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Elasticity

« Balance of body B
— Momenta balance

* Linear s

« Angular \u\_u
— Boundary conditions OB —

« Neumann )

- Dirichlet o-n OpB

« Small deformations with linear elastic, homogeneous & isotropic material

1/ 0 N 9

Eij =35\ an U, T U
J 2 (956,5 J ;

1

Eij = (’Uw + wi ;)

— (Small) Strain tensor ¢ — (Vou+u V), or

1
2

— Hooke'slaw o =H:e ,or o;; = Hijker

with ’U'u fr,jfskl +‘ ’.',ké‘jf + 6?,l5jk>

— Inverselaw ¢ —=g. o A=K-2u/73
: 14+wv /1 1 v
Wit Gijrr = E (55%53'! + §5i15jk> - E&ﬁkl
005000 - 5
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Reissner-Mindlin plate summary

« Deformations (small transformations) E,
— In plane membrane

WU 3 + U3

2

* Ea 3 —

— Curvature

JA

v

At
€
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Reissner-Mindlin plate summary

« Resultant stresses in linear elasticity 4 E,
— Membrane stress

~ 3 af3vyo .
R ="H; " e

— Bending stress

. ~oz'3 Hoz '37(5’{ 5
i

— Out—of—plane shear stress

o ~a . HQ3

5'112

/é 1Ky
m11 /'/J / m?21
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Reissner-Mindlin plate summary

« Resultant Hooke tensor in linear elasticity
— Membrane mode

o Hgﬁ’y& _

hoFE
1 — 1?2

— Bending mode

1 —
{1/60‘@575 4 Ty (5@75&5 + 5@%67)]

: hF S - .
T = {yaaﬂm" s (5767 + 5“55@7)]
— Shear mode
. Hqﬁ _ E h’o él o
a4 1+v A
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Reissner-Mindlin plate summary

« Resultant equations
— Membrane mode

- |(n®) , + 71 = pu

c & — ~a[3E[3 +an3

. Uo, 3+ UG

2
D P |
- G = §’Hq ’9'}5@ with  ~ . = us , + At,

» Clearly, the solution can be directly computed in plane Oxy (constant %)

B Uny Sa T WS~ _ ..
— HOPYe "= g = plg 3

2 oA
— Boundary conditions = Y

» Neumann ¢ = u,, - E,

» Dirichlet

— 7 tgﬁ,},(j u"y,éo;' ué,’ycx v
st ]—.l

ng Ve

* Remaining equation along E®: 2" U3 . Ba
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Reissner-Mindlin plate summary

« Resultant equations (2)
— Bending mode

‘|tL, =m — (n® — \E3) + +(m")

* S =m*E; & n' =¢"E,

me 3 Hu %/OF‘:'\/(S with x 5=

~ -} .
- Q = HQ '3 with Ya = U3 .« + Ato:

« Solution is obtalned by projecting into the plane Oxy (constant 7, #..)
Atﬂ/ op + Ato Ro7s]

- I,At, = m, — —HQ P ug g + Aty) + HOD? >

— 2 equations (a=1, 2) with 3 unknowns (At;, At,, U,)

. H ; 3 U3, Ba + At,ﬁ. ¥ — .-
Use remaining equation H(‘;* dde 5 =2 Ry = plig

%013-2014
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Reissner-Mindlin plate summary

« Resultant equations (3)
— Bending mode (2)
« 3 equations with 3 unknowns

- = 1 Y o 5 At y + At Y
- I,At, =m, — §Hq P (ug g+ Aty) + HO 2000 > Zals
_ o U3, 3a T Atz . EA3
H, 5 + Ny = pus B P 6
° /’ ./q _
To be completed by BCs 9.1 TT . T
— Low order constrains > E,
» Displacement w3z = u3 or
. n, = v E«
» Shearing 0~ Va
us g + Atg _
Ny Vo = 'H;"ﬁ St Aha _ T
2
— High order
» Rotation At = At or
» Bending
At 5 + At -
mgya — Haﬁ’}’(s V50 + 0,y v, = M/ﬁ

m 2
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Reissner-Mindlin plate summary

« Resultant equations (4)
— Remarks
« Compare bending equations

. = 1 , , 5 At ) At=
LAty = m, — 57{?(3 (us. 5+ Atg) + H? .00 ;F 5.3
— o W3, 3a + At 3. v B .

Hq 3 [ 5 B. - n3 = pus Z \

— With Timoshenko beam equations

2 (EI%> — ,LLA, (Qy + 83:“2) =0

0, ox
DA (8, + D)) = —f
83? 2 Yy x W —

 Membrane and bending equations are uncoupled
— No initial curvature

— Small deformations (equilibrium on non curved configuration)
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Shear effect

« Kirchhoff assumption
~ As D :
. HOPO = L2

— = (597670 4 5“55@?’)]

p Eh A, p

5] 0 3

° [ 5(1’,.
Hq — . _!

— Kirchhoff assumption requires
D(1+v)A hsA
I2ZEhgA”  1212(1 — v)A'
 Where L is a characteristic distance

<1

%013-2014 1

Aircraft Structures - Shells 10 umt:ug



Kirchhoff-Love plate summary

« Membrane mode

U~ 50 + Us Es
P~ Yy, 0c LY _ — . A
— On 12: HaPvo 122 > = +ng = plig _ o1
. hoE =~ 9
. By _ _ af §vo p/ >
With H? =12 [1/5 077 + = E,
1—-v,
v 530 ad §3y -
5 (6 07 4+ 0%% )] A= v, Eo
— Completed by appropriate BCs
« Dirichlet  u, = u,
B~ U- NeXe + u Re =
e Neumann ngya _ Hg? y O /.0 5 J,va Ve = T
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Kirchhoff-Love plate summary

« Bending mode
— On 4 (Hf;”f””‘su&qfa)jaﬁ =p

. With HF0

2
— Completed by appropriate BCs -3
P A aNﬂ
* Low order =
,’a T A T

Oyt — (M uas) ra =T 2N E,
1 -~ _ o
— On 3Dﬂ us — ’113 Ny = VaE

* High order

— Onadpu1 At = At

with At = —u?,’aEa

— On gy — (HY " us 5) vs = My,

;5_% E 2013-2014 Aircraft Structures - Shells



Kirchhoff plate summary

« Membrane-bending coupling

— The first order theory is uncoupled

— For second order theory

« On 1. (H%ﬁ75U3,75 — ﬁaﬁua)

ap = P
« Tension increases the bending

stiffness of the plate

— In case of small initial curvature (x >>)
« On

(Ho " ug s — P uy — Ppo3) | =D

» Tension induces bending effect

« General theories

— For not small initial curvature;

* Linear shells

— To fully account for tension effect

 Non-Linear shells

‘—fg E 2013-2014 Aircraft Structures - Shells 13 udwu’fq



Introduction to shells

 Shell kinematics

— In the reference frame E,
* The shell is described by

1 2
ggEImm{@’gﬁfﬁ

¢ e [—? ~

— Initial configuration S, mapping

(gl’ §2)+&3 tO(ils 2;2)
Bs 0=, 027161, &)

» Neutral plane g (¢', £7) 4 >
2,7
+ Cross section (¢! €2} |l¢]| = 1 /&_E_}l/_ﬁ” .

* Thin body ra
1
zo = By (€') = o () + (€. &)
— Deformed configuration § mapping

» Thinbody 2 = & (¢7) = ¢ (£) + £3(¢, €2)

— Two-point deformation mapping X =®Po <I>51

%013-2014
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Introduction to shells

« Shell kinematics (2)
— Deformation gradient
- Two-point deformation mapping X = ® o &5

o [V ™!

