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Elasticity

« Balance of body B
— Momenta balance

e Linear B

e Angular \U\: w
— Boundary conditions OnD —

« Neumann - ‘

 Dirichlet o-n=T IopB

« Small deformations with linear elastic, homogeneous & isotropic material

1/ 0 N 9
Eij =35\ an U, T U
J 2 (956,5 / 'u
1

Eij = (’Uw + wi ;)

— (Small) Strain tensor o — 1

5 (Vou+ux V) of

— Hooke'slaw o =H:e ,0r o, =Hjnen

with ’UM ’U(SU +‘ ’.',k(sjl + (Szlfsjk)

— Inverselaw .- g . ¢ A=K-2u/73

. 1+v /1 1 v
with g’&]“ — I3 (Eézk(sﬂ + §5i16jk> — E(sg'jékl
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Plate kinematics

« Description
— In the reference frame E,
* The plate is defined by

L [ e ea
£:€E1 wit 536{ hg.ho]
| 27 2
— Mapping of the plate
« Neutral plane wo (¢', &%) = ¢ E,, a=lor2,1=1,20r3
« Cross section to(€1, €%), ||t =1 withty=E;g

* Initial plate S,
— Sp = A X [-hy/2 hy/2], for a plate of initial thickness h,

- X = (€) = o (€7) + o (€L, €)
e Deformed plate S

~e=@(¢) = () + L &)

= 2013-2014 Eg—"
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Plate kinematics

e Assumptions
— Small deformations/displacements
e S~&y
°* V~Vq

g

c p=po+u with |ul << /|S

— Kirchhoff-Love assumption (no shearing)

 Normal is assumed to remain t, = E;
— Planar = P1NP2
— Perpendicular to the neutral plane lp1 A

— Reissner-Mindlin (shearing is allowed)  z
* Normal is assumed to remain planar

» But not perpendicular to neutral plane

_— 2013-2014
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==

Resultant equilibrium equations

ldea
— Avoiding discretization on the thickness

e U and t constant on the thickness

— Equations are integrated on the thickne

Linear momentum equation

— pi=b+V.o!

£, P=0EL&HEE, )
e

O\

a | .,
SS é;/ /K, \
S P

=>/S{p(<,a+53£)}dv[dev+[SV-aTdV

— Small transformations assumptions (S ~ Sy» V ~ V, / N/ )
S So

— [ A (@reiyav= [

So

¢ Using ¢ =g+ u

=>/ {po(ﬁ+£gf)}dV] bdV +
So So

de+/ Vo -oldv
So

V- -oldv
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Resultant equilibrium equations

* Linear momentum equation (2)

— Inertial term

/ {po(t+¢ t)}dV—

//hopo""d5 dA+//mp£td5 dA/E

» As the main idea in plates is to consider u and t constant on the thickness

=>/ {po (i +$3f)}dV/ po’ii/f dE?’dA+/ pof/? &de’
So A —=L A — -0

So A

— Volume loading term

h_o
f de//2 bdcPdA — de/bdA
80 A —hTO SO A

« With the loading per unit area p,
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Resultant equilibrium equations

Linear momentum equation (3)

— Stress term

e Gauss theorem

Vo-onV/ o - fydS
So 08¢

— Where fij is the normal to the plate

surface (3D volume) in the reference

configuration

7N
— On top/bottom faces n, = + E3

o v, EYde3dl

h
. P
— Let us define the resultant stresses: po / o - Ede?
. _
-7
A 8
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Resultant equilibrium equations

Resultant stresses

e These are two vectors

Linear momentum equation (4)

ko
2

n® — / o - Eadg.g

hao
2

2 2

hq ho

5 2 9 2 2
—nY=n"= o-E<d¢ =

ho hp

-T2 2

Whicn correspona to the Iintegration or the

surface traction on the thickness

ko

2
— ~l v 3
n'" =mn; / T, dE R
_ho ’
2 Y

— Symmetric 2x2 matrix +

o R

— >
f21
Out of plane component Al
8
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Resultant equilibrium equations

e Linear momentum equation (5) E‘3 D = (E!, E2+E3 t(E], £2)

A

— From

/{Po i+ &)} dV = ohoudA // 2
/ bdV = /bdA
So A

: VO-UTdV/0'2 : 3d.A+/ N Vadl
A 0A

_ho
So 2

* Applying Gauss theorem on last term leads to

ho

Vo-aTdv/ o2, ESdA+/ (n") . dA
So A A ’

