness (mm)
-
}{tbm Uds = 4P t4P sin’ §+ZBCtBC sin’ ?# AB 0.375 1.6
9 | BC 0.500 1.0
{OPEED gin? 22 1 PAPA gip? o
CD 0.125 1.2
DA 1.0

( 1
=>}§tsin2 Uds = 0.3751.6107* +0.5 107 1+

0.1251.2102 = 0.88 10~ m?
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Closed-section beam

« Deformation (5)
— Coefficients (5)

B - AB
sin 2W
jgt sin W cos Wds / pABZLZ 7 JGAB +
A 2
C : BC
sin 2W
/ +BC S dsBC
B 2
D . 1.
tOD S111 QLI’ dSCD
C 2
A
sin 2W
/ 4D S dsPA
D 2
: . o Wall Length (m) | Thickness (mm)
SIN 7T SN —
ftsin W cos Wds = ZABtABTlJrlBCtBC 5 34 AB 0.375 1.6
. . BC 0.500 1.0
0D, cD SN 3T L /DADA sin 47
9 9 CD 0.125 1.2
— DA 1.0

jftsin U cos Uds = 0.5 1073 % —0.221072 m?

s 2013-2014
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Closed-section beam

« Deformation (6)
— Coefficients (6)

C D
j{thds = / pitPCdsPC + / pHt<Pds<P
B ®

= %tpzds — [BUBC (ZAB COS -

NERIE
S——
]

(DD (ZBC CcOS

— ft;ﬂds = 0.5 1072 0.375° 7t

0.125 1.21072 0.5° % = 0.08110"2m* | wall | Length (m) | Thickness (mm)
AB 0.375 1.6
BC 0.500 1.0
CD 0.125 1.2
DA 1.0
%2013-2014 Aircraft Structures - Structural & Loading Discontinuities 26 veugg




Closed-section beam

« Deformation (7)

— System with origin of the axis at point A (C = A)
C

oL Ou, ou’
T, = ((:):r j{;u,tpCOb Wds + 5 %}ut cos® Wds + ;; f;u,t cos U sin Wds
00 ou;) 0
— 0141073 m® p < 4 0.81 103 ug _
Ox C):r Ox
70 Ou ) ‘
T, = ¢ %ptpbm Wds + f’wf cos Usin Wds + Ou jgutsinz Wds
O B ox
06 du) Ju!
— 0151073 m® 2 +0.221073 T 922103 N
Ox O Ox
0o ul u’
c yrl, — 2T, = g jg,utpzds - C)x f,utp cos Wds + C;J’:’ jgwfp sin Wds
90 Out Ju o
=0.08110" m* 1 2014107 m® p—" —0.1510~ m® 1 = — 2.210°N - m
Ox Ox Ox

2013-2014 Aircraft Structures - Structural & Loading Discontinuities 27 wpelf



Closed-section beam

Deformation (8)

— System (2)
0o ")'UJA )
© 0141073 m? p L 4 0.811073 m2 p—% + 0221073 m? ,u”“" — 0
dx dx ox
e (‘Mf ou’
:>)u;—q =579m™ " u ("99:': +1.57m™* ;L(;I’;’
90 Ous) Du 4
—0.15107% m? o 4 0.22107% m? p—=L 4+ 0.88107 3 m? = = 2210° N
Ox Ox Ox
3 A 5 Ou 3
— —0.6510 ° m* u +0.6410 % m? p =2210" N
()fz Ox
é?uA 0 : ;
— Y — .98 ULy 85105 N m?
ox )fz,
90 . ou? f ;
:>;u(— —724m™! ;L(‘./_u/' —19610° N - m™*
. ox ox
Do O} )
0.081107% m* 1 22— 0.14107 m® p—2 —0.1510~ m® 4 ou 5 910°%N m
ox Ox ():L
()9 G 3 .
= j— = 12310° N - m~* Ou’ | :
O —> p—= = 9.310° N-m Hut |
vr — = 4410° N - m~2
oxr

L1
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Closed-section beam

 Shear flux

‘ [ £ A
q 06  out | Ou,
- == — sin W — cos U
Lt PAS: i or i oxr O
— Wall AB
Ou
gAB — tAB,

ox
—s ¢ =1.6107°4410° = 7010* N - m !