In frame E'==>with
respect to &

« Two-point deformation gradient F =

1
— Small strain deformation gradient & = 7 (F+F") -1

— It is more convenient to evaluate these tensors in a convected basis

« Example g, basis convected to &,
— As S, is described by o = B (£) = o (%) + E3¢0(&2, €7)
— Onehas V&, =gy @ E!  with

the convected basis

o — — o t v
9o = Fea = PO + &7,
N0y
\903— oer 0

— The picture shows the basis for £3 =0
» o, (£=0) = ¢ ,,

g . 2013-2014 Aircraft Structures - Shells 15 umté@




Introduction to shells

« Shell kinematics (3)
— Convected basis g, to

4 8@0

3
o — — « t v
go 7 wo.o + &7 1o,
<g o
03 = g3 — to
N\ 85
— For& =0

* 0o, are tangent to the mid-surface
* Go, (£=0) = 0,

— For&3#0
« If there is an initial curvature

Jo, depends on &

* Initial curvature is measured by t, ,

% 2013-2014 Aircraft Structures - Shells 16 umgg%



Introduction to shells

« Shell kinematics (4)
— Convected basis g, to S, (2)
4 8‘130

3
o — — o to.a
90 Dge Yo, + &7 o,
) 0,
. goz = 8—53 = to

* The basis is not orthonormal
— A vector component is still defined as a; = a - gor

— Socan a = argor be written?

» Ifso a.gy; = a, # aqy Which is not consistent

*g E 2013-2014 Aircraft Structures - Shells 17 umgu%



Introduction to shells

« Shell kinematics (5)
— Convected basis g, to S, (3)

- OP

Goo = 050? = $Y0,a T £3to,a
A
\903— oer 0

» The basis is not orthonormal (2)
— A conjugate basis g,' has to be defined

» Such that gor -gb] =017 Yoz

» SO0 vector components are defined by E a2/
2 A

G’,Iia'gOI&aI:a.gé Jo1

» The vector can be represented by

J I
a=a goj = argy
J \
a . f— a . f— a
as { gor J90 * gol I

0o?

I J I I
a-gogp—4a goj- gy —a

— For pIates{gOOc = @0.a = By = E”
gos =to = E3 = E°

‘—fg E 2013-2014 Aircraft Structures - Shells 18 udwu’fq



Resultant equilibrium equations

e Assumptions
— Small deformations/displacements

e S~ SO
/ /.
= o +u Wwith Dy =g, EHE t(E], £2)

Es o =o(!, )48 121, &)

|ul] << V]S

— Kirchhoff-Love assumption (no shearing)

* Normal is assumed to remain

— Planar to = Ej
— Perpendicularto =) ;,_ P11 P2
lpa Aol

the neutral plane

eissner-Mindlin (shearing is allowe
* Normal is assumed to remain planar

« But not perpendicular to neutral plane

g . 2013-2014 Aircraft Structures - Shells 19 udwﬁ:q



Shell equations

« Same idea as for plates

— Avoiding discretization on the thickness
* uandt constant on the thickness
— Equations are integrated on the
thickness

* Linear momentum equation
— pi=b+V.o!

Dy =1py(&', E)H+E (&', €7)

Es 0 =gl e)483 1!, )

d
7/

2,7

=>/S{p(¢+g3f)}dv[deV+[SV-aTdV / E,

— Small transformations assumptions (S ~ Sy, V ~ VO : / /
So

=>[50{p0(¢+§3i)}dV/ de+/SDVo-a av

So

° Using ® = Yo +u

=>/ {po('ij,+£3f)}dV/ bdV + [ Vo-oldv
So So So

;5_% E 2013-2014 Aircraft Structures - Shells 20 udwu‘gg



Resultant equilibrium equations

« Linear momentum equation (2)

— Inertial term (2)

/S {po (i + &%)} dV

* Main idea in shells

— u and t constant on the thickness

— u and t defined in terms of ! & £2 ==> integrate equations in 4 x [-h,/2 h,/2]
* To transform an integral on $, to an integral on 4 x [-hy/2 hy/2]

— Consider the Jacobian of the mapping: j, = |V ®
ho ho
) p) 2 .
— f {po (i + &)} aV = / / - pojotid§®d A+ / f Jopo& tdePd A
So AJ -2 A 7*170

— Expression of the Jacobian?

‘—fg E 2013-2014 Aircraft Structures - Shells 21 umtéu’%



Resultant equilibrium equations

« Jacobian rmosy E;
— Mapping @, from 4 x [-hy/2 hy/2] to S,
« Jacobian: j, = |V ®y)| Sk
— Gradient of mapping Dy = @y(E", E)+E° (&,
V&, = gor © B
. 8‘130 8(1)0
With gg,, = Jeo = ©0,q T+ €3t0,a & gosz = 8—53 =1

go1 - E' goo- E' go3 - E!
== jJo = | go1 - Ez go2 - Ei go3 - Ei 2\(901 A go2) - to
Jo1 02 903 Laplace formula
. 2
== jo = (po.1 A po2)to+E (po1 Atoa +to1 Awos) to+E (tos Atos) -to

- /
'

jo = (@0.1 A po.2) - to = ||po.1 A ozl ast, is initially perpendicular to mid-surface

* Mid-surface Jacobian 50 corresponds to the change of mid-plane surface

between the curvilinear frame (&%, &) and the initial configuration s,

'—‘*fé E 2013-2014 Aircraft Structures - Shells 22 Uﬁ,_itéugg



Resultant equilibrium equations

« Linear momentum equation (3)

— Inertial term (3)
/ {po (i + &%)} dV = / / pojottde3d A + / / JopoEitdeid A
So A —hTO A —h’TU

— [ Al eDav = [ a [ godids [ & [ jomeictaa
So A J-ho A J-Lg

* Position of the mid-surface is redefined such that

_/ Jopo€de® =0

ho

— Rigorously, integration is not always from —hy/2 to h,/2 as the mid-surface
does not always correspond to the geometrical center

— We will consider p, constant on the thikcness (but not j,)

1

— We define the surface density po = 5— jopode?
0 Jho

. / (o (i + €4) ) dv — / Jopoiid A
So A

2013-2014 Aircraft Structures - Shells 23 uﬂmt:ug



Resultant equilibrium equations

* Linear momentum equation (4)

— Volume loading

/ bdV = / / jobd€*dA == [ bdV = / jobd A
SO .A hO S[) .A

- 1
. With the surface force b= =— [ jobdg®
JO Jhg

— Stress term

/ - ol dV
So

Divergence in the frame
linked to s, (not in E'")

== Normal n to g,

Vo -oldV = /
0S8

So

2013-2014 Aircraft Structures - Shells 24 udwug



Resultant equilibrium equations

Linear momentum equation (5)

— Stress term (2) Vo -oldV = / o - ndS
50 880
« How to transform surface integral dsin s, to in surface integral dS in 4 x h, ?