2

— Resultant linear momentum equation

f{po(¢+53t)}dvf bdV + [ Vy-oltadV
So SO SO

@/Pohouc’% /{b+070h 'E3+(na)ﬂ}d“4

_ 0
2
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Resultant equilibrium equations

* Linear momentum equation (6)
— Defining

» Density per unit area p

« Volume loading per unit area ¢,

: _ ho AE
 Resultant loading 5, — p - (0 : E3)| 2 1
-2

— The linear momentum equation
e p=b+ V.ol
becomes after being integrated on the volume

/pohoﬁdAZ/ {b+ GTO;,,D -E3+(na).a}d¢4
A A BEl |

« Is rewritten in the Cosserat plane A as |(n%) A + 7n = pu

hg
2

« With the resultant stresses 5, — / o - Ea’dg?’

ho
2

« With the resultant loading 5 — p 4+ (U , EB) ‘%Oh
0
-2

— But we have no equation for bending (yet)

S_— 2013'2014 10 Ur;ie rsi y;
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Resultant equilibrium equations

e Angular momentum equation £, = 0ELENHEE.E)

—pi=b+V. .ol ' ,j‘

= pbNE=DPANb+DPA(V-0) A e

— [ p(p+EONB+ED v - 1

/S (‘P‘ -+ §3t)/\de+/S (cp 4 g%)/\(v , O.T) qV

— Small transformations assumptions (S ~ Sy, V ~ V, / N/ )
s Jso

= | po(p+E)N(p+ ) dV =

So
/ (¢ + g%)/\bdv+/ (e +EN(Vo-al)av
80 SO

* Using ©=po+u

= [ po(po+u+t)A(id+ &) dV =
So

/ (po+u+ 53t)/\bdv+/ (po +u+E)AN(Vo-al)dV
So S

0
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Resultant equilibrium equations

e Angular momentum equation (2) £ D=0l ENEHEL D)

— Small transformations assumptions (2)

. A 2,
/80/)0 (C,Oo +u+£3t)/\(’ih+£3t) dV = 4%!/

(o +u + ) AbAV + £,

/ (po +u+ )NV -al)dV
So

» As second order terms can be neglected

== [ po (o + o) A(i + ) dV =
So

/ (0 + g-’:"to)/\de+/ (o + E3t)A (Vo - al)dV
So So

. With ¢, = E,
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Resultant equilibrium equations

* Angular momentum equation (3)

— Inertial term

’ / po (o + EE3)A (1 + &%) dV =
So v
2 .. .
/ / ) {pgcpo A+ po&? (Bs A+ ¢o A E) + 0 E3 A t} de*d A
A J— 0
» As the main idea in plates is to consider u and t constant on the thickness

2

/ po (o +EE3) A (i + &%) dV = / peo A udA + / E3 A tl,dA
So A A

— With the density per unit area p

— With the gass Inertia E, @ = (E], E2)+E3 t(E], £2)

2 2 h3 A
b= [ et = — "\

2

~a
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Resultant equilibrium equations

* Angular momentum equation (4)

— Loading term

h

hq
2 2
/ (¢0+53E3)/\de/ 9@0/\/ bdg3dA+/ E5 A bde3dA
So A 2o A _ho

2

hq

2

= [ (@0 + & E3) AbdV / <p0/\bd,4+/ Es A £3bde3dA
A A

h
% -

— With the loading per unit area p

g, P=0E, &) E,L )
3

/Zl 2/’77‘\A
4/1/7!/ E, “K
3

2013-2014 Aircraft Structures - Plates — Reissner-Mindlin Theory 14 wyeud




Resultant equilibrium equations

* Angular momentum equation (5)
— Stress term

[ (ot EBIA(Va- o)V
S
So

— [ (po+&Es) A (Vo-o')dV|= / e:;kP0 ;Voi1odV
S So
> Integra?ion by parts i
/ (900 + $3E3)/\(Vo : O'T) dV|= 5
5o i J

/ €ijk Vo (Pojor) dV/ ei;i (Vo1 ®oj)ordV
80 80

|
[

/ Bijk@ogﬂmﬁozds—/ eiAg’dV
880 ’SO

e Gauss theorem

~
“—

as ¢ symmetric "7 7° = v, E”
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Resultant equilibrium equations

* Angular momentum equation (6)
— Stress term (2)

