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Elasticity

« Balance of body B
— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
» Dirichlet

« Small deformations with linear elastic, homogeneous & isotropic material

— (Small) Strain tensor ¢ — (Vou+ux V), or

b | —

— Hooke'slaw o =H:e ,or o;; = Hijk€r

with ’U)u fr,j(skl +‘ ?,L(sjl + 6116JA)

— Ilnverselaw =g o A=K-2p3
: 1+v /1 1 v
with gwu 5 <§51L6ﬂ + §5¢g5jk> — E(sg'j(skl
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Reissner-Mindlin equations summary

— Out-of-plane sliding

S

JA

Deformations (small transformations)
— In plane membrane

€a B —

U 3 + U3

2

Curvature

Rap =

Ato: 3 + Atlﬁ,o:

2

1At

I
]

v
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Reissner-Mindlin equations summary

« Resultant stresses in linear elasticity 4 E,
— Membrane stress

o |z afyd .
n” ="H, "5

— Bending stress

~ af3 v3vd
o | Hc y ’{’“,/5

— Out—of—plane shear stress

o ’VOz_ Hai’
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Reissner-Mindlin equations summary

« Resultant Hooke tensor in linear elasticity
— Membrane mode

hoE 1 —v
. afyd 0 afl gy 50475/35 60*55)8’7
Ho — {wﬁ 670+ —— ( + )
— Bending mode
5 h3E s 1—v s
. Ho.f/ﬁfyo _ 0 50:,6670 50:76ﬁ0 6@5667
m 12(1—12) {’/ T * )
— Shear mode
. HQ;S’ _ E h’o él o
9 14+v A
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Reissner-Mindlin equations summary

« Resultant equations
— Membrane mode

|0+ = pu

° n® — ,ﬁ/a;j’ E.,B + qa E‘_),
U, 3 + U3 o

— ~ab By~ i R
. ~ 1 o3 W|th -~ A
q" = §’Hq- V3 fa = U3,0 + Al,
» Clearly, the solution can be directly computed in plane Oxy (constant %)
.'/ -, ) uﬂ 16 + ué.ﬁ — —
B Hga 7o 122 =t + ng = pug EA3
2 O
— Boundary conditions = Y
- ~H aD/q > —_
» DlrlChlet uO( — ,L_LO.’ - > E2
» Neumann .
sU~ 5§+ Us _ n,=v,E“
R DA : 3. 3 U3, Ba + Atﬁ,u _ _ e
Remaining equation along E>: 7—(;. 5 Ny = pusg

%13-2014
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Reissner-Mindlin equations summary

« Resultant equations (2)
— Bending mode

‘|tL, =m — (n® — \E3) + +(m")

*mt =m*E; & n’ =¢"E,

T 3 HQ 370’{75 with x 5 =

~ -} .
- §¥ = 'Hof g With ~, = us o + At,

« Solution is obtalned by projecting into the plane Oxy (constant 7, #..)
At,\/ o3 + Ato 3
2

B Ipdt = m, — _HQ ’ (us 5+ Atg) + H%ho

— 2 equations (a=1, 2) with 3 unknowns (At;, At,, U,)

_ ini : sU3 g0 + Aty _ .
Use remaining equation HY— @ 5 —2 L s = pus
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Reissner-Mindlin equations summary

« Resultant equations (3)
— Bending mode (2)
« 3 equations with 3 unknowns
\ ~ 1 af- a3
- LAty =mo — SH (us g+ Aty) + HD

+ Atﬁ,u
2
* To be completed by BCs

) Atﬂ/,dﬁ + Atb_,ﬂ/ﬁ

P u i
— o W3, Ba _ .
H, n3 = pug

— Low order constrains
» Displacement u3z = u3 or

» Shearing
sus g + Atg -
(@] .-i—-} e M~ o
H, : Vo =1
— High order
» Rotation At = At or
» Bending
~ At 5 + Ats -
MGve = Hp " =", = M
%13-2014 Aircraft Structures - Kirchhoff-Love Plates 8 wugg



Reissner-Mindlin equations summary

« Resultant equations (4)
— Remarks
« Compare bending equations

. _ 1. ai~s Aty 53
- LAta =ma — R, P ugp + Atg) + HOPO =0
U3 g, + At .
— HL?B 3,8 5 3, + g = pis
Z

— With Timoshenko beam equations

9, 00
N (EIG_:;) —pA (0, 4+ 0,u.)=0

0

o (A (0 + Oyu)) = —f

+ At(;’%g

2

 Membrane and bending equations are uncoupled
— No initial curvature

— Small deformations (equilibrium on non curved configuration)

%-%2013-2014
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Shear effect

« Kirchhoff-Love assumption

— Beam analogy
« Timoshenko beam equations

o
— (pA' (0, + D)) = —f

» Euler-Bernoulli equations

82 82’“..2 WA T
g (1557 ) =10 woo HLLLELLE TXD XX
du,/dx =0 >0 >
— It has been assumed that . 3 X )
L

the cross-section remains planar

and perpendicular to the neutral axis
— Uy = 'Qy
M )<< 1

— The same assumption can be made for plates

% .. ]
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Shear effect

« Kirchhoff-Love assumption (2)
— As D
. HO = w6767 +

— — (69757 4 5°0577)

” Eh A, ,

3 0 63

o 7{& _ SAEL
1 1 + v A

— Kirchhoff-Love assumption requires
D(1+v)A hsA

I2ZEh A’ 1212(1 — v)A'