- Nanson’s Formula, for a mapping ®,; dSh = |®o|dS®;" - N

—

= VQ'O'TdVZ/ joO"I’aTNdS
50 a(.AXho)

+

Dy =tp(El, EHE (&, &)
Es 0 =g, 2181 &)

2013-2014 Aircraft Structures - Shells 25 Uﬁ,_itéug



Resultant equilibrium equations

« Linear momentum equation (6)

— Stress term (3) Vo -oldV = / Jjoo - <I>5T . NdS
So a(AXho)

*As Vi =gy o FE & (E;0g]) (9 @E") =Ei5 ;o E =1

— &' = (E;2g)) == VO-aTdV:f joo - gbEr - NdS
:50 8(A><ho)

%013-2014 1
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Resultant equilibrium equations

* Linear momentum equation (7)

— Stress term (4)

" Voeoldv =
So

I(Axho)

« Where N\ is the normal

in the reference frame

* On top/bottom faces N=+E3

e
« On lateral surface: N = v, E*

: 1
— Let us define the resultant stresses: n® = ?/ joo - gorde?
ho

%013-2014
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Resultant equilibrium equations

« Linear momentum equation (8)

— Resultant stresses
1 , o
n®=— [ joo-ggde’
JO Jhg

ko Dy = @y(E', E)+E t(E!,
for plates we found n® = / o EYd¢’

« Compared to plates

— There is the Jacobian mapping (1 for plates)
— Cauchy stresses have to be projected in the body basis
» @< for shells
» E! for plates
* We can write it in terms of the components in
the mid-surface basis

—n% = nﬁafpojﬁ +q%ty

Y B x 1 N (8]
nﬁ:cpoﬁ-n = = jotpbﬁ'a'godfg
JO Jhg
o o 1 . « 3

¢“ =tog-n" == [ joto-o-gyd§
: JO ho nl

‘—fg E 2013-2014 Aircraft Structures - Shells 28 udwu’ag



Resultant equilibrium equations

« Linear momentum equation (9) g=cspi
— From ﬂ
o S,
/ de:/ Gobd A P
So A

S AmGasdav = [ Gt
So A

. VQ-O'TdV:/ joo'-gglh dA—I—f
So A v DA

Jon vdl

* Applying Gauss theorem on last term leads to

VO-aTdV:f jocr-gglh dA—I—/ (jono‘).ad}l
So A ° A "

— Resultant linear momentum equation

f{po(¢+53t)}dvf bdV + [ Vy-oltadV
So SO SO

-=>/ jopotd A = / {jol_)—i— joG"gS)’ho + (jona),a} dA
A A

%013-2014 1
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Resultant equilibrium equations

* Linear momentum equation (10)

— Defining .
« Surface density po = = Jopod€?
JO Jhg
« Surface loading b = i jobde®
JO Jhg

. _ 1 - 7 - 3
+ Resultant loading n = 7o [job + (jOCT 'gb) ’ho}
0

T

— The linear momentum equation p& =b+V - o
Jopotd A = / {505 + Jjoo - 98’% + (ﬁona),a} dA
A

G L - .
* Is rewritten in the Cosserat plane A as = (jon") , +n = pott
JO

becomes after being

iIntegrated on the volume: /
A

(8%

. 1 . 3
« With the resultant stresses n~ = 5— Joo - gy d§
0 Jhy

* Remark, for plates we found (na‘) +n = pi

el

‘—fg E 2013-2014 Aircraft Structures - Shells 30 udwu’fq



Resultant equilibrium equations

« Angular momentum equation

—pi=b+ V.ol

'='>p(1)/\5§:(I)/\b+(I)A(V.J'T)

(€, E)+E 1), &)

. Es o =o(!, )48 121, &)
=>/sp(‘P YN @+ dV = R

A 2//
/S(tp+§3t)/\bdv+/8 (p+ )N (Vo) dV///?%

— Small transformations assumptions __‘_/E
— [ me+E (@i av -
0

/ (o + g%)/\bdv+/ (o +EN(Vy-al)av
So So

» Using Y=o+ u

= Po (QOD +u + ggt)/\(’ij, + fgt) dV =
So

/ (o +u+ £3t)/\de+/ (po +u+ )NV -al)dV
80 SD
é ﬁ 2013-2014 Aircraft Structures - Shells 31 um:lf‘g




Resultant equilibrium equations

« Angular momentum equation (2)
— Proceeding as before (see annex 1), leads to

oty At jo = to Ao — joto Am’ g A (M%)

« If A is an undefined pressure applied through the thickness, the resultant angular

momentum equation reads {]p —m—n’ 4 _i (m@jo) + \tg
Jo “
« With
NPV | o ; .
o :_—f o - gi o de®
Jo
- 1 2
— m = j—(goa g’¢&’ ’ho —/ Job&?"dg?
1 . 32
— Iy== [ pojo&’d¢’
JO ho

- Remark, for plates: tI, = m — (n® — \E3) + (m*”)

2013-2014 Aircraft Structures - Shells 32 Uﬁ,_itéug



Resultant equilibrium equations

« Angular momentum equation (3)
— Resultant bending stresses
1

e AT
JO Jhyg

for plates we found m*“ = /

« Compared to plates

— There is the Jacobian mapping (1 for plates)
— Cauchy stresses have to be projected in the body basis
» @< for shells
» E!for plates
* We can write it in terms of the components in
the mid-surface basis

— m® = mﬁa(’ooﬁ 4+ ‘fhgato

jospy - o - goeide’

"
/Joto o gy £ e’

‘—fg E 2013-2014 Aircraft Structures - Shells 33 udwu’ag
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Resultant equilibrium equations

« Resultant equations summary
— Linear momentum

r - . .
* |=Gon®) , + 1 = potd
Jo ’
« 1 . @ 763
« Resultant stresses n~ = =— Jjoo - go d§
JO Jhg

— Anqgular momentum

. _ 1 _
o [t = m —n’ + — (m"jo) , + Atg

JO
N 1 :
« Resultant bending stresses m~ = ,—/ o - gojocide?
JO Jhg
— Interpretation
« Everything is projected on the convected basis ty tos
>4

* We have the ncoupling
traction/bending as for plate
only if no curvature (t, ,=0)

« What happens if initial

901;(§1> g-&’)

curvature?

g . 2013-2014 Aircraft Structures - Shells 34 umg@



Material law

What is missing is the link between the deformations and the stresses
— ldea: as the discretization does not involve the thickness, the deformations
should be evaluated at neutral plane too
— Works only in linear elasticity
— For non-linear materials, Cauchy tensor has to be evaluated through the
thickness

ﬂ 2013-2014 Aircraft Structures - Shells 35 e U



Material law

« Deformations
— Deformation gradient In frame E! with
» Two-point deformation mapping X = ® o <I>51 respect to &

@ {V‘I)O} B

« Two-point deformation gradient F =

1
— Small strain deformation gradient & = 7 (F+F") -1

— In terms of convected bases
 We have the reference convected basis

V&, = gor @ E!

4 8‘1)0
goa — 8£Q — P0,a + £3t0,cx
AU T
\903 ~ e 0 D, =
« Similarly, the deformed convected basis
V® =g 0 FE
0P
ga a&-a (‘P +€ t
0P
93 p— 8—53 = t’a

‘—fg E 2013-2014 Aircraft Structures - Shells 36 uﬂmtgug



Material law

« Deformations (2)

— Deformation gradient in terms of convected bases
* F=Vdo[Vd, !