AB

Ap _ 4 CAA N
— Wall DA
Ou’!
DA _ ;DA Y .
g T =t Or 0 2m Wall | Length (m) | Thickness (mm)
e P4 =10%9310° =9310° N-m~'| AP 0-375 1.6
DA ) BC 0.500 1.0
— 0L DB gy
DA 1.0
— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 29 wugg




Closed-section beam

« Shear flux (2)

‘ I3 ‘ A
q 00  Ou? du
- = = = 1 5\
ol ])A(%j + e sin W + C):II COS
— Wall BC
¢B¢ :pAtBCua—ngtBCudu sin UBC 1
(‘“)f ox
tBC,u C); cos UEC
BC AB T po 00
== ¢~ =" cos =17 up— +
or
$BC g T Ouy 1+ tP¢ cos m Ouy Wall | Length Thick
sin 5 U— py COS 5 7 oy a ength (m) ickness (mm)
Be \/§ ; . AB 0.375 1.6
== ¢~ =0.375 710 12310°— BC 0,500 10
1
. ! DA 1.0
=9910° N-m~—
BC 99103
— B0 _ 9 _ — 9.9 MPa
tBe 103
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Closed-section beam

= T

« Shear flux (3)
. ‘ A
q 06  oul Ou,,
- 1 _ —sin W — cos I
pt pA(‘“):r:+ g * ox
— Wall CD
CD cp 99 cp Oul CD
— pat — sin W
q pA Maﬂ’ + /u’ 83’ S1I1 +
ou’
tCD}u d; cos WP
)0
— ,OD _ BC s oD O
q COS 5 }u@x +
CD . OT Ou
¢ sin S H Wall | Length (m) | Thickness (mm)
AB 0.375 1.6
cD \/§ -3 6
= g _0,.57 1.2107~ 12310 — BC 0.500 1.0
1.2107%4410° =11.110° N-m~'| CD 0.125 1.2
DA 1.0

¢“P  11.110°

o5~ 137075 — 03 MPa

el 2013-2014
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Closed-section beam

o Center of twist
— System linked to point A

. 0, ut 44108
e T — 0.36
YR 5.0 123106 H
) Oy 9310°
Z f— - f— f— . m
B= 75,0~ 123106
e Remarks

— The center of twist

— Shear flux discontinuitiy at corners

=

- 2013-2014

« Depends on loading (y; and T)
* Does not correspond to the center of shear

* Due to the warping constrain

* Requires booms in order of avoiding
stress concentrations

Wall Length (m) | Thickness (mm)
AB 0.375 1.6

BC 0.500 1.0

CD 0.125 1.2

DA 1.0

Aircraft Structures - Structural & Loading Discontinuities
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion

— In the case of free

(A =l =
. <
ul =ul =
\
M,
¢ 9.!1? — 2
| 2/1h?b?

warping, we found

M, [h b
B1uhb (t—h. - 5)
M, (b h
8puhb (5 - t_h)

h+b
th Ty

— If warping is constrained (built-in end)

* Direct stress are

introduced

» Different shear stress distribution

R @MX ST

B A

C<«2 >

t, b

——
5 v <<

O

=

- 2013-2014
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (2)

— ldealization

A

v

ZA

« Warping to be suppressed is linear & symmetrical
==> Direct stress also linear & symmetrical
 Idealization

A

v

> /\
yh A A
2
b D l/
— Four identical booms >
carrying direct stress only /U
2
bty ht}, X Oxx
N N T (
Ry W 1= 75 ol
— Panels carry shear flux onl tnb ol
y y A, — % (2 N sza)

, ]
- 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 34 el
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (3)
— Warping at a given section
« Shearing (see beam lecture)

q =Tt = uty

5 Ou N du,
V= LEps —
} Ox 0s

= (= Mt (us,a: + u:r,s)

« Warping
— If u,™ is the maximum warping
— On webs

T
u’,

n/2

— On covers

A
v
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Closed-section beam

« Thin walled rectangular-section beam subjected to torszioq (4)
— Warping of a given section (2)
« Kinematics