 Where L is a characteristic distance

<1

D TS ]
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Plate kinematics

Description
— In the reference frame E,
* The plate is defined by

o [ e ea
£:€E1 wit &:SE{ hg.h[]]
| 27 2
— Mapping of the (deformed) plate
Neutral plane wo (¢4, &) = ¢°E,, a=lor2,1=1,20r3
Cross section to(h, €%, |It| =1 withty=E;g

Initial plate S,
— So = A X [-hy/2 hy/2], for a plate of initial thickness h,

X =d) () =0 (€ + (e &)
Deformed plate S

- x=0 () =)+ &)

Aircraft Structures - Kirchhoff-Love Plates 12




Plate kinematics

« Kirchhoff-Love plate E
— Assumptions
 Kirchhoff (cross section remains plane)

/\ .
to=E; & t— 210 F2
@1 Aol

« Small deformations § ~ &y, V ~ V,, /w/
S So

« Displacement field ¢ = o +u with |lu|| << /|So
— Kinematics

p1=FE +ui 1B +ux 1By + us By
Ppo2=FEy+ui 281 +usoFs +u3oE3

<§ Pi1Npa~(14+u g +uss) Es —us 1 By —usoFo
1 Aol ~1+u g +us
{t ~ B3 —u3 1B —u3 2By = E3 —u3 E,

t,ﬁ — _US,Q‘BEQ
At 3 = —us s,

)\ L
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Kirchhoff-Love theory

« Deformations (small transformations) =

— Reissner-Mindlin
Un 3 + Ug o

* Eap =

— Using
Al = 7?"{‘3.O(EO.H At §7-
' A E ‘r# t
At 3 — —Uu3 -‘_‘II,BEO( 3/
=
/8 Un, 3 + U3, t
aff —
| 2 !
== < Kqg = —U3 a3 T
I I f [:2
~ — 0 !
\ IOﬁ , ll 1/’(11
B
l/At "[l’
L i
1 !
b
%% £
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Kirchhoff-Love theory

Resultant stresses =
— Reissner-Mindlin

. ﬁ/a* 7_(&*%/5876
~ a3 a0
o |m Hm Ryo
R ”Oz _ HQ3
— Using
( Un, 3 + U3,
Eaf = 9
< Rapg = —U3,04
Yo = 0
(.
C =af B0
n“” = H 7%

~af aFvo

qva:o \I—EI;

N\ m11 ///le 1/ x4
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Kirchhoff-Love theory

« Resultant equations
— Membrane mode

R

c & — ~a[3E[3 +Q‘O¢'E3

_ : Uu +u
_ ,ﬁaﬁ _ Hgﬁ’yc‘i&yé with o = a3 3,

2

_gazo

» Clearly, the solution can be directly computed in plane Oxy (constant %)

By Uy Sa T US| . E
Hpy o —== S+ = pig £ 51
— Boundary conditions == y
_ dpA > B
» Neumann q , = u, > E,
» Dirichlet .
U +u . _ " = a
n%ya — Hgﬁ’yé v, 00 5 d,ya Vo = T n,=v,E
« Same membrane problem as for Reissner-Mindlin
. | hoE 1 —v | " .
e Remark: ’Hgﬁ“/é _ ﬁ 8B + (604/5[3(5 T 6.356[37)

%-%2013-2014
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Kirchhoff-Love theory

« Resultant equations (2)
— Bending mode

‘|t = m — (n® - \E3) + (m”)

Nel

.ma:'vaﬁEﬁ&nS:**aEa
— m™ = Hﬁfh%,ﬁ WIth Kop = —U3 08
- §* =0

Solution is obtained by projecting into the plane Oxy (constant #,)

o _Ipﬁ?),a — rﬁla - H%ﬁ’}/bui’),'}/éﬁ
— 1 higher-order equation with 1 unknown (us)

| hiE s
— With afByé _ 0 6O:f36’¥(5
Fon 12(1 —12) {” *

Compare to Euler-Bernoulli beams
0 0%u
— | ET =) = ,
Oz ( O ) J (@)

— How to include pressure effect?

| -—g’g 2013-2014

1 —v
2

(605'}/6[35 4 60556[3’}/)
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Kirchhoff-Love theory

* Applied pressure P ¥ oA
— 1 higher-order equation with 1 unknown == T A T
. = B3~ g >
o —lytig =M, — 7‘(%{376%3,75[3 - /Dﬂ f E,
— In case of pressure loading p 1
o= v, B

* Assume static problem (and constant %)
ho

_ ho 2
°m = (O'ngg) 2h0 +/h £3bd§=3
T2 _ o
2
has no component along « in case

of pressure loading

— Use energy conservation

 Work of external forces

OW st :fp5U3dA+/ T(Sug—/ M(Sug;ar/adl
A on A Onr A

» Bending part of internal energy (as problems are uncoupled)?