- With V&, =gy @ E |, & '=(E;2g]) & V=g, oE!
. ASEI'EJ:8|J _ F:gl®g£:ga®gg+t®gg
— Remarks:

» As the basis is not orthonormal g3 # g; =t

» |dentity matrix should also be defined in the convected basis
» When g = g,, there is no deformation => F =1

==>1=gor ®95 = goa @ g5 +to @ g;
 Small deformations

s:%(FJrFT)—I

1 o
-:»5‘:5[('(]@—90@)@90 +(t—t0)®98+

g5 @ (g — Goa) + g5 @ (t — to)]

%013-2014
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Material law

« Deformations (3)

— Small deformation tensor

1
&€= [(ga _gOa) ®93 + (t_ tD) '8'93 -+

2
C 3
gg & (gof — g[]a) + 9o X (t o toﬂ
* Ifu=¢- @,is the displacement of the mid-surface
go — 9oa — P.a — Po.a + 53 (t,a - tU,Q)
== o — J0a = U o T ggAt,a
® Wlth t:t0~}—At

(&), E)+E3 ty(E!, £2)
Es 0 =gl e)4831E!, &)

1
— = [(ua +ALL) D gl + At @ g] +
g6 @ (uo + &AL ,) + g) © At

—’-f% E 2013-2014 Aircraft Structures - Shells 38 uﬂm;u%



Material law

« Deformations (4)

— Small deformation tensor (2)
1

ce=g[(ua +EALL) D gl + AL® gl + g5 @ (wa + CALL) + g5 @ Al

— Remarks: As |[t]] = |to]| = 1 At

cl=t-t=1ty ty+
2At-t0+At/-5t

P e i )
.-

Second
order € e2)
,1
'=>Att[j:0 , I”,—_
! , | /”
— ‘ - - 4 /
== Ao to=—At toa 5 o7 Lo TR TN ¥
. 9 ~ N
- 0=20, (t-t):2t.a.-t /’ P T TN ///,
J £ : /’ \\ N, N\
C 0=, (to to) =20t T -t
a \t0 0 0, 0 e Nl =7
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Material law

« Deformations (5)
— Components of the deformation tensor

« But a vector can always be expressed in a basis
a=a-gor (& =0)g (& =0)

_______

'—‘j E 2013-2014 Aircraft Structures - Shells
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Material law

« Deformations (6)
— Components of the deformation tensor (2)

o £ =

1
5 [(u’a + g?’At’Q) . cpoaﬁ(pbﬁ ®g(()1 + (u,a _|_53At?a) ) toto ®g§5_|_

At - oo 50 ©gi + At—toto @ g +
g5 ® tpbﬁtpo,ﬁ (uo+ ESAt,a) + g6 @toto - (wn + &'SAt,a) +

gt © @10, At + gl @ toto-AE|

« If thickness of the shell is reduced compared to the curvature

Then &3 << k & &3y, ~E3/Kk << @y,

An approximation consist in o o,

considering the mid-surface
basis in the dyadic products
Jo“ — @

0o’ — ty asinitially t, is

perpendicular to the

mid-surface
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Material law

« Deformations (7)
— Components of the deformation tensor (3)
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Material law

« Deformations (8)
— Components of the deformation tensor (4)

1 o
e = (o +E3ALL) - pos+ (up+ EALS) - poa] @y @ it +
1 ¥ ¥
5 (o + EALL) o+ At p00] [t © @y’ + @y @ to)
» Defining
U P03 tTUZ PO
— Eap = 9
o — At - pops+ Atz Yo
o — 9

- 2(505 = Ya = U tU + At - ¥0,a

@ . 1 « «
= £ — (505;5’ + 53'{'05;3) (P[] @@03+§ (ﬂf"a + ggAtQ . to) (to X (’00 —+ (po X tO)
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Material law

« Deformations (9)

— Deformation mode

x 1 o o
&= (fap+ EFap) L OPH= (Yo + E AL, - o) (b0 @ @i + P @ o)

2

* Terminie, g =

U P03 T UF PO«

2

— Corresponds to the relative “in-plane” deformation of the mid-surface plane

— Relative because expressed in the metric of the convected basis at mid-

surface

— Remark, for plates we had

Ya.p T Uba Uy @1 @'

EapB =

e .
.- -
.-
. .
.

0.1, &)
/ | ,/’ _
|‘ ,—’- ,’
.—--—-——ﬁ.—b |
) . - .
il Py (&', gZ) ~.\ ~ Elpnggltl,bn of
AP - ~-_ midssurface
£ 4 - ~ . N
N . 7 \\ \—-(//
r L7 N At
\ N=-
1
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Material law

« Deformations (10)

— Deformation mode (2)

x 1 o o
&= (fap+ EFap) L OPH= (Yo + E AL, - o) (b0 @ @i + P @ o)

2

© Terminjk,z =

At ., - pop+ Atz - @o.a

2

— Corresponds to the relative change in curvature of the mid-surface plane

— Relative because expressed in the metric of the convected basis at mid-

surface

— Remark, for plates we had
Ata,3 + Atﬁ,a

At toq <—At1¢01¢o

RKap =

e N S ———
.-
.-
- D
.

/
|
bt [l i
BRI (S ﬁz) N _ Increase of
A P - S Gurv,a'tufe radius

N

AP ~ ,(n.é:gatlve strain)

\_s N—
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Material law

« Deformations (11)
— Deformation mode (3)

- 1 o o
+ e = (cap + Ehap) 01" 00y 15 (o +E AL o) (to @ @ + " @ t)

- Termin 24, =y

@

— Corresponds to the rel
average change in
neutral plane direction

— Plate analogy

4 Vo — U3 o + Ata ———— VaRmls 7';\ )
o~ 1/
L=t - 1 3 o ~ 1
_ __(P_O,_L(él é.’z) BN \\\ /I I
PR - ~~ ~< N N /7 7/
\\\ \.\'_ :( ,
N A
X e -
Change of the neutral plane
direction\resulting from
1)v Bending
2) Out-of-plane shearing
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Material law

« Deformations (12)
— Deformation mode (4)

- 1 o o
+ e = (cap + Ehap) 01" 00y 15 (o +E AL o) (to @ @ + " @ t)

- Termin At -ty
— Thickness dependence of the out-of-plane shearing

— For thin structure we consider the average one

—_ neglected

v
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Material law

« Deformations (13)
— Deformation modes (5)

| 1
QY NG et el
v e = (fap + Ehap) 01 0P 5 (Yo + AL o) (b © @ + @i @ 1)
- With €At -ty neglected
* Through-the-thickness elongation

— In this model there is no through-the-thickness elongation
— Actually the plate is in plane-c state, meaning there is such a deformation

» To be introduced: &3 t should be substituted by A, (€3) t in the shell
kinematics

» We have to introduce it to get the plane-c effect

» In small deformations this term would lead to second order effects on
other components

& 1 « v
== € = (2as + Ean) B @ @Y + 570 (b @ 5" + @5 D) + Anto @ Lo
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Material law

« Hooke’s law
— Hooke’s law in the convected basis metric
* Inreference frame: o;; = H,; ri€ki
Fuv E 1 1
0;i0k; + —— | =0;.0:1 + =0;10:1
(L+v)(1—20) 7 14w (2 REIE T J*J)
* But here deformations are relative because in the metric of the convected basis

==> Stress components should also be in this metric
— Let us consider a basis a' ,with £ components known in this basis

k1 I J
oij =H"er; (@’ @a”),,
— Component of oin the conjugate basis can be deduced

o = 0P (ap @ ag),, = HiMer s (o @ aJ)M

= g1 (ap @ aQ)éj (aM ® aN)éj = (a,M ® aN)ij Hikle 5 (aI 059 a,'])

— oMY = (aM g G'N)ij Hike, (ol @ a’)

kl

kl
° Eventually gMN — plJELo  with
E E
HITKL _ v al-a’a®.al (aI.aKaJ.aL+aI.aLa.J.GK)
(1+v)(1-—2v) 2(1+v)
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Material law

Hooke’s law (2)

o 1§ 1 IaY o
— From e = (gofﬁ + 53’{0,{3) (!OO X (100'3 + Eﬁfof (tO 928 (PO + (PO %Y to) + )\hto %Y to

— There are 4 contributions

- Membrane mode gl’/ = HI/oBc .