— See lecture on beams ju, = prdf

* As twist center is at section

center (by symmetry)

— Onwebs  u,, = =0,

— Oncovers u, , = =6,

— Combining results

e On webs
2

t bg m
= —0 .+ —u
qh LL h 2 EE h £

« On covers
t hé? 2
— —U . — 7TUu,
qb l’L b 2 ) b I

- 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 36 upmelf
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (5)
— Torque

« From shear flow g, & q,

/ b
M, = %qpcds = 2§qbb + 2§qhh

—= M, = bh(q, + q1)

b (2o, o 2y
1 v\ RAV.x —u,
qi L} 57 7 La h

. h 9 2
— | =V — 7TU.
qb H E 2 y b xTr

b2} bh?
— M, = ut, (7?’9 + 2bujf) + ity (—?’9.3, - zhu?)

* Using

A
v

2
— Twist rate is directly obtained
o — 217\:’133 4 4u;” (tb/l?, — thb)
T utpb2h + utyh2b tnb2h + tyh2b
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (6)
— Shear flows

« From shear flow g, & q,

| = ut —b % —u’
.+ =—u"

{ ; h 9 2 .
— - T - u,
k qb ‘LL b 2 ) b xr

* Using h
6 — 2]\.’133 4 4u;” (tbh — thb)
e uthbzh + ptbhzb t,b2h + tyh2b
< b >
( I\jxth m 4,uthtb
qdn =

tp,bh + tyh? Uy thb +tph

M.ty m Aptyty
: — U, —
thbz + tpyhb “tyh + b

qb —

\

— Missing balance equation is obtained from boom balance
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (7)
— Boom (of section A) balance equation ; 4

¢ (Ua:a: + ‘C)IO'II(st) A — U;E;EA + %551" — %51? =0
= Aaato';r;?: +qp — qn = 0

* As boom carries direct stress only

Opy — Ea:ru;;n

0?u™
* With

( 17\[;1 th : 4 Mt htp

, = ' ~+u—

= o bhr k2 Y b+ ok Tt OO
< 0" — M.t " Autyty,
\ R R
EA 82?,&? f\/fm ?fbh — thb 8,u7fhtb m

022 TR btk LbtGhtr

v
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Closed-section beam

Thin walled rectangular-section beam subjected to torsion (8)
— Differential equation

82u;” B wQufm _ f\f"fa_,_ tbh — thb with w2 _ 1 8,uthtb
Ox? v EARD t;b + tyh EAt,b+tyh
— Solution

f\[r tbh — thb
8uhb thtb

« General form  wu!" (x) = Cq coshwax 4+ Cy sinh wz +

* Boundary conditions at x = 0 (constraint warping)
M., tyh —tpb M, tyh —t,b

m () = C ) = ) = —
Y ( ) 1+ Suhb  tpty ! Spuhb  thty

« Boundary conditions at x = L (free edge)

Ju (L) = wCysinhwlL 4+ wCy coshwlL =0

17\"{3? t)] - t 'bb
== (/5 = —(C'{ tanhwl = T b tanh w L
Suhb  trty

* Final form
ul' (r) = M, _tph — tnb 1 + tanh wl sinh wa — coshwa)
8'&]?,{) thtb
. M, tyh —t,b ! cosh (wL — wz)
— uy (1) = S8uhb Tyt ( B cosh wl )
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (9)

— Warping
- M, tyh —tpb cosh (wL — wx)
u, (‘T) - 1 —
‘ Suhb  thty, cosh wil
M, tyh —t,b 1
- Atfreeend: ut = u" () = — 1~
us = ug (L) S8uhb  tpty, ( costh)

* To be compared with the warping of the free-free beam

_u%:uc:f\/fm o b
" " S8uhb \ ty, ty

— Same forL — «

A
v
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (10)
— Direct stress in booms

M, - inh [ —
(o E@xu;n — wE tph — €50 sin (w w{}j)