4 2013-2014 18 el
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Kirchhoff-Love theory

* Applied pressure (2)
— Internal energy
» Last lecture we considered the decomposition
—e= f—:a@E“@EﬁiE?’ 2 E® + E*® E* )+ k0 E“@E + )\, E*Q E°
af P | 30 Vd2

-~ =0,
Ev E  Kog+K
ith o0’ = =2 58 af T Mpo
with o 1= VQ)RW + T+ 5

» Bending contribution to internal energy

— Oy = ] / o',,h : ﬁ:@-jE‘T ®Ejd€3d./4

.=>6Emt—/ /h ¢ “ﬁﬁ:agd/l / —O',rh ﬁja@d.A

hi
— As m“ = 1; -ﬁl E.‘B — NQ.}E

e $E — ] 71 8k 50 A |
A For Kirchhoff
— Remark other contributions (for the uncoupled cases) follow  plates

» (SEmt —/ m ﬁélﬁlagd/l-l-/ aﬁdCagdA+/Aﬂ/ﬂr’Y/ad.A
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Kirchhoff-Love theory

« Applied pressure (3)
— Energy conservation

e 5Eint :/ ﬁlaﬁélﬁ)a‘@dﬁl
A

* OWest :/p5U3dA+f T5U3—/ I\Ydugﬂavadl
A on A O A

* AS Kag = —U3 a3

D / O{J(S’u,fg aﬁdA / p(S‘ngdA—l—f Td'&gdl —/ ATI(S‘Ingaf/adl
onA oA
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Kirchhoff-Love theory

« Applied pressure (4)
— Resulting bending equations

—/ ﬁla85U3?aﬁdA:fp5U3dA+/ T(S’Ufgdl—f J\7Ic5u3,az/adl
A A OnA On A

* Double integration by parts

—/ ﬁz“ﬁéu;g’ayﬁdl—l—/ ﬁz%56U3,adA:/p5U3dA—l—
dA A A .

@ f Tousdl— J\Tféu&auadl
On A on A
~ / M7 Sus o vadl + f M’y Susvadl — f M dusd A =

0A 0A A
fpéu;gd/l—l—f Tdu;;dl—/ Ajfdu;g?al/adl
A on A opr A
Es
_ " O ‘
— ﬂ —
7 T : = T
//Dﬂ t E, A t
! N, = v, E“

S
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Kirchhoff-Love theory

« Applied pressure (5)
— Resulting bending equations (2)

—/ m“ﬁéu&avﬁdl + mf’fdugvadl —/ m%i5U3dA =
DA oA A
f pousdA + f Téusdl — / Mbus o Ve dl
A On A Onr A
« Using ;P — 7{%[375%5 , Kag = —U3 op and essential boundary conditions
— On 1 (H%ﬁwéugﬁd).aﬁ =D
— Onoy1:  — (H%ﬁvéu&%s) 5 Vo = T

— On oyt — (H2ug s) v = My,

E,

A

N, = v, E“

| -—g’g 2013-2014
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Kirchhoff-Love theory

« Applied pressure (6)
— Comparison with Euler-Bernoulli beams

 Plates Beams
02 0% u
_ . afB3yd ) . z
OnA (R us08) b5 =1 a2 (EI a2 ) A
- Onoyz — (’H“ﬁ’”f‘sug 5) Vo =T 9 EIaZuz [
m SRACEVC oxr oz )|, ¢
. Haﬁfyé :ﬂjf 82’11.2 —
— Onaya — (Hy " usqs) vg = My, _EIZ™ — M,
O 0.L oL

N, = v, E“

| -—g’g 2013-2014
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Kirchhoff-Love example

« Example: simply supported plate

— Equations
D
with HA70 v +
7 (577670 4 579 577)
2

« Bending couple can be rewritten
HOPous s = Dvd®’ (us 11 + useo) + D (1 — v)us.ap

= (H%ﬂwu?ﬁya).aﬁ = Dv (Ops + Oyy) (U311 + U3 22)+
| D(1—v)(usi111 + 2us 1122 + u3.2222)
- General equation: D (w3 1111 + 2us 1122 + u3.2200) = p (2, y)
— BCsforx=0&x=a
o uz =20

11

« Notorque == m'' = —D (u311 + vuso)

— As onthese edges Uz =0 == u311 =0

S
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Kirchhoff-Love example

« Simply supported plate: Methodology
— Using BCsforx=0,a&fory=0,b

© ug ;=0 U300 =0
« Solution can be represented

as a Fourier series

= — mrx . Ny
Uz = E E A,n sin ” sin ;

m=1n=1

« Coefficients A, such that D (03:1111 + 211,3?1122 + US?QQQQ) =P (ZE, y)

— Solution for
* px,y)?
¢ p(X,Y) - pO r)

DS '
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Kirchhoff-Love example

« Simply supported plate: General solution
— Applied pressure can also be expended as

a Fourier series

>0 o0

. mmx . nmy
° £, = Ly, SN Sin
P = 303 asin T i

m=1n=1

« Coefficient a,,, can be evaluated using

(Y ommx . omlnmax a
sin sin dr = —0mm’
0 2

a a

b nmx n'max b
- sin —— sin dr = —=0nn’
0

b b 2
@ rb . om'mx . n'my
= p(x, y)sin sin drdy =
0 0 a )
N mnrx . nwy . m'mx . n'my ab
Z Z/ / yyy, SIN sin sin sin dxdy = —
0 0 a b a b 4

m=1n=1

4 a b
= (U, = £fo -/0 p (2, y) sin m;r:c sin n:gy dxdy

D TS ]
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Kirchhoff-Love example

E
« Simply supported plate: General solution (2) °
— Equations
= — . mmxr . nwy
Z Zamn sin sin 7
m=1n=1
°< mmx nmy