— With IJKL _ Lv al-a’ak .ol
(1+v)(1—2v)
E
— (aI-a,Ka,J cat +a! -aLa,J-a,K)
2(1+v)

* In the conjugate convected basis ¢, ¢, t, (abuse of notation):
— As t, initially perpendicular to ¢y, and ||t,|| = 1
— The non-zero components are

i

8 Ev a B A 0 E
o= Py Py Py PHENs T ¢
- (1+v)(1—2v) 1+ v

Ev g
33 _ Y 400

el Y 3 ,0
vPo Po Po " Po

%013-2014
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Material law

 Hooke’s law (3)
3 oY 3 1 Qv !
— From e = (8(1,:3 +£ F‘:‘a.ﬁ) Yo 03¢ ¥o + 5”}"(1 (tO & Po + Po X tO) + )\htO @ to
— There are 4 contributions (2)

« Bending mode oij — HIJQ’BfSI{-mg

— With IJKL _ Lv al-a’ak .ol
(14+v)(1—2v)

E
— (aI .aa’ -at +a! - ata’ - a,K)
2(1+v)

* In the conjugate convected basis ¢y, t,:

— As t, initially perpendicular to ¢y, and ||t,|| = 1

— The non-zero components are

e

Ev E

a3 Nel G IR 0 #3 Ne! RN 0 ~3
<Gﬁ'l - (1+v)(1-2v) Py Py Py Py E Ry 1+ L Po o Py Py E A
Ev
33 _ Y L0 e3
TK T Ao (A=) P PSR
D e Nrwnry 5
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Material law

e Hooke’s law (4)
— From e = (cap + Ekap) @ @ @i (to @@y +@p @to) + Ao @ Lo

— There are 4 contributions (3) S,

o Shearing mode o.gJ _ HIJSQCS‘Q + HIJagéa

— With IJKL _ Lv al-a’ak .ol
(1+v)(1—2v)

E
— (a,I .aa’ -at +a! - ata’ - a,K)
2(1+v)

* In the conjugate convected basis ¢y, t,:

— As t, initially perpendicular to ¢y, and ||t,|| = 1
— The non-zero components are Z

(8 (8 E Nal N
o5 =) = gyl e

— To account for non uniformity of shearing

a3 3 E A’

2013-2014 Aircraft Structures - Shells 52 Uﬁ,_itéug



Material law

« Hooke’s law (5)
F 3 Ne! 3 1 ) Ko L
- rom e = (8(1,:3 +£ F‘:‘aﬁ) Yo & @0 + Qﬁfa (tO & o + %o %Y to) + )\hto ® to
— There are 4 contributions (4)
- Through-the thickness elongation g1’ = HI/33),

— With IJKL _ Lv al-a’ak .ol
(14+v)(1—2v)

E

L I L _J K)
2(1+v)

(aI-a,Ka,J-a +a -a"a’ -a
* In the conjugate convected basis ¢y, t,:
— As t, initially perpendicular to ¢y, and ||t,|| = 1

— The non-zero components are

( o_o.»ﬁ . Ev , 3 \
\ Ev E
33
_ An

T ((1+p)(12y)+1+y> /

\
1 v
T Oy a2
D e Nrwnry 5
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Material law

« Resultant stresses

— Plane-c state

e Contributions

— Part is stretched and

— For pure bending the change

14

v—1

part is compressed

of sign is on the neutral axis

¢ T

o

\

B Ev -~ ’58

T (1t p) (1 -2y Yo
Ev 8

_ )Y . 3 3

= (1—|-y)(1—2y)('00 Py & s
1 —-v

= Ah

(1+v)(1—-2v)

P %ﬁ (Eaﬁ + 53%/3)

« Elongation depends on &3

» Average trough the thickness elongation

1
joho Ji,

Anjod€?

1 v
joho ho v—1

. e 3
Jopi - oy € apde®

— Depends on the membrane mode only
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Material law

Resultant stresses (2)
— Plane o-stated (2)

« Values a3 can now be deduced
[ _ap Ev ¥ 3 L

{ e 3A v .03 0
o S T o P e ey St T, Ev5Ph P Ph PO

Ev o By 53 L v B _.8¢3
e Ty e LN L PO POE s TP PO Py P € e

. Fv .
a3 o 3 : 1
N e oA th A —
A (1+v)(1—2v) 0 0 7 with - Ay, 1

. 3 3
(poa © @0 (Eaﬁ +f f{'alﬁ)

« Can be rewritten as a through-the-thickness constant term and a linear term

B afl a3 3 _af
o =0, +{0;
([ _ap Ev 3 E

I~ ? 1/~ ) :'ﬁ :eﬁ :":5
Th = a0 PO PO ‘Po o H e ) R0 P o
With (1 —v?) 1 +v
B 4

af Ev e By 0 i Qv Y L0 .0
5 = 17 VQ)(PO “P0 PO PO Ry T PO PO PO PO RS

\
» QOut-of-plane shearing remains the same

a3 Jav E Al Ne Y
oS = o" = O YA
5 5 2(1 1 v) A Yo " Po Ty
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Material law

« Resultant stresses (3)

— From stress fields
°c O — O'Q"dg[]a & gops + UQS (gOa 2 t[] + tO %Y gOO)

= 0-g) =0""go. + 07

, , E A’
; al a3 3 o a3 3o Nat Y A
with % = o’ + &0’ & o5t =" = 21 +v) A Py Py Ty
— Membrane resultant stress
1 . o
- n® == [ joo-gid¢’
JO Jhy
1 Bex . . :
—>n" = — (07" gos + 057 t0] jode®
JO Jhg
* As _ 9% _ + &%
goa — ‘C)fa — P0,a 0,
v 1 Bev a3 . 3 1 B : <3 73
= n" = — {o‘ ®o.3 + O;s to} ]odf + = g tO_,,S]Of df
jO ho jo h»O
—_— 2013-2014
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Material law

Resultant stresses (4)
— Membrane resultant stress (2)

., 1 N o , 1 o :

© ne = .—/ (67 py 5 + a5 to] jode? +.—/ oty 5jo€ dg’
jO hO jo ho
E A
: o a? a3 ald _ 3a el A A
With & ﬁ:o-ﬁf +£30-ﬁf & o5 =05 = 21 +v) 1 Fo Py Ty

— Membrane resultant stress components

« We had previously defined n® = nﬁarpoﬁ + q“ty

| 1 :
nfe = = Jodgg
) Jo
i oo New term
q = =
\ 7o compared to
plates
« Similarly
3 1 o3 3 - 163 1 a3 . 163
n = = g5 [(PO,a + & tO,a] Jod§™ = = Ts @o,ajodf
Jo ho Jo ho
= n3 = qa(PO,o:
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Material law

Resultant stresses (5)
— Membrane resultant stress components (2)

e N = nﬁaﬁpojﬁ — qato
/
1
n[j’o: = — |:O.a[3
JO Jhg
{
16 1 a3 - 3

¢ == [ o5 jod§

\ JO Jhg

* Due to the curvature t, , has components in the basis ¢,#

= o, = quog,g no componentalong t,as 0 = 9, (tq - tg) = 2to o - o

* As integration of to
- _ S 4 x
— g8  corresponds to tension __--"" tox o
/ / - -
— 345087 corresponds to bending ! _-m T T T A Lo
o ponds to bending , _ ) -
g . o /l//’ ,"-—-_S-.p iél.~g2).\. \\\ Illl
Due to the initial curvature JOP L2237 T~ .. L)
. P Se . ’
. . 87 Pid S \'\ \(///
there is a coupling e S, T
\_s N -
1 .
= n’ = j_ [crc‘ﬁ + 530"}""t0;y ' CPbﬁ 30d53
0 Jhy
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Material law