/8 (po +EE) A (Vo-al)adV =

/ o A (o 70) dS
08

— Where ﬁ?, is the normal to the plate

surface (3D volume) in the reference
configuration

— On top/bottom faces/n\0 =+ B3

— On lateral surface: fiy = v, E*

= | (po+&E) A (Vy-ol)aV =
So

h

h.q
2

2
hOdA+/ cpo/\/} (o - E“v,) de3dl +
2 oA _ o

)

ho 2
2

/ EEs A (o-E%)| 2, dA+/ By N So - BV, di
A 2 OA

— o hp
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Resultant equilibrium equations

* Angular momentum equation (7)
— Stress term (3)

T eem o

dV =

ho
/ch/\ (o-E%)|?, 7 o +/ <p0/\/ o E“,)dé3dl +
.«4 — 8.»4 ho

2

hq

2
/ggng\ o - Eg)} ko dA+/ E; A 5?’ E“dfguadl
d./—l ho
* Resultant bending stresses & resultant stresses

ho ho
2 2

- m@/ o B n/ o E"de?

ho _ho
2 2

[ (po+ & Es) A (Vo ol dvV =
So

/c,oo/\ (o' Eg) ho dA+/ wo NN v dl +
A 0A

SE3A (0-EY)| 2, dA+ [ E3Amtu,dl
A 2 OA

2013-2014
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Resultant equilibrium equations

* Angular momentum equation (8)
— Resultant bending stress

hq
2

N ma/ O,Eas‘?)d€3

ho
T2

e These are two vectors

T0 hTO O-.T-.T-
— mﬂ: = ?’hl = / : a - Elggdfg — f o-yI ggdgg

-~
)

Pl
]

ho ?10
- -9 2 243 163 2 Ty 3 163
- mY'=m" = o- B dE / o,y | E7dE

— 2 2 ., /tE;
* Which correspond to the integration of the e
surface couple on the thickness na
—n ?’a = f U'm:f dg /,’,
— Symmetric 2x2 matrix ’/ mi2
T E /'/'/' -
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Resultant equilibrium equations

* Angular momentum equation (9)
— Stress term (4)

/ (po+EE3) A (Vo -0t )dV =
So
/(Po/\(a E3)}200dA+/ ©o A vy dl +
A 2 DA
ko

/égEaf\ o B2, dA+ [ By AmCudl

2 OA
* Applying Gauss theorem

/ (po + & E3) A (Vg o) dV =

/c,o (o - Eg)} ho dA+/ @0,(1An(}dA+/ wo N (n%)  dA+
A A A '

/gEg/\ o E?’)} dA+/E3/\ “) o dA
A
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Resultant equilibrium equations

 Angular momentum equation (10)
— From

. / po (o +EE3) A (i + &%) dV = / po A td A +/ B3 A tl,dA
So A A

hq

’/ (‘PO +53E3)Ade/ (pQAbdA+/E3A i ggbdggd/l
So A A —

ho
2

) / (0 + &1 E3) A (VO o) dv =

So

/cpg/\ (0' Eg)} ho d/l+/ c,oo,L}An"‘dA+/ wo N (n%)  dA+
A A A '

/gEg/\ o- E?’)} dA+/E3/\ m®)  dA

e |t comes

ho

. _ 2
/p(po/\ﬁdA+E3/\/tIpdA/QooAbdA—FEg/\//} bde>d A +

A A AJ—2L

/cpo/\ (o Eg)} d/l+/ cpo,(}/\nQdA+/ wo N (n%)  dA+
4 1 __

Eg/\/ﬁ o E?’)}odA+E3/\/ (m®) , dA
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Resultant equilibrium equations

e Angular momentum equation (11)
— Resultant form

_0
/+E3/\/t1 dA — /ngx © EbdgdA +
ng

+/<p0a/\n“d,4+/.A

ng\/g o Eg)} dA+Eg/\/A

e But the resultant linear momentum equatlon reads
(n®) , +n = pu
n=>b+ (o-EY|?

hao
2

ho

2
e So the angular momentum equation reads

ho

E;5 A / tl,dA = E5 N / £3bde3dA
A ./4 ho

Esn | & (o-EY)|3, dA+E3/\/ (m®) , dA
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Resultant equilibrium equations

e Angular momentum equation (12)
— Resultant form (2)