Suhb — thty cosh w L

— Direct load in booms
M, tyh —tpbsinh (wL — wx)
Suhb  tyty cosh wL

P, =A0,, = wFA
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Closed-section beam

Thin walled rectangular-section beam subjected to torsion (11)
— Shear flow
* Using
m () = M, tyh —t,b (1 ~ cosh (WL — wa)
‘ Spuhb  tyty,

 The shear flows becomes

U
cosh wl

r M.ty m Atpty
qh = 9 u,
tpbh + tyh thb+1tph
< 17\[3 t b TrL 4/‘1’ tb t h
) — ¢ T ,u"a? S 1 1 1
O = 102 + tyhb toh + hb . - .
\

r M, (1 N tnb — tyh cosh (wL — w:r:))

= b thb+th  coshwl
| e— <
M., tyh — t5b cosh (wL — wz)
=51+
\ 2hb t),b+tyh cosh wlL
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Closed-section beam

Thin walled rectangular-section beam subjected to torsion (12)
— Shear stress

r

dh M, | trb — tph cosh (WL — wa)
T, — — —
"t 2hbty trb+t,h  coshwl

. t,  2hbt, thb +tyh cosh wlL

pa— M, (1 N tyh — t,b cosh (wL — wax) )

hbt s
covers 2ty, coshwL tpb+tyh
b
tnb +tyh
h
) b " tnb +tyh
1 1 4 ] tbh — thb
XLL 1 2ty coshwL t;,b + tph
— 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 8
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Closed-section beam

« Thin walled rectangular-section beam subjected to torsion (13)
— Rate of twist

* Using
. M, tyh —t,b cosh (wL — wx)
ull (x) = 1 -
‘ Spuhb  tyty, cosh wL
* The rate of twist becomes
P 2]\/133 4’1,6? (tbh — thb)

© T 0 h T % | 0 2h £ 2D

9 . ]\[ &

& Q[nghgthtb
(tyh — t;,b)* cosh (wL — w:r)]

tyh +t5,b —

thb +tyh coshwlL
— To be compared with the unconstraint

theory h

b M (b b
e Quhgbg ty, ty

» Constraint reduces the twist rate
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Closed-section beam

* Problem of axial constraint
— In previous example the twist center was known by symmetry

— In the general case
» Twist center differs from shear center due to axial constraint
* Proceed by increment of AL
— Shear stress distribution calculated at the built-in section
» As in first example
» Allows determination of the twist center AT THAT SECTION
— Use the previously developed theory on AL
— New stress distribution on the new section
» New twist center

» ...
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Closed-section beam

« Shear lag
— Beam shearing
« Shear strain in cross-section
» Deformation of cross-section
» Elementary theory of bending
— For pure bending
— Not valid anymore due to
cross section deformation
» New distribution of direct stress
— For wings
* Wide & thin walled beam
« Shear distortion of upper and
lower skins causes redistribution
of stress in the stringers
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Closed-section beam

 Example

— Assumptions
* Doubly symmetrical 6-boom beam
« Shear load trough shear center == No twist ==> No warping due to twist
« Uniform panel thickness t
« Shear loads applied at corner booms

T/Z: d > d TZ/2

% ]
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Closed-section beam

« Shear lag (2)

— For a given section

Uniform shear flow between booms
Shear flow in web should balance
TZ

2h
Corner booms subjected to opposite h] |'

the shear load =——> qn =

loads P!, with, by equilibrium
Pt 4+ 0,P'%z — P! — q02 + qu02 = 0

T TRl
| e— 8:1,P1 =
ST M
_ «d
« Equilibrium of central boom —_524__
B e .