« Resultant stresses (6)
— Membrane resultant stress components (3)
* Using fields
Uqﬁzzogﬁ_+£3ogf

a3 i Ye! E A’ el Y
o’ = o = Yo A
5 5 5 (1 n 1/) A Yo ~Po Ty

* Leads to (see annex 2)
e

,.’ 1 ,.’-3 ) Fr 1 2 -~ . _ Fr ,.’ — ~
n’ = — [ o0 jods? + N = [ el jode? =0 4 N/
< jO ho jO ho
1
o al - 3 ~x
== o5 odST =g
JO Jhy

o i [~ 3
With [ pfe = Hza ' 5875
i 1 i
~a o af o af .
{4 =49 _‘7iq 6ﬁ‘_ §7iq 46,

~ /B a0
. @ Hon " hiys

See later for
Interpretation

_;!E 2013-2014 Aircraft Structures - Shells 59 Uﬁ,_itéu%



Material law

« Resultant stresses (7)
— The resultant Hooke tensors in the shell metric reads (see annex 2)

s BB [ 0
HA® = 5 (vl eyt e+
1 —v o o~ B8 o 8B
5 (soo ey - wy e Pl el -soo”)

Ha[:?’yc? L h%E N Sy 0
l—v e ~ B .0 e RN :
5 (soo 2 Y =rs -99'0”’)
Hafj _ EhO A’ a .03
\ a 14+v A

— Doing the same developments for the bending mode leads to (see annex 2)
New term

c MY = mfj’a(pOﬂ 4+ mgato
compared to

A

* With
~ﬁa_1 B - 32d3 _ o~ 1B«
m - 5_0 O J f f = m +
ho
?:h?)a _
Aircraft Structures - Shells 60 dwgufq
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« Resultant equations

_ E i L - _
quations — (jon®) . 4+ 7 = pyi
JO
N R
tl,=m—n —|—§—(m Jo) ., + Ato
0
— Resultant stresses
’ ~ ~ By ~ 3 =4 (’OO’Q
m= = m""po g+ m g
— Coupling
( / o N -
nfe = ple »
N . Initial curvature ¢ \5
- 9 =4 ; of the shell 0.00 = AaPO.3
mﬁa _ m/,ﬁa / 20 By
12
; mf_’)a —0
— Hookes’law
- ) ( o U P03 TUZ " PO
Rfe = [P0 s o 2
J ~ 1Ba Bvd with At - 3+ At AN
Tt =H T Ry \ Kag = o PO 5 AR AU
~ . 1 p |
L qa — qa - H;ka 6;3 — 57_(25'3 8
\ 25& = Ya = U - ty + At - P0,a
—J-f% E 2013-2014 Aircraft Structures - Shells T

6 1 Université llﬂ
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Summary

« Resultant equations (2)
— Analysis of coupling

« Force F, mid-plane length L,

curvature radius 1/x, section A

 First term of coupling

[3 : ~[3o: )\fffmla'}/

/ / K/ \AFL/AJ

F/IA F/A ~ v
FL«/A

— In general L ~ 1/x for shells (for plates L << 1/x)

« Second term of coupling

hQ
Thﬁa — mlﬁa )\[3 Ny
l PRETI
/ K F/A
FL/IA° FLIA ~——>—~
Fho2idA

— If hy? << L/x ~1/x?, which was already assumed, this term can be neclected
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Summary

* Resultant equations summary
I 1 - _ _
— Equations — (jon®) , + 71 = poti
Jo
. ~ 3 1 ~_y
tl,=m—n E—(m Jo) ., + Ato
0
— Resultant stresses
n® =n"%py5 + ¢ to
o ~ ~ [ [ ~ [ 3 ~ aA o\ j
m = e 7 =R AT toe = Agpo.s
3 v
n- =4(q P0.a
— Hookes’law
[ 5 36
n’ = 7‘[2 v E~G
w4 = HL
_ p 1 )
qa — qa - H;x? 5;3 — 57_[23 e
\
s U P03 TUB PO
Eap =
2
with At ., o+ Atz - po.a
Rapg =
| 2
L 26& = Yo — W tU + At - PO,
E !; 2013-2014 Aircraft Structures - Shells



Summary

« Membrane equations

. r - .
— Assuming no external loading, % (jon™) , +7n = pou  becomes
0 ,

(joﬂgméé‘w@o,ﬁ ‘ jOH%mé)\ﬁMaCPo,ﬁ joﬁf;ﬁ/%ﬁto) = Jopott

— This equation can be projected into coupling
(¢ ,) Plane, and is completed by BCs 3
« Neumann Uq = Uq _ %

« Dirichlet n®y, = 1 dpA >

» For plate we had -

Ho:ﬁ’yé Uy 60 + U5 ~ya
" 2

* Remark, for shells ¢, ,;is not equal to zero

+ng = plg

— This equation projected on t, leads to the shearing equation

» For plate we had

a3 U3 Ba + At 3. _ e
o s : By f — i
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Summary

« Bending equations

. _ . _ 1 _
— Assuming no external loading, tI,, = m — n® + — (M) , + Atg becomes
Jo

oy &t = (Mo rs00.3) , — oy eon

— This equation can be projected into 3
(¢ ,) Plane, and is completed by BCs _ P 1 A
« Loworder ug =u3 or ty-nv,="1T :’aDﬂ L % —> T
- High order At = At or MGV, = M == 2
 For plate we had 1 N=y E

. -1
LAt = m, - 5H, 7 (us,g + Atg) +

qyoiys Abysp + Alsyp
T 2

— With the shearing equation

a u3.3a+At3.a _ .
Hqﬁ L 5 20 4 fy = piig
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Numerical aspect

 Membrane-bending coupling
— Ifty , # 0 (there is a curvature)
« Tension and bending are coupled

» This leads to locking with a FE integration: stiffness of the FE — «

» Locking can be avoided by

— Adding internal degrees of freedom (EAS) ==> more expensive

— Using only one Gauss point (reduced integration) ==> hourglass modes

(zero energy spurious deformation modes)

— Both methods lead to complex computational schemes

%013-2014
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Annex 1: Resultant equilibrium equations

« Angular momentum equation

—pi=b+ V.ol

'='>p(1)/\5§:(I)/\b+(I)A(V.J'T)

(€, E)+E 1), &)

. Es o =o(!, )48 121, &)
=>/sp(‘P YN @+ dV = R

A 2//
/S(tp+§3t)/\bdv+/8 (p+ )N (Vo) dV///?%

— Small transformations assumptions __‘_/E
— [ me+E (@i av -
0

/ (¢ + g%)/\bdv+/ (o +EN(Vy-al)av
So So

© Using ¢ = ¢p +u

= Po (QOD +u + ggt)/\(’ij, + fgt) dV =
So

/ (o +u+ £3t)/\de+/ (po +u+ )NV -al)dV
80 SD
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Annex 1: Resultant equilibrium equations

Angular momentum equation (2)

— Small transformations assumptions (2)

Sk

/ 0o (9o + 1+ SN+ D dV = Po= o £ (L P
So

/ (00 +u + gSt)/\de+/ (po +u+ A (Vy-al)av
80 SO

» As second order terms can be neglected

= | po (o + )N+ %) dV =
So

/ (0 +£3t0)/\bdv+/ (0o + o)A (Vo - o)
So S

1

dV

Aircraft Structures - Shells
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Annex 1: Resultant equilibrium equations

* Angular momentum equation (3)

— Inertial term
: / 00 (o + E30) Aii + €3F) dV =
So
f / 000 {c,oo AN+ & (tg A+ o A E) + 3t A i’} de*dA
A Jhg
« As

— Main idea in plates is to consider u and t constant on the thickness

- / Jopode® =0
ho

1 .
= po=— [ Jjopod&®
Jo ho

— 00 ((,00 + ggto) A (u + ggt) dV = / joﬁofpo A udA + / to N\ i-i-jofpd./l
So A A

. 1 . a2
- With [, = % pojo€’ de?

ho

%013-2014 1
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (4)