= g Anm sin sin
)
m=1n=1

D (w3 1111 + 2u3 1100 + U3 .2202) = p (7, y)

— What remains to be defined are the A, (as a,,, are known)

« Balance equation yields

S5 fitn [(22) 2 (22) (5) ()] - 22

m=1n=1

mnr . Ny

sin sin —— =0
a b
« Should remain true for any x, y
1 a:rnn
= A,,, =
Trem 4 2
D (_T + *;)

2013-2014 Aircraft Structures - Kirchhoff-Love Plates 27 v U



Kirchhoff-Love example

« Simply supported plate: Constant pressure p,
— Coefficients a,

4 a b
S Uy, = —f f p (2, y) sin e sin @d:cdy
CLb 0 0
b

a b

4 a
= Uy = ZPo sin mre dx / sin @dy
ab 0 a 0 b
— Formorneven:a,,=0
— Formé&nodd: q,,, = 1‘6p0
T2mn
— Coefficients A, for m & n odd:
1 Amn 16p0

¢ ilmn - -
4 o 2 2\ 2 2 2\ 2
T D m 1 D 6 m n
( a2 b2 ) Temn ( a2 h2 )

— Solution of the problem
cug= Y Y D sin T sin Y

2 2
m=1.8,5n=1.3,5 Dromn (Zz + %) a b

D TS ]
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Kirchhoff example

Simply supported plate: Constant pressure p, (2)

— Solution of the problem

> - 16 mrr . nm
u3z = Z Z pg S5 sin T sin %
me1.8,5n=1.3,5 Dromn (Z + %) a
— For a square plate
> - 16pga’ mrr . N
us = Z Z Po 5 Sin d sin Y
M1 8. 51 8.5 D7%mn (m? +n?) a a
Apn D m=1 m=3 m=5 m=7
poat
n=1 4.161 103 | 0.055 103 | 0.005 103 | 0.001 103
n=3 Sym. 0.006 103 | 0.001 103 | 0.002 104
n=5 Sym. Sym. 0.003 104 | 0.001 104
n=7 Sym. Sym. Sym. 0.004 10
) 2013-2014 Aircraft Structures - Kirchhoff-Love Plates




Kirchhoff example

« Simply supported plate: Constant pressure p, (3)
— For a square plate (2)

o0 oo

16poa’ . mwr . Ny
©Us= Z Z G 5 228111 Sl ———
M1 8. 5135 Dmomn (m? + n?) a a

* Maximum deflection at x=y=a/2

4 o0 o0
a a pPoa 16 .ommT . nw
U3 (—, —) = sin sin
2 2 D mzL:g, 5n; - momn (m? + n2)2 2 2
4
~ 0.00421%
x10°

D TS ]
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Kirchhoff example

« Simply supported plate: Constant pressure p, (4)
— Resultant stress couple

o0

16p0 . mwTr . nmy
* From ug = E E e N S111 SI111 b
m=1.8,5n=1,3,5 Dromn (Z + =) a
&
- ~ af3 BS 3
° Bendlng Wla[ = —H% v U3 ~§5 = —D [F/(Sa[ (TL3,11 + u3,22) + (1 — U) ‘U,35a[3}
~ 11
- m = =D (u3 11 + ruz22)
o0 o0 2 2
N 16po = + Vi . mmxr . nw
= fil = p E g — b —5 sin sin by
m=1.8,5n=1.3,5 Mn (%= + %) a
~ 22
- m = —D (03:22 — VU3,11)
) ‘
5 16p0 - - Voy + Ix . mmx | nmw
— 17?2 = E E = - b —5 sin sin by
m=1.8,5n=1.8,5 Mn (2= + 4=) a
» Twisting
- ’ﬁllg —D (1 — V) us 12
o0 o0
—_— 5 12 16po (1 —v) 1 mmx nwy
m< = — 1 E ; S5 COS COS -
1L T
T m=1,3,5n=1,3,5 ab (a_Q + b_z) a
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Kirchhoff example

« Simply supported plate: Constant pressure p, (5)

10
— Resultant stress couple (2) h
4
* For a square plate and v=0.3 2
lt (& 8) 22 (8 8) = 1oma %
27 2 27 2 4 =
o0 o0 0 0 ©0 o O 00? N
m2+wvn®  mmr . onx i
z : z : 2 2 2 S111 2 S111 7 000%° 1
T 8.5 net 8.5 M (M +n?) ~
— 0.0477poa’ ya P
maa/pan P ol \m

S
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Kirchhoff example

« Simply supported plate: Constant pressure p, (6)

— Stresses
* Using
ho
~ i o~ o0 2 ) 3d 3
m =m, = N G'mf 5

» Direct stresses due to bending

12mttes
— 011 = h—%
_12m*=ed
— Oyy = h—3
« Shear stress due to torsion
_12mtEgs
— Oy = h—g
— For a square plate (v=0.3)
a a ho a a ho
Tl rn) T \v )"
6" _ a7l e 00
hg o T b
LS g
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= 34

Tension effect on bending

Uncoupled theory of Kirchhoff-Love plates

E3
— We found for tension B 1 oA
oG~ U~ b + U5 ~a _ . 7 A —
. Hﬂﬁ'}/é Y- . Y +ny = piig 3D/71 R n
ho e =
o With pgasyd — 207 | 5eB570 4
" 1 — 12
l—v « ) ad
: (67670 + 6 W)]