Due to symmetric distribution - "1d > /p T —

of qq T,/2

‘ ‘ --!!r» «-!g-
P? +0,P%5x — P? — 2q,60 =0

‘ h
q
0P =y, o, l_

. ->—
< 5)( >

D _ — 8
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Closed-section beam

e Shear lag (3)

— For a given section (2)
» Equilibrium of the cover
— At the free end

2P + P? +2¢;, (L —2) =0
T,

=> 2P!  P? = — (@ - 1L)
« Summary
1,
— 833P1 — % S qd TZ/2 < d > < d > TZ/2
pl
- aa:PQ — QQd p2
Oo. £
1 2 Tz -
- 2P+ P =—(x—-1L) pl —
h o
— Third equation is the integration of the first two L
— 3 unknowns so one equation is missing
« Compatibility
DS i
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Closed-section beam

« Shear lag (4)
— Deformations of top cover

(1 + E::lmr) 6'T - (1 + 8:21):3:) 61’ + d (ﬁf{ﬂ?y + aitf}“fa?y(sx) o dﬁ}'{a?y

1 2 1 2
= Era — Can . P o P Al

ey = T T UEAL . dEA? h] |'

© AS g = — Ul Yy

1 P! P2 X
— —E&Eqd =T TR TRl g | 7.2
(L+&h,) X
nlly
o
Mol N Kyt Odsyox
II Yxy /I
- II ’lx;
(1+&,) oK
—p
OX

A 8
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Closed-section beam

e Shear lag (5)

— Equations
1.
© 9, Pl = — —
O 2h dd

. T
-« 2P 4 P? = (@1
1
. _i‘d B Pl B P2
ut T GEAL T dEA?
TZ/2 < d > < d > TZ/Z
" ‘ |
B P A e i
out 2dEA! dE A2
o o 2ut [ 1 1 5 2utT. (L —x)
2 p2  ZHU (D ) p2
— %t TR (A2 i 2A1) ShdEAL

— General solution
T,(L—x)

* P2 =Cycoshw (L — )+ Cysinhw (L — x) — ‘
I Sy

o, ot 11
with 2 =
YT uE <A2 " 2A1>

, ]
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Closed-section beam

e Shear lag (6)
— General solution

‘ T. (L —
* P? = () coshw (L —2)+ Cysinhw (L — ) — "'(A ?)
B i i i (7’? )
— Bounaary conaiuons
« Zeroaxialloadatx=L = C;=0
e Zero shear deformation at x =0
— AS 0,P% =2q; & qi= —[ityy
0, P* (z =0) Cow coshwl + L =0
T S = — — U9 ‘0OS —
I 2 } (2A1 + 1)
.T»,
= (= EYY
wh cos wL (A_g + 1)

— Booms direct loadings
( T. sinhw (L — x)
© P?=_ - L—x—
h (2‘41 - 1) ( ! w cosh wl )

. 2 _ 1 y B
. pl_ T. (2 — L)—P— _ Zi (2142 (r L) sinh w (L .T))
2h 2 2h (? + 1) A w cosh wl
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Closed-section beam

e Shear lag (7)

— Direct load in top cover
, P2 1.

7 T A2 T Th(Al1 A9
sinhw (L — x)
L —x—
( * w cosh wL )
, P! T.
C o = — = —
AT~ R (2AT 1 A2)
A% sinhw (L — 1)
[ — < > < b
(( z)+ 2A1  wcoshwl ) /2174 d T2
* Pure bending theory leads to
T e
12 z I — o Pz
7 == At t Y qd
pl >~ m—
_ Oh
— Compared to pure bending theory .

« Compression in central boom is lower

« Compression in corner boom is higher

A 8
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Closed-section beam

« Shear lag (8)
— Shearing of top cover

* As @xPQ = 2qy

0, P?

2 Al
T. (1 coshw (L — x)

- 0 (% + 1) cosh wl ) hj

— Deformation of top cover

= Q4 =

dd < > < N
AN = TZ/Z h o - TZ/2
Joy Lt d d
B T, | coshw (L — x)
C 2hut (3 +1) cosh wL
A 8
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Closed-section beam

e Shear lag (9)
— Remark

» The solution depends on BCs
» For a realistic wing structure, intermediate stringers have different BCs

y

A
7
7 .
4 d

1 ! X
\ d
7
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Open-section beam

« |-section beam subjected to torsion without built-in end

— Reminder
e Shear
— Tps = 2/4117?/9,3:
M. 1
— (= ro_ - t3d
0. 3 / pEas

, 3
. 1
 Warping
S
() =i ()~ 0, [ pnd \
0 ¢ z
— Particular case of the I-Section beam ,:i*—wﬁ
. . LI i3
* There is no shear stress at mid plane of flanges T‘t 1, y
_ _ AR .
« They remain rectangular after torsion 2 ( M
= X
by l,
*
M, .
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Open-section beam