°Eg/\/tIdA Eg/\//} EbdePd AL

ho
Eg/\/g o B 0dA+Eg/\/( M) dA
_lo 0 .
« Defining the applied torque .3, — CEey [T 3hes
m (0' E-¢ )}_% + £ bdg
'=>E3/\/ t‘fpdAE.g/\/ mdA+/ cpo,Q/\n@dA+E3/\f (M), dA
A A A A "

e Term which is preventing from uncoupling the equations is

/ ©0.a AN dA
A
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Resultant equilibrium equations

e Angular momentum equation (13)
— Term / Po.a AN dA
A
» Let us rewrite the Cauchy stress tensor in terms of its components
g = O'?;jEi ) Ej
=0 E"=0"E,o E; E"=0""E;
As Cauchy stress tensor is symmetrical

E.No-Ef=c*E,NE;, =0

USing Ea — ci::."li),o:

== Yo, NO - E +EsNo-E*=0
This new equation can be integrated on the thickness

E 3 7 3 163
} po.a No - EYdE” + } E;No-EdE” =0
- - ho
 Defining the out-of-plane resultant stress 53 — o - E?’dé?’
hq ’
-2
= 0. /\ n® = —F3 A n?
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Resultant equilibrium equations

e Angular momentum equation (14)
— Resultant form (3)

'ES/\/ l'f'fpdAEg/\f 'ﬁ’bdA+/ @0,0/\nad«4+E3/\/ (m®) , dA
A A A A :

* po.a AN = —E3 An’

— Eg,«fﬂp(m:EgAfﬁsz—EgAfn?’dA+E3Af (%) _ dA
A A A A ’

o If A is an undefined pressure applied through the thickness, the resultant angular

momentum equation reads |¢], = m — (n® — AE3) + (m®)

 With
h_O
2
— ma _ o - E(}£3d€3
_ho | v
N ho
Tom= (0 BE) |5y + [ bdE
—
hg
2z 32 ;-3 h%
- p— d = _
P /%01005 § P0o 12
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Resultant equilibrium equations

Resultant equations summary
— Linear momentum

° |(n?) , +7n=pu

* Resultant stresses n* — o - EVdg?

— Angular momentum

« |tl, = m — (n® — \E3) + (m®)

el

ho

* Resultant bending stresses m@/g O-.Eag-?dg-g

ho
— Interpretation .

A A

A
Oyx Oxx Oxx
_’
__’
7/ X X X
A N
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Material law

 What is missing is the link between the deformations and the stresses

— |ldea: as the discretization does not involve the thickness, the deformations
should be evaluated at neutral plane too

— Works only in linear elasticity

= 2013'2014 26 Ur;ie 1si ‘!
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Material law

» Deformations
— In small deformations, the tensor reads

10— X) [(Ox-X)\"
85( oX +( OX ))

» But defining

At (¢, &)=t E;
leads to

x— X = ¢y +u+53t— 2y —fBEB = U(flﬁ 52) +53At (51? 52)

* A vector can always be written in terms of its components
a=a -E,E'=a-E,E”+a-E;E*

—> z-X =u (' &) EE +u (¢ &) B E*+
ggAt (51'! 52) 'EO:EQ +€3At (51’ 62) E‘_’)Eg
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Material law

e Deformations (2)
— In small deformations, the tensor reads (2)
* Relations on the normal

— By definition ¢.¢ =1
— In small deformations

Es - E5+2FE5 - At =1

— Whichimplies At-E; =0 & At -E;=0
* So relation

r—-X =u (‘fln ‘52)'EQEQ+U (517 52)E‘3E‘3+
CAat (¢, &) BB AL (¢ &) By B

—sx— X =u (&, &) BB +u (¢, &) EysE° + At (¢4, ¢2) - E E°

 Interpretation
— See next slide
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Material law

o Deformations (3)
— In small deformations, the tensor reads (2)
* Interpretation

A

yA

1
1
1

—sx—- X =u (& &) E,E*+u (&, &) EsE° + At (¢4, €°) - E E”
N J - J “ v

4/Y /Y /V

Motion of the neutral plane Motion of the neutral plane  Change of the neutral plane

in its plane (2D in-plane  out-of-its-plane: bending direction resulting from
problem): membrane mode 1) Bending
mode 2) Out-of-plane shearing

— 2013-2014 .
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Material law

e Deformations (4)

— In small deformations, the tensor reads (3)
e From

x— X =u(', ) E.E” +
u (51’ 52) ' E?\Eg + ggAt (51’ 52) ' E-’JEQ

¢ As Ox = O,B' = 95E" + 0 E°

and as only the last term depends on &3, the gradient reads

0 (x — X ( , ( ,
& (Q;X ) = ug (61? 62) . EQ E® ® E,ﬁ + u (61? 62) ) E?) E‘B R E;;} +