» Completed by appropriate BCs

— We found in bending
° (H%ﬁwu&ﬁ)?ag =P
hiE
12 (1 — v?)
LV (5os 4 5“55@)]

«  With 12870 = {y&‘)‘ﬁ(ﬂf‘s 4+

2
« Completed by appropriate BCs

— Low order

— High order

Aircraft Structures - Kirchhoff-Love Plates



Tension effect on bending

« Uncoupled theory of Kirchhoff-Love plates (2)

— Uncoupled theory oA
s U~y 5o T WS~ _ .. —~ —_
o HOP 7.0 . .y + g = piig &y A : n
aByd - ™~ E2
° (Hm i U3,,},5)’a!8 = p i

— Results from the fact that n,= v, E®

« Equilibrium is written on the initial configuration =

— Small deformations assumption

« This initial configuration is planar

— As equilibrium should be written
» In deformed configuration, which has 1 =y E«
a curvature
« Tension will affect bending
« Second order theory

- 2013-2014
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Second order theory: Tension without external loading

— Cosines lead to terms in 1+

Tension effect on bending

Equilibrium in x direction

o (A + 0.t ox) oy cos (us 1 + ug16w)—

« Second order theory becomes

(’FLH - 83;7”511532) oy — nttoy +

(2 + 9,n"20y) da — n'2ox = 0

« Similarly
.0+ 0,n** =0

— Resulting equations

° "‘05,8 —
ne, =

 As for first order theory

”
7
7,
t
i TR
Lead to AL
3rd order 2 + 0, % oy
2 ~ ~
o 1,012 + 8, fil2 5
nll 1 1
Wl — e
~ | A1l A1l
2Ly, A%+ 0, At ok
________ ‘.L —_—— = = .|I
T
X E1
A ~ ~
E; At + o, At ok
u31 ————— :“gf_\{!__.
_____ Vi Usq+ O, Ugq X

A
v
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Tension effect on bending

Second order theory:

Bending

— Tension and shearing have a resultant loading in the z direction

Due to x tension

R22 R22
N + 0, 1= dy

AEZ
Al2 Al2
('lel + 83;?72,115:1:) dysin (w31 + us 1107) — e gLl ~+ Oy N ~5y
~11 : . I 1,02 + O, A2 ok
n-oysinwus syl | |
P L
« Second order theory: sin (x) == x A2l j_ i At + o, At &k
(ﬂ“ + 0, nM0x) oyus 1 + Eﬁlf_FZ
(?”2,11 + (%ﬁyéx) dyus 1100 — ffl“d}y/&g),l '4 B R
. X ; El
 After simplification (and removing 33 terms) N
E; AL + 0, ALl ok
(A" g 11 + 0,0 ug p) d2dy Uy --""" ”‘gﬁ
_____ M’/’ i U31+8XU31 5)(
— Due to y tension Aﬁ/n( |
« Similarly < X > E,
(’ﬁ22u?,,22 + ay’ﬁ22u?,,2) 52953;
— Due to yx shearing?
]
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Tension effect on bending

« Second order theory: Bending (2)
— Tension and shearing have a resultant loading in the z direction (2)
— Due to yx shearing
- (P* + 0, Sy) Swsin (ug 1 + us 120y) —

2l sin U3 |

c /22 + 4, 22 oy
A 2 . 5
« Second order theory: sin (x) == x L _J_—__’_n,lz + 0y it? &y
! 1,112 + 0, 1% ok
(}"7'[{1 + 0,1 8y) dwusy + o) DU L PR '
~ 1 A A
(,ﬁm 4 &gﬁ,%y) Srus 120y — ﬁz%’u&l fi2L J,_ i Al + o, AL ok
o | 2 |2
« After simplification (and removing 33 terms) !
(831?7&21&3:1 + ﬁ21u3’12) (5{13(5y O El

ﬁ
m

A W

2

— Due to xy shearing n21 P .
- Similarly == o7 ) A/ﬁZl Yo, et

~12 ~12
(c")mn uz o +Mn ”U/3?21) 0xoY . u3,1 7&‘ U31 + 0y Uy Oy

%13-2014
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Tension effect on bending

« Second order theory: Bending (3)

— Tension and shearing have a resultant loading in the z direction
» Value on surface oxdy:

11 11 99 99
(n'tus a1 + 0un us 1 + 17 ug 00 + 0y us 0 +

o1 91 12 12
Oy us 1 + 0 us 1o + 0.0 " us o + 1 us 01) dady

« But tension equilibrium reads

o,n't + 0,7 =0
0,02 +0,7%? =0

* Final expression

~11 - 29 =21 =12
(n U311 +N"U32 +N7 U312 TN ug,zl) 0T0Y

« Using tension equilibrium twice more

ﬁaﬁu;g,agéacéy — _(ﬁa’ﬁu;g,@)ﬂ '8’&3 5] drdYy = ( Pg @) drdy

.=>ﬁa5u;3?a[36$6y = (ﬁaﬁutg)_aﬁ — (ﬁ%ﬁug) ] 0xdy = (ﬁaﬁu;»,)_aﬁ 00y

| -—g’g 2013-2014
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Tension effect on bending

« Second order theory: Bending (4) E,
— First order theory _ A

. (Hgf’ﬂsu:gﬁ(s)?aﬂ =P  opAa L .