— Loading term

: f (o + E¥0) AbdV = / 0o A / jobd€3dA + / to A / jobE3de3d A
SO A ho A ho

= [ (¢o+ &) AbdV = f jowo A bd A+ f to A f Job&*de?d A
So A A ho

— With the surface loading p = i jobdf3
JO Jhg

%013-2014 1

Aircraft Structures - Shells 71 iUt



Annex 1: Resultant equilibrium equations

« Angular momentum equation (5)
— Stress term

/ (po + )N (V- a!) dV:/ PN (V- o) dV
So So

= ((po —I—(fgto) AN (Vo . O'T) dV = f eijk(bojVOJO'kng
So

So

 Integration by parts

/3 (o + o)A (Vo -al)dV =

/ €iik Vo (Pojo)dV—
So

/ ijk (Vo1®o ;) opdV
So Dy = py(E!, EDHE to(E, €2)
Es 0 =gl 483 1(E, &)

%013-2014 1
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (6)
— Stress term (2)

3 T _
. /5 (‘PO +¢ tO)/\(VO o ) dV = gy as here grad is in §, frame
0

/ €iik Vo (Pojor)dV— / Cijik (Ukldv :
So S0 as ¢ symmetric

=i (900 + fgto) A (Vo . O'T) dV = / Bijkq)oj()'kgﬁ,gds — B@Jf/}wdv
So 0So So

. Whereﬁ\ is the normal to the
shell s,

/S (Cpg + 53130) A (Vo . O'T) dV =

/ o A (o - 1) dS
980
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (7)
— Stress term (2)

. / ((‘00+£3t0)/\(V0'G’T) dV:/ CIDO/\(o"ﬁ,)dS
So 080

« Transform surface integral dsin S, to in surface integral dS in 4 x h,
« Nanson’s Formula, for a mapping @,: dSn = |®o| dS@gT N

'=>/S (po+ ) A (Vo-ol)aV =

R n
/ €-zjk(130j0kz¢'61p£ijod5 T T
8[A><ho]

o AS ‘1361: (E_j@)gg)

D, =y, E)+E3 ty(E], €2)
Es ©=q!, e)4831E!, &)

— /S ((,00 —I—ggto) N (Vg : O‘T) dV =

/ <I)0/\(0'-gI)EI-Nj0dS
8[./4)(}10]
o "
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (8)
— Stress term (3)

| (ot E€t) A (Vo) = [ @i (o-g) B Njuds
So a[AXh()}
- Where N is the normal in the reference frame - 'EI.B ~~~~~~ -

7\
— On top/bottom faces: N = % E3
— On lateral surface: N = v, E¢

/(po/\ (jgo‘-gg)’hodﬂ—l-/ 900/\/
A oA ho

fto/\(jog-‘ﬂa-gg)yho dA+/ to/\/ o - g5 o dE vl
A A ho

%—%2013-2014 T
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Annex 1: Resultant equilibrium equations

Angular momentum equation (9)
— Stress term (4)

’ / (o + ) A (Vo-at)dV =
So
/ ®o A (jOU'gS))’hO d«4+/ ©o /\/ (joo - g&') d€ vadl +
A dA ho

/ to A (j0§30' : g'g) ’ho dA + / to /\/ o - gy joEldei v, dl
A 0A ho

» Resultant bending stresses & resultant stresses
1 o 1

- m® = — as ¢37¢3 Y = — 0o - gode?
m- = = o -gy 0 d , ; Jo 90
jo/;m @ joclde =,

-='>/S (Lpo—l—fgto)/\(Vo-O'T)dV =

/ wo A (joO' : gg’) ’ho dA +/ po A N jovadl +
A 0A

/ to A (j0€30' ) 93) ’h,o dA + / to N ﬁlajoyadl
A oA
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (10)
— Resultant bending stresses
P o .
ot = [ ogiigtag
JO Jhg
for plates we found m® /

« Compared to plates

— There is the Jacobian mapping (1 for plates)
— Cauchy stresses have to be projected in the body basis
» @< for shells
» E!for plates
* We can write it in terms of the components in
the mid-surface basis

—m® = ﬁlﬁa@o,/j 4+ chxtO

( mﬁa :Cpbﬁ'
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Annex 1: Resultant equilibrium equations

Angular momentum equation (11)
— Stress term (5)

: f (g0 + %) A (Vo -aT)dV =

So

/ wo N (jQO' : gg’) ]ho dA + / wo A n*jovadl +
A 0A

f to N\ (jofgo‘ . gg) ’ho dA + / to N ﬁlajoﬂadl
A 0A

» Applying Gauss theorem

fs (0o + E%0) A (Vo - oT) dV =
/ wo A (joo - gi)
A

[4 to A (jo&lo - gi)) !ho dA + /,4t0’a A m*jod A+ fAtO A (Jorn™) , dA

ho dA + / ©0.0 NN jodA + f wo A (n“jg).a dA +
A A ’

_%013-2014 s
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (12)
— From

. / 00 (cpo + ggto) A (u + fgt) av = / joﬁotpo N udA + / to N\ fjofpd/l
So A A

. / ((po—l—fStO) /\de:/jO(po/\bdA-l-/ to/\/ jobggdfgd«fl
SO A A ho

. / (o + &) A (Vo -ah)dV =
So

/ o A (joo - g;) ’ho dA +/ ©0.0 AN jodA + / wo A (n%jo) , dA+
A A A

/A to A (Jo&lo - gj)| e dA + /A to.o A M jodA + /,4 to A (jom®),, dA

It comes

50)50%00 Auw—+ to A i}ofp = 50(,00 ADb +to A / jobggdgg +

ho

®o A (300' ‘ g(?)‘h,o +§0‘PO,O¢ AN+ ¢o A (najo)..a +

to A (Jo&’a - gi) |, + Joto.a AR+t A (M%o) ,

) NS g
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (13)
— Resultant form

to/\fjofp to/\/ j0b£3d£3‘|—

ho
w0 A (Joo - go)|p, + Jopo.a A Ko A(njo),
to A (jo&o - gf)) ]ho + joto.a AT 0 A (M7 o) ,

« But the resultant linear momentum equation reads

N ~ .
= (jon) , + 1 = pote
Jo ’

1
< nt = — joCT'g(?de
JO Jhy

1

\ n = j_o [506 + (jOU 98) ’ho}

» So the angular momentum equation reads

to N Ejofp =tg N\ / jobggdfg
ho
to A (jo&'o - g5)l,, + to A (12%]0)

%013-2014
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (14)
— Resultant form (2)

. toAtjol, =t Job€dE))+ jopo.a AN +
0

to A (50530' - 95) ’h

0

jotoa/\m —I—to/\( j)

= 1 ] 2
« Defining the applied torque M = - (joo - g°¢ )’ho job&* d¢”
ho
==ty A tl,jo = to A mjo ¥ jowo.a AN+ joto.o At to A (Mm% jo)
« Terms which are preventing from uncoupling the equations are
J0Po.a A1+ joto.o A1
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (15)
— Terms 306,00@ An® + jotgja, A m*-
» Let us rewrite the Cauchy stress tensor in terms of its components in the

convected basis: o = 0”901 & go.g

K IJ K IK
=09y — 0 "gos ¥Gos gy =0 Qgoj

2=
& _CS e

« As Cauchy stress tensor is symmetrical

9ok /\0'95{ =o' " gore Agor =0
( 8(]:)0

3
goa — o Lo, +€ tO,a
0P
L go3 — C)—ﬁg = to

= (¢o,a+€3toqa) No gl +toho gi =0
« After integration on the thickness:

/ Jowo.a No - gg e’ +/ to.o Ao - ggjo& de’ +/ to Ao - gyjodE’ =0
ho ho ho
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Annex 1: Resultant equilibrium equations