Aty (¢ &) ELE* 2 E° + At (¢4, &) - E,E* @ E*

; ‘ T
« So the deformations tensor ¢ — L(o=—X) 4 Oz — X) reads
2 0X 0X

Q- EQ o E- . E3 < Eﬁ E;ﬁ’ < E3
U 3 ;u 3 EY o BP + .- B & ; &

At 5- FE, + At - B, . E* 2 E3 + E* o E“
g e 2o E o B+ At By

e —

2013-2014 T
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Material law

Deformations (5)
— Deformation modes

) ES‘ 'E"B E"B' 'E3

. . ) ) a o B3 3 o o
ALy Byt At By py by op BB B OB

2 2
* Interpretation: membrane mode
u s - Ea + U o - E}B U, 3 + U3, o
T Eap = 5 = Eqp = 5

— Location in the deformation tensor

— Corresponds to the in-plane

deformations of the neutral plane

<€,
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Material law

Deformations (6)
— Deformation modes (2)

u s - Ea + U o - E,B

) ES‘ 'E"B E"B' 'E3
e = EC0E fuy By =22 T2 O

2
Ee E3 + E3 2 E°

3 £ EY & E"B At - Eo:
§ W & + 5

* Interpretation: bending mode

At.g . Ea + At‘a . EQ Ata,ﬁ + Atﬁ,a
— Rag = : — == KRqp =
— Location in the deformation tensor At ‘if‘_t
A E3 “# t
—
E = o ®

— Corresponds to the final

curvature of the neutral plane

—~ 1At

2013-2014 Aircraft Structures - Plates — Reissner-Mindlin Theory 32 el




Material law

Deformations (7)
— Deformation modes (3)
u s - Ea + U . - E[j’

e = ; E“ 2 EP

At:ﬁ - B, + At:a - E[_-;
2

 Interpretation: Through-the-thickness shearing

63 E* E[:?

o 26@ — Ya — U - E3 + At - Ea == Yo = U3 + Ata

— Location in the deformation tensor )

— Corresponds to the average angle between

the neutral plane normal and the direction

vector t (initially the same)
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Material law

 Deformations (8)
— Deformation modes (4)
e - ups- Ea ;u,a . Eﬁ EC R Eﬁ + w. s - E3 >
At ;- E, +At’a'EﬁEa®Eﬁ+At-E E“ 2 E* + E? 2 E°
2 “ 2

 Interpretation: Through-the-thickness elongation

ES ®E[3 —}—Eﬁ@ES

63

— In this model there is no through-the-thickness elongation

®
— Actually the plate is in plane-c state, meaning there is such a deformation

» To be introduced: &3 t should be substituted by A, (€3) t in the shell
kinematics

» We have to introduce it to get the plane-c effect

» In small deformations this term would lead to second order effects on
other components

= 2013-2014 7
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Material law

o Deformations (9)
— Final expression
« We had
up-E,+u, Ej

e = 5 E“ @ E’ + u g - Fs

5‘3 Atf? ) Er_} + At?a . E,’-}

ES ® E"B + E"B ® EB
5 +
E®® EB + E3 2 E°

E“ o E"B + At - Eo:

2 2
upg-E,+u,-  Ej
EaB = — 5 - '
- With At ;- FE, + At - Ej
Rapg — - ' '
" 2
200 = Vo =u - B3+ At - E,

» And through-the-thickness elongation A, (&3) t

—> e =c,3E°QE"+6, (E* ® E” + E° ® E*)+& ka3 B° @B+ )\, E* 9 E*
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Material law

Hooke’s law
— Small strain tensor
e =cosE"QE 445, (E° @ E® + E° @ E*)+ ks E°QE  + )\, E* 2 E®
— There are 4 contributions

 Membrane mode
— ol =H"Y “-'35&5 as frame is orthonormal 3K = 74, (notation abuse)

. Ev D 1 1
Wt H i = 00kl — 8101 + =010
Mo = 120 f“+1+y<2g”*%25ﬁ>
y ) g E o
= 0-23 — v 5 Ene + EQB(S?,Q» 53.,:_5’
- (1+v)(1—2v) 1+v

U 3 + Uz«

— As ¢ the non-zero components are

o —

. Ev . E u, s+ u

3 3 a3 3,

S.» _ o S ) 25
7 T Oxna—a? TTEs T 2
< E
0'23 = - Uy ~
(1+v)(1—2v)
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Material law