— Second order theory

« Tension & shearing lead to a force n,=v,E®
~ a3
(n ’ng) B dxdy
along z on a surface oxdy N
» This corresponds to a pressure

~O{)8
(n ’ng) af
* New resulting equation
(157 058) 1y =+ (") :
3o 7es _
(——> (Hm US ¥o u?&) af P
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Tension effect on bending

« Second order theory: Energy
— Equation
(M Pus s —us) | =p
— Bending energy

« We saw that 0FE;,; = /
A

Rap — —UWU3,ap
~af _ agyaByo
m™” = Hy 7 Kays

o As M = —H g s = =D V67 (wa 11 + uz00) + (1 — V) ug s

ﬁbaﬁ(SIﬁ)a@dA with {

D

== Fiint, bending = / ) [V (w311 + U3,22)2 + (1 —v) (Ug,u + 2"312 + ngz)} dA
1 :

D
== Eint, bending = /A 5 3 11 U3 0o +2(1 = v)us o + 20us 11Uz 20| dA

« But part of the bending results from tension 1 E; Ll + 0, il 5
W
_____ Vo -” U3+ Ox Ugy OX
= 5 > él
DS |
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Tension effect on bending

- Second order theory: Energy (2) tE, AL+ 6, 1T X
— Bending energy (2) b - —i
' ' i - Ug 1t Oy Ugq OX
« Part of the bending resulting from tension /?w X
» This corresponds to a pressure (ﬁ“ﬁu;;).aﬁ At .
) OX " =
= 51’1;“3‘)()[-: traction — / ,ﬁ’aﬁu&u,ﬁ’ 5u3d./4 — ﬁ,a'ﬁu&a 5ugl/ﬁdl/ ﬁa’ﬁu&u 571-3,,:5’d./4
A DA A -

Cps | Ot 0P =0
.0 +0,n%* =0

 Assuming BCs are such that there is no contribution to energy (u;=0 or u; , = 0),
and if il is constant with us,

1
~11 2 ~ 22 2 ~ 12
Eint, traction — 5 [?Z us 1 +n us3 o + 2n u3,1u3,2} dA
A

» Total bending energy

D . . ‘ (
= Fint = /A 5 (g 4 + u§,22 +2(1—v) u§,12 + 20z 1 ug 0] dA +

1 ~ ¢ ~ )f ¢ 1
5 n 1u3,12 + % ug 02 + 2?2,1‘2?1,3,1?1,3_‘_2} dA
A

T ]
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Tension effect on bending

« Example: simply supported plate with tension
— BCsforx=0,a & fory=0,b

* ugq1 =0 u300 = 0 (no torque)

— Constant tension along Ox

— Equations
o (Mo U6 — ﬁaﬁu-?),aﬁ - P
« Can be developed using

— mP = —7—[%5’7511,3?75 =-D [V(Saﬁ (w311 + u322) + (1 —v) u?uaﬁ]

hiE
. D _ 0
with 12(1 = 17)
B (ﬁaﬁug)?aﬁ — ﬁllu.‘},ll

» Final equation

~11
— D (us 1111 +2u3. 1122 + U3.92292) — 7 U311 =P

— Solution for
¢ p(le) - pO r)
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Tension effect on bending

« Simply supported plate with tension & constant pressure p,
— Pressure can be expended in a Fourier series

. plx,y) Z Z Ayrm, sm sin mbry c

m=1n=1

4 a b
o With a,,, = ) /0 /0 p (2, y)sin m;r:c sin mgy dxdy

— Coefficients a,, in case of constant pressure

 Formorneven:a,,=0

16p0
« Form&nodd: Gmn = —
TEmn
ﬁll
16p > T . Ny
0 :
== P (T, sin
P y) > oy L ;
m=1,3,5n=1,3,5
— Final equation to be solved
~11 o0 o0
n 16po 1 . mmx . nmy
U3 1111+H2U3 1120 HU3 2200 ———U3 11 = S S
’ | | D D2 Z Z mn a b
m=1,3,5n=1,3.5
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Tension effect on bending

« Simply supported plate with tension & constant pressure p, (2)

— Governing equation to be solved
ptl 16po

U3,1111—|—2u3,1122—|—u3?2222—6’&3,11 = D2

— Considering BCs
forx=0,a & fory=0,b

uz =0 us =0
U3?11 =0 ’LL3’22 = ()

The solution can take the form

. U3 = z Z A Sm sin n;)l'y

m=1n=1

« The governing equation leads to a system of equations with A, as unknowns
= ' minr a 4_4 ~11 2 2 ] _
nyj:l ZZC—1 Amn [( ng -+ nbf + n Dmgﬂ' ) sin ML sin ngy

16p0 . mw nmy
Zm 135271, 135mnSln Sln b
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Tension effect on bending

« Simply supported plate with tension & constant pressure p, (3)
— System of equations

>0 oo mo T m-n n-m n *m T s mTx nmwy | __
¢ anil anl Amn [( aX + a2b2 + ha + Da2 )Sln Sin 2 } =

16p0 - MTT nmwy
ZmlSSZ?’LlSomnSln Sin =

* By identification
— Formorneven:A,,=0
16po 1
DrSmn [(@ n ﬁ)Q 7 alim?