« |-section beam subjected to torsion with built-in end
— Contrarily to the free/free beam

A\ 4
A 4

— Presence of the built-end leads to deformation of the flanges

M

X

NN

 The beam still twists but with a non-constant twist rate
* Method of solving: Combination of
— Saint-Venant shear stress

AT — At oAb
— Bending of flanges M, = M, + M;

=

- 2013-2014 Aircraft Structures - Structural & Loading Discontinuities
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Open-section beam

« |-section beam subjected to torsion with built-in end (2)
— Saint-Venant shear stress
- M =C60,
* Where 6 , is not constant

N

A 8
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Open-section beam

« |-section beam subjected to torsion with built-in end (3) z
— Bending of the flanges
» For a given section
— Angle of torsion 4

— Lateral displacement of lower flange
6h

» U, = —
Y9

— Bending moment in lower flange

3
» With If _ tfbf M
ZZ
12
» |t has been assumed that VA

displacement of the flange results » |
from bending only

< y
— Shearing in the lower flange h Q >9 >

»Tf =M/, =—-FIl uy ... 4 fry
; hEIf *
Yy

I='>T‘ — ==0 LT < bf=

2 M

~LZ— . 8
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Open-section beam

« |-section beam subjected to torsion with built-in end (4) z
— Bending of the flanges (2)
» For a given section (2)
— Shearing in the lower flange
hET!

» f J— zZz
Ty - 2 9,;1::1‘7;1:

— As shearing in top flange is in

opposite direction, moment due to
bending of the flange becomes

2pTf M
j\[g — h/TJ - d EQIZZ 9,:13:13:1: '
— Total torque on the beam T, £y
© M, = M! + M P |
< y
h2ET! A R
= M, = 00y — — 20,00 h Qo —
tf
v |+ 1 Tf
|_* Y
< Mfz bf:
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Open-section beam

— Wagner torsion theory 7 4
e Assumptions «$
— Length >> sectional dimensions Y y
— Undistorted cross-section C >/

ZA

— Shear stress at midsection

negligible

« Under these assumptions, we can use the primary
warping (of mid section) expression developed
for torsion of free/free open-section beams

) =u(0) =6, | prds
0

u

e As twist rate 1S not constant

S

£

»

But shear load not negligible

=u (0) — 2AR, (5)6 .,

— There is a direct induced stress

o

r

€T

(8) - Eu$:$ - Eusra (0) _ QEARP (8) 9,;1::1:

=

- 2013-2014
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Open-section beam

« Arbitrary-section beam subjected to torsion with built-in er/yd
— Wagner torsion theory (2) Z4
 Direct stress resulting from primary warping

N

(2)

- O':E;r (5) = Euf:,a: (0) - QEARp (3) 9,33:1?

« As only a torsion couple is applied

— Integrating on the whole section C x t

should lead to O

-=>/ totds =0
C
—_— U, (0)/ Etds — 9,3;3:/ Et2Ag  (s)ds
' C C

o (o) — 0.0 [ Et2AR, (s)ds
:1:,;?3( ) o fC EtdS

N

0
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Open-section beam

« Arbitrary-section beam subjected to torsion with built-in end (3)

— Wagner torsion theory (3) Zy //
+ Direct stress resulting from primary warping (2) y /A

~ ol (s) = Eu’, (0) — 2EAp (s)0.., 7.