« Angular momentum equation (16)

— Terms 306,00@ An® + jotgja, A m*-

(2)

30

» Using symmetry of Cauchy stress tensor

f Tooa Ao - glde® + / o0 A - g Joc dE® + /
ho

to Ao - gpjode® =0

o - g jodE’

h»O ho
3 1
— Defining the out-of-plane resultant stress n j—
0
( o 1
n = Joo - g df
Jo
— As <
~gel 1 @ 373
mY == o-gyjodS
JO Jho
50(100@ An® + jOtO,a Am” = —joto A n®

— Equation
to N ?.f.ijg =ty N ﬁl}o + 50(,00,,@ Ane + j()t(),a Ame +ty A (’ffl

= o A i.fpjg =1tg N ﬁl}o — joto AN ng + o N (ﬁ’tajo),a

“Jo) 4
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Annex 1: Resultant equilibrium equations

Angular momentum equation (17)
— Resultant form (3)

ot AL jo = to Ao — joto A+t A (o)

O

« If A is an undefined pressure applied through the thickness, the resultant angular

momentum equation reads ({7 — 7 — n3 4 _i (m®jo) , + Ato
Jo '
« With
(8% 1 - .
St = [ o gt
JO Jhg

= L. 33 1/ . 7+32 7.3
- m=— (jyo - + — b&” dg
7o (30 g°¢ )’ho Jo Ju Job&™ d§

3

a9
- I, == pojol>de?
JO ho

- Remark, for plates: ¢, = m — (n° — A\E3) + (m®)

el

%2013-2014
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Annex 2: Material law

 Resultant stresses closed form
— Membrane resultant stress Components

3
e n® =n"%po 5+ ¢ | toa = Nopos
.
1
nfe = — G +€3)\$€7m] jod&?
{ JO ho
1
qa = — a%j dg%
. ho
N 8 af 3 _af a3 Yo
As o =0o." +&0. , 05  =0;

&/ JopoElde® =0
ho

o 1

E A

C2(1+v)
for constant density it leads to

"('1 ‘-ﬂ/ﬁf
. rﬁ‘
AP0 P

5
" %o

]

2 -~ . ~ [ 4 ~ -~
n = ]Odg + )\ 5'3 ,/ij df .,._'30: + )\:fmlo:/
30 ho j ho
8! ad - 3 ~
" == [ o5 jod& =
\ jo ho
( o_o.»ﬁ . Ev (P_._o.» So,ﬁcp, (P g 4 B _— ¢ 5@ (P,'j/so,ﬁ
~ — . o * f\() -~
n (1 L 1/2) 0 0 70 0=7v 1 +uw / O 0 ¥0
With <
af Ev e oy .0 i e Y LB N
Tm = 77 2P0 PO PO "PoHYs TP PO PO PO s
- ST
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Annex 2: Material law

Resultant stresses closed form (2)
— Membrane resultant stress Components (2)

« n® =n""po s +¢"to  to. = Nlpos
[ F 1 aff - 1 N -
71’30{ = — o_ﬁ,.ﬂjodg?) + )\ '3_ 5‘320./ Jo d&’
JO Jhg j ho
. . Ev ‘ E
a3 Ne! oA
with $ O, — O_—VQ)(PO "o (PO (IOO €y T 1 +V‘€"/5(PO
af Ev

3
o [ et~
ho
hoE
1 — v?

1l —v

’ﬁ, Ba HO: '3’\/58 5 with HCE '3’\/()

h3E
H%S’ ~o Ko sWith affyo 0
oWith 7, 12(1 — 12)

A ~ raA
)\:;/m‘”

Y3 0
"Po Po " Po

N NCE 0
[wo PO PO Py T

, QY Y W03 NG QX 0 3 Y
5 (‘Po PPy Py TPy Po Py Po )]

NeY 3oA N
[V‘Po PO PO P T

See later for l—vy/ & ~ 58 5 a 8 By
interpretation 5 (soo “PO PO PO TP PO PO -99'0)
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Annex 2: Material law

« Resultant stresses closed form (3)
— Membrane resultant stress components (3)

. n“

with Y,

P05+ 0"t to.e = Npos
X 1 (@ . ~
¢ == | o§jeds’ =
JO Jhy
O_O:S o 0_30: o L A, e Y A,
o =% T oy At Poh

. AS/ Jod&* ~ johg
ho

:»qvo‘:

P 1 P
3 B
* =S, = M

with  HoP =

Ehy A",
14+v A o

K2

R P CYTYY
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Annex 2: Material law

Resultant stresses closed form (4)

— From stress fields
co=0"%gy, @ gosp + o’ (goa @ to + to @ goa)

— o g} = 0" gua + 0Ly
E A
?)O: — el . ?AJ/,-V

. a3 af 3 _af ald
With ¢’ =o." + &0 & 05° =05

— Bending resultant stress

| o :
-Tn:f/a@m&w
JO Jho
~ v 1 1a x :
=1 = — {0"3 gop + O 3t0} jofgdfg
JO Jhg
0Py 3
® AS o — — ¥ ' t (@
9o = Fea = PO, + &,
.1 a . _ 1 3o . 32
—m" == [ [07p0 5+ 05 ] jo&’de’ + .—/ o0 5jo€” dE”
JO Jho JO Jhy
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Annex 2: Material law

Resultant stresses closed form (5)

— Bending resultant stress (2)
1

*mY = — [Gﬁawo,ﬁ +05%t] jo& de? +

Jo Jh

with o’ =62’ + 8362 & ot =gl =

— Bending resultant stress components

« We previously defined m® = mﬁa(p(m + 13

| 1 |
e — L / [53 5B
JO Jhy

1

1 o . .32
.—/ o’ tg 5ol de?
ho

Jo
E A L

i — = [ agiuctas N
\ ]0 ho

New term
compared to
plates
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Annex 2: Material law

Resultant stresses closed form (6)
— Bending resultant stress components (2)

me — mﬁa(poﬁ + ﬁ?,?)at[)
| 1 |
mr@o: _ _/ [630_[301 +1¢
JO Jhy
s
R
= — | jogdg”
\ JO Jhg

* Due to the curvature t, , has component in the basis ¢,#

== 1y, = )\g@[],ﬁ

/

N .
1
l

\

. -
. -

| 1 | ‘ |
— rfh[ja = — / |:£30.[3O¢ 4 532)\{30_705 jodg?)
ho

““; ; 2013-2014

Jo

no componentalong t,as 0 = 9, (tq - tg) = 20, - to
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Annex 2: Material law

Resultant stresses closed form (7)
— Bending resultant stress components (3)

cm® = o+t toa = Ao
( . 1 . 2
mlﬁa = — |:€30_;3a + 532)\ijo_m/aj| jodg?\
JO Jhg
{
1
m.?\oz = — Dz?)j ggd‘f?
. JO Jhyo
. , E A
.f/ (_1',.’_'} . (_1’“'3 ?) ?)(_ ,C 27 B
Chs o =orl ol L o =0t = o e R
& / Jopo&3d€® = 0 , and neglecting term in (&%) leads to, for constant density,
ho
s 1 . a2 . a2 N h3
= — [ ol st det + N — / 2% jo32ded = /P 4 M\ e
jO ho ,70 ho 12
_ <
m?)os — 0
\
( 0'9"8 _ Ev (P_._o.» . So,ﬁcp, (P g 4 E _= . LP (P,'j/so,ﬁ ] (,0,5
< n —(1_1/2) 0 0 ¥0 0 <70 1+ v Y0 0 0 Fo0 0
With
af Ev e oy .0 e Y LB N
T = (1_—1/2)%00 TR0 PO POy TP PO PO PO B
]
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