— Form&nodd: Amn =

— With the solution stated as

. mmTxr | nmy
e U3 = E E A, sin sin

m=1n=1

16pg . mmTxr | nwy

==> U3 = E E 5 D) Au SRS SIDT
n a
m=1,3.5n=1.3.5 DWG?’nn [(% + ?;_2) @
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Tension effect on bending

Simply supported plate with tension & constant pressure p, (4)

— Solution
- = 16pg mwx . Ny
© Uz = Z Z 2 2\ 2 ~11,,,2 Sin a Sin b
m=1,3.5n=1.3.5 DWG?’nn [(% + 1;_2) + %}
— For a square plate a=b
4 o0 o0
a a 0a 16 .omm . nm
U3(§, 5):% Z Z 2 Ally,2,2 S 92 St 92
m=1,3,5n=1,3,5 mSmn [(7’1@2 + TZQ) + %
1 -3
U,3D 6X 0

Poa’ 5.\ |
4 Tension increases the bending stiffness

| 37 \,
3
1,
%o 5 0 5 10
ﬁ11a2
D
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Tension effect on bending

Simply supported plate with tension & constant pressure p, (5)

|

— For a square plate a=b (2)
» Central displacement:
a a p - - 16 mm . nw
0 : :
(2 2) Z Z 11,,,2,2 SIHTSH]?
m—1.3.5n—1.3,5 Tomn [(m2 + ng) s
» If we increase the compression range
usD I
poat :
0.5 :
L Instability in compression
Oj See next lecture
-0.5¢
3
50 0 50
ﬁ11a2
48 e
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Tension effect on bending

« Simply supported plate with tension & arbitrary pressure p
— For constant pressure we found
oo oo mir? m2n’rt nir? attm?2 2 s MTAET 3.4 T
’ mezl anl Amn [( a* + a?b? + b + Da? )Slﬂ S by -

16po s ommT .. MTY
Dﬂzzm 1352?1 1,3.5 mnSln a SLIl b

— For an arbitrary pressure we cannot particularize the a,

. mmwr . nwy
. E E (. SIN sin ;

m=1n=1

, b
with a,,,, = —/ / p (a2, y)sin MY sin Ed:rdy
ab Jo Jo a b

— General solution

. mmTx | nmy
* From wusg = g ZAm,nSln S111 b

m=1n=1

' ~11

 Equation D (us31111 + 2u3 1192 + U3,2000) — ' w311 =p  leads to
‘ : 44 2,2 4 4_4 ~11, .2 2

Z'?Tj:l Z’:,cil Amn [(madlﬂ— —|_ TTIQS'EJQ?T —|— nb;f —|— n _DTHJQ’;T ) Sln mmTr SlIl ﬂ,z—y

nmwy
£ ST g, Sin L gin 2T

Umn
) _
ip [(m2 4 n2)? 4 alim?
D [( a? + b2) + 72 Da?
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Small initial curvature

Plate with initial curvature

— This corresponds to
* An initial mapping along E;: @y;
+ Deflection u; is measured
from this mapping
« Final mapping along E3: @; = @3 + Uj
— Assumption
* Initial mapping @,; is small
compared to the shell thickness
==> momentum is still computed

from ug, 4 1 Es ALl + 6, ALl &
= M’ = H“ﬁ’}"sug G o ___,__gf\/'
3.1 - = i
— There is a tension resultant along E; | .-~ fu, a1 Ox P31 OX
- Previous analysis / T 1
5 A T%s
af < > —
_ : X E,
« But here this effect is proportlonal to @5 .5
5
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Small initial curvature

« Example: simply supported plate with initial curvature
— BCsforx=0,a & fory=0,b

. us=0 uz = 0
« u3 1 =10 us 20 = 0 (no torque) ,/
— Constant tension along Ox 7
— Equations v,

. (H%ﬁwu.‘mé — P ug — ﬁaﬁ‘loo?’)ﬂaﬁ =P

« Can be developed using

— m = —H O us s = —D [157 (uz a1 +uz00) + (1 —v)us g

ho B
o
with 12(1—12)
- (ﬁaﬂu?)),aﬁ — ﬁllu.‘%,ll & (ﬁaﬁcpog):aﬁ - ﬁ119003:11

» Final equation
— D (u3.1111 + 2u3.1192 + U3.2092) — ﬁllug,n =p-+ 7’&119003,11
— Solution for
* p(xy)=07?
s i
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Small initial curvature

« Simply supported plate with initial curvature
— We can expend the initial mapping in

a Fourier series

.ommxr . o nm
wo3 (2, y) Z Z b, SIN sin by .
m=1n=1 ALl
oo o 2. 92~ 11
11 moTTnT . mmx . nmy
n Dyyin SIN sin
— Considering BCs: forx=0,a & fory=0,b
us = 0 us = 0
uz 11 =0 U390 =0
The solutlon can take the form
- z Z Ay sin m sin _n;)ry
m=1n=1

2013-2014 Aircraft Structures - Kirchhoff-Love Plates 52 v U



Small initial curvature

« Simply supported plate with initial curvature (2)
— As we have

~119003 11 (17 y) =

m 71'2?’2,11 . ommwxr . Ny
- 7717]} Sln bln
Z z a b

m=1n=1

. mmr . nmy 1
= E g A, sin sin —= 3 AL

m=1n=1

— The governing equation

11 ~11
D (uz 1111 + 2u3 1122 + U3.9900) — N U311 =P+ 7 Po3.11

becomes

4 4 2 2 4 4 4 ~11 2 2
o0 o T Mm-S noTm nomoT s Mmx nnTy | __
Z'rn,:l Zﬂ,:l Am,n [( al ‘|‘ a2b2 ‘|‘ Ha ‘|‘ Da2 )5111 ° SlIl b i|—