« As only a torsion couple is applied (2) | _M»"

0,00 [ Et2AR, (s)ds

T U (0) = [ Etds /

» Direct stress is equilibrated by shear flow
Os+ 050, 8+ 0, %

— See lecture on beams
(O';r:r + 8;170':1::1:61:) t(ss o O.LIZLEt(SS +
(g + 05q0s) 6, — qox =0
— taa:o';rzr + 8Sq =0

— In this case
r

TaT,T

q}; = —to

= ql; (S) = —Ftu’ (0) + QEtARp (5) 9,:1:3:3:

T, Tz
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Open-section beam

« Arbitrary-section beam subjected to torsion with built-in er/pd
— Wagner torsion theory (4) Zy //
« Equations y %
~ 0., (s) = Bu, (0) = 2BAR, (5) 0,00
0 . | Et2AR (s)d:
(o) = Lerde PRAR
fc Ftds
N ql; (9) — _Etu;f:,a‘a? (0) + 2Eji‘ARp (9) 953?21733 /
/

« Asfors=0 (free edge) q(0) =0

Et2AR, (s)ds
- ()= (- Je
|- Etds

+ QARP (9)) Etg,:r:r:r

Et2ARr (s)ds §
IC Etds 0 g )
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Open-section beam

« Arbitrary-section beam subjected to torsion with built-in end (5)
— Wagner torsion theory (5)
e Torque

- M= / PRY (s)ds
C

. Et2ARr (s)ds 5
- With ¢ (s) = (_ Je T Eid i ) Ets + f 2Et AR, (s’)ds’) -
C 0
Et2Ap (s)ds
— M" = e P / Etsd:
- ( [ Btds  JoTREEET

TK&%‘/{ n fc {pR fo S 2Bt AR, (s) ds’} ds) 0 e
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Open-section beam

Arbitrary-section beam subjected to torsion with built-in end (6)
— Wagner torsion theory (6)
« Torque (2)

EtQAR (S)dS ®
Mb = _fC p / Etsd / /2EtA Vds' b ds | 0 s
= ( JoBtds  Jo PP J ), 2P ()4 e )0

 Using pr = ZARP‘_S the second term becomes
L

/ {QARM / Et2AR, (s’)ds’}ds: 245 (s) f Et24p, () ds'| — / 1A%, Ftds
c 0 0 o Jo 7

— Fors=0,Ag, =0

— For s =L, as the edge is free, there is no shear flux

fC’ Et?ARP (S) ds
| Etds

— 0 =q" (L) = ( EtL —|—/ Et2AR, (s") ds’) 0 rax
C

— Using these two boundary conditions, second term is rewritten

. Et24n (s)d
f {QARP.S f Et2A4g, (s’)ds’}ds: Je E24k, (5) “92An (L) BtL— f 442 Ftds
C ' 0 fC EtdS C | P

el 2013-2014 Aircraft Structures - Structural & Loading Discontinuities 67 el



Open-section beam

« Arbitrary-section beam subjected to torsion with built-in end (7)
— Wagner torsion theory (7)
* Torque (3)

EtQAR (S)dS ®
Mb = _fC p / Etsd / /2EtA Vds' b ds | 0 s
= ( JoBtds  Jo PP J ), 2P ()4 e )0

« Using ppr = ZARP‘_S the integral of first term becomes

/ 2Ap, . Etsds = QAM Ets|; — / 2Ap, Elds
C c

* Asfors=0, Az, = 0, and using

f {QARP,S/ Et2Ag, (s')ds’}ds -
C 0

Et2Ag (s)d
Je ERAR, (S)ds,) 7 by / 442 Etds
IC FEids v 10 .p

« The final expression reads

2
Et2AgR (s)d. ‘
j\[:? s ((IC RP (S) S) —_ / 4A2RpEtdS) 9”'_1?;13;1:
C

fo Etds

7‘% 5
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Open-section beam

Arbitrary-section beam subjected to torsion with built-in end (8)
— General expression for torque

© M, =M +M — M, =Co,—C"0

I

2
« With OF _ / 414?% Etds — (IO EtzARP (S) dS)
C p fC Etdg
— Case of the I-section beam
« Center of twist is the center of symmetry C

* For the web: Az (s) =0 == no contribution to C'
* For lower flange
)

hb? ‘
/ Et2AR, (s)ds = Etf—=
hs ¢ 4 B
AR, (8) = — =1 0
p ' / Bt} (s) ds = Bt~ D
nry S)as = L
: C Ity T2 " ﬁ_‘/M
- For the I-section  \ e
v
ol =92 Et }325‘;’0 / hzb?c Et th? 5
= D 7716 7 B
%2013-2014
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Open-section beam

« Arbitrary-section beam subjected to torsion with built-in end (9)

— Case of the I-section beam (2)
« Expression M, = CH, — CT ..

— With ¢T = / 4A% Etds —
C

([.. Et2AR, (s)ds)’
fO FEtds

16

_ h2b? h2b? h?b3
=>CF2(Etf L _ Bt f) = Bt;—1

* To be compared with

24

. VA
A
ft |
¢ A
| h2EI!,
i?\""ja: — CQ_,LB — 9,;}333;13 ] y
g
e
tf
47 | + ] _ T f
|_AYA — Yy
< : >
M, by
% 1
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Open-section beam

« |dealized beam subjected to torsion with built-in end
— For idealized sections with booms
* In expression

([.. Et2AR, (s)ds)’
fc Etds

ct = / 1A% Ftds —
C P
» The direct stress is carried out by
- tdirect&
— Booms of section A,
—> OV = [ 44% Elgpeads+y 4A% (s') EA;—
o I, Irect ' R, \ 7
1

([ Etaei2Ag, (s)ds + 3,245, (s') BA;)°

J Etdivectds + 3, FA;
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Open-section beam

« Applications of beam subjected to torsion with built-in end,

— Solution for pure torque Zy //
¢ i7\[1!7 — CQ.I - CFQ.III y %
2 S
f w . ‘ C
7 rrr — 29 r — iﬂ[a with 2 = e X
== U gax: WU 4 1 _. w ot
« Solution M,
0, = Oy coshwz + Cysinh wz + L=

»r — U cosnwr o9 SN W

, 1 2 C /
« Boundary conditions /

— At built-in end x = 0: No warping, and as u (s) = u; (0) — 0, / prds’
M, U
C

== f,(0)=0 = (] = —

— At free end x = L: no direct load,

| ol (s) = Eul, (0) — 2BEAp (s)0..,
and as ’
| 0 _ 0 20 [ Et2AR  (s)ds
| e (0)= [ Etds
M,
'='>9_.3333 (L) = (= CQ = C tanh wl
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Open-section beam

« Applications of beam subjected to torsion with built-in end,(2)

— Solution for pure torque (2) ‘4 //

\\

* Twist rate

N

<

M, | s/
0, = (1 — cosh wz + tanh w L sinh wx)
o — M, - cosh (wL — wx)

" C cosh wlL /
CQ_,.T /
M,

Freel/free end 1
1
_____________________ 1 —
cosh wlL
Built-end
XL 1
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Open-section beam

« Applications of beam subjected to torsion with built-in end (3)

— Solution for pure torque (3) ‘4 //

« Angle of twist
—Asg. = M, | cosh (wL — wx) v/ y
C cosh wL ‘ -_I\/I»+
M, ( sinh (wL — wax) .
€+ /

Nk

<

— 0@) = C w cosh wl i Cg)

— Boundary condition at built end x = 0: No twist 7

N

M, [ sinhwL
0=0(0) = — C
(0) C (w cosh wL i 3)

M, ( sinh (wlL — wz) sinh w L )

w cosh wlL w cosh wlL
M. L Reduction compared to free-
6 (L) = |
C free case
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Open-section beam

« Applications of beam subjected to torsion with built-in end (4)

— Distributed torque loading m,
« Two contributions to torque
- M, = M! + M?
» Balance equation
M+ 0, Moz + M> + 0, M 5x +
myox = ML+ M?

=— 8:1: M T 6.’1? M :f + 821? ]\[g = My
]\[i — Cg,a:

r
e AS | . r ( '=>8:I: (O 9?1131‘5117
j\[a - 70 9,;?3;173:

* To be solved with adequate boundary conditions
— Built-in end: =0 & 6, = 0 (no warping)

Z,

y o
X
—_—
M, +0,M, o

A
v

OX

- CQ,:}B) = My (T)

— Free end: 6,, = 0 (no direct stress) & No torque at free end
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Open-section beam

 Remark
— We have studied
« Axial loading resulting from torsion
« A similar theory can be derived to deduce torsion resulting from axial loading

A 8
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