2 2 11
i MTT 3. NMTY
Dzm 1an 1 aZ b?nn SH1 —— S1I —5

bymnm2ntl
[ ————p Amn _— —

9 ~
@nD (25 +45) + Bp]
« Due to the initial curvature, a tension produces a z-deflection
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Kirchhoff-Love plate summary

« Membrane mode

U~ 50 + Us B
|l/ A, ~ -~ R "\ . e “
. On /Zl: Hg? YO Y .0 : Y X £+ n;ﬁ’ — puiﬁ . aN_/Zl
. hoF H 0
R afyo _ af §vo pA >
With HOPY° = 5 1 R =N E,
l—-v ,
v 5090 ad 50y —
9 (6 6 + 6 5 )] Ny = V, E«
— Completed by appropriate BCs
* Dirichlet  u, = u,
s Wny Sy T UG A _
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Kirchhoff-Love plate summary

« Bending mode
— On 4. (H%ﬁ/yaug,w)?a@ =P

. With HA0

— Completed by appropriate BCs

 Low order

— On aNﬂ — (H%ﬁvéu:gﬁ(s)’ﬁ Vo = T

— Ondpa: u3z = ug
* High order

— Onadp1 At = At

with At = —u?,’aEa,

= 55 el
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Kirchhoff-Love plate summary

« Membrane-bending coupling

— The first order theory is uncoupled

— For second order theory

« On 1. (H%ﬁ75U3,76 —ﬁc‘ﬁu:s)

ap = P
« Tension increases the bending

stiffness of the plate

— In case of small initial curvature (x >>)
« On

(H%ﬁﬁyéu&vg — Py — ﬁaﬁfpog)?aﬁ =P

» Tension induces bending effect

« General theories

— For not small initial curvature;

* Linear shells

— To fully account for tension effect

 Non-Linear shells

—4 2013-2014 56w "
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Kirchhoff-Love plate summary

 FE implementation

— High order equation

(HYP Py 5 — P ug — ﬁaﬁ‘:%?,)?aﬁ =P

— Requires C! finite-elements

« Shape functions too complex

« Can be enforced weakly

— Not common, usually Reissner-Mindlin plates are implemented

—4 2013-2014 57 e "
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Introduction to shells

 Shell kinematics

— In the reference frame E,
* The shell is described by

1 2
ggEImm{&’gﬁfﬁ

¢ e [—§§ ~

— Initial configuration S, mapping

- Neutral plane ¢, (51, 52)

 Cross section to(ct, €2), It =1
* Thin body

zo = B0 (€') = o () + (€, &)
— Deformed configuration § mapping

* Thin body xr = o (fj) =@ (gcx) + ggt(gla 52)

— Two-point deformation mapping x =®o <I>51

[}
%2013-2014 |
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Introduction to shells

« Shell kinematics (2)
— Deformation gradient
- Two-point deformation mapping X = ® o &5

* Two-point deformation gradient F = V& o [V‘I)o}_l

1
— Small strain deformation gradient & = (F+F") 1

— It is more convenient to evaluate these tensors in a convected basis

« Example g, basis convected to
— As S, is described by @o = B (£') = o (£%) + 30 (¢4, £2)
— Onehas V&, =gy @ E!  with

the convected basis

o — — o t v
DI T
gos = oer 0
-

— The picture shows the basis for £3 =0
» o, (£=0) = ¢,
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Introduction to shells

« Shell kinematics (3)
— Convected basis g, to 5,
4 B 8‘1)0

3

a — — o t v

9o deo P0,a + &7t
A T
\903— oer 0

« Ifty, # 0 (there is a curvature)
— Tension and bending are coupled
— This leads to locking with a FE integration: stiffness of the FE — «
— Locking can be solved by
» Adding internal degrees of freedom (EAS) == more expensive

X » Using only one Gauss point (reduced integration) =—=> hourglass
modes (zero energy spurious deformation modes)

» See next lecture
— Both methods lead to complex computational schemes

%13-2014 60 o ’

Aircraft Structures - Kirchhoff-Love Plates



Introduction to shells

« Shell kinematics (4)
— Convected basis g, to S, (2)

4 8‘1)0

goa = 8£a = L0,c + ggtO,cx
A B 8‘130 _ /1” ——————————
\903 = e 0 gl=cst |

« The basis is not orthonormal
— A vector component is still defined as a; = a - go;

— Socan a = argor be written?

» IS0 a . gy = a, £ q; Which is not consistent
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Introduction to shells

« Shell kinematics (5)
— Convected basis g, to S, (3)
4 B 8‘1)0

3
a — — o t v
9o deo P0,a + &7t

N

\903— oer 0

» The basis is not orthonormal (2)
— A conjugate basis g,' has to be defined

» Such that gor -gb] =017 Yoz

» S0 vector components are defined by e a2 /-
2 A

G}IG'QOI&QI:a.gg Jo1

» The vector can be represented by

J T
a=a gojy =4argy
J

a-gor = aygp - gor = ay \
as{ 0

0o?

I J I I
a-gyp—=4a goj-gyg—a

3
gos =to=FEs =FE
T 2013-2014 62
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