Hooke’s law (2)
— There are 4 contributions (2)
 Bending mode

7 i3 ~3
— o, =HY"" & kap

: E E 1 1
with H v 6@'6},{5 + (—6?;,%6;'3 -+ 5(&/3(&},‘&)

TR ) (1 — 2w) 1+ \2
. Fuv . F , »
ij 5 3 . 3 . 6?,(:163;3

Ata 3 + At.ﬁ_,a

— AS  Kag = 5 the non-zero components are
Je E - E Ata { At{ [a%
o = z SAL, 6% + @ 2lap T AL,
< (1+v)(1—2v) ' 1+ v 2
Ev
= At -
T (1+1/)(1—21/)£ A
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Material law

 Hooke’s law (3)
— There are 4 contributions (3)
e Shearing mode
_ o.gj _ Héj.‘%aéa 4 Hz’ja:géa

i Ev E /1 1
HJM (1+y)(1_2y) jkl+1+y(2 k;l+2 lﬂk)
—> 0y = %% (6707% + 667

— AS 200 =Ya =u B3+ At-E,

we can deduce the non-zero components

a3 3o E US,Q + At(} z
e ‘

A

— As we did for beams, we have to account
-

z

for the non-uniformity of y by a shear section
E A'us,+ At,
1+v A 2

reduction 0313 — Ugof —
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Material law

 Hooke’s law (4)
— There are 4 contributions (4)
» Through-the thickness elongation

_ G;\J _ H@jBB)\h

: Ev E 1 1
with 7, = 5; 0k — 8051 + =030,
— o = 5N+ —— N6 67°
DT i) T

— We can deduce the non-zero components

‘ Ev ,
a3 3
b = 59N,
N Ty

3 Ev E
33
— S E— A
7 ((1+1/)(121/)+1+1/) "

=
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Material law

e Resultant stresses

— Plane-c state [ a3 Ev
0. = Uy ~
(14+v)(1-2v)
o Fuv
e Contributions 33 _ SAtL
{ Tk (1+y)(1—21/)£ B
1—v
33
oy = F A
e T+v)(1—20)""
v 3
= Ap, ::ET:TE'Cu7;y+_£ At ) ;4 z 1

e Elongation depends on &3

— Part is stretched and

part is compressed

— For pure bending the change

of sign is on the neutral axis

» Average trough the thickness elongation
ho ho

I [2 I [2 v
)\ d
ho h g ho hzo v—1

— Uy, ’ng

— Depends on the membrane mode only

S 2013-2014

v
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Material law

e Resultant stresses (2)
— Plane o-stated (2)

e Values aff can now be deduced
( 3 Ev

E Uy 3 + U3 o

E 3 Ato:_._ﬁ + Atﬁ,o:

S: _ . 50:,:3
o T Uroa—w) ™ Ti T 2
. Ev ,
— a3 3 a3
B _ Al 5
R T IS T A L a7
. Ev . .
a3 3 v
o, = 0“7\, with -
N T v (a—2)” Y Aw=——]

\

(u‘“/.:‘/ + & At“/r‘/)

* Can be rewritten as a through-the-thickness constant term and a linear term

_ af . __ap 3 _af
A

f gof LV sap B YaptUsa
~ With | N N %) 1+v 5
af o a3 oo
V= At 0
Tm T )T T 2

\
» Out-of-plane shearing remains the same

a3 v E A’ U3 o + At@f
— g3 _ g3a _.
0 ) 1+v A 2
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Material law

* Resultant stresses (3)

— From stress fields
al _ __af 3 _af
*cg =0, +€ g

a3 3o E Al U3, o + At&
o (7 = O _—
0 ° 1+v A 2
— Membrane resultant stresses

ho

2

In plane membrane stress Out-of plane shear stress

% 2013-2014 42 v .
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Material law

e Resultant stresses (4)
— Membrane rgsultant stresses (h 2)
0 0

2 2
* = / oA E s + f 03By = 1" Es + (" Es
__ o _ o
2 2

* In plane component: membrane stress

Fuv E w,p+ug,

Evh Ehoy ua s+ u
[l — af 0 o 0 o, [N aBvé
D g hoo' mu,},,,}, s —|— 1 + y 5 = H B Caﬁ

— Defining the membrane Hooke tensor

A
Es
hoFE
» HO = U gl 4
1 —v
1 — 1/ 5 5 VAl
- - (5m/5ﬁ 4 §@ 5&7) .
2
///
u + u ,//,//
Q?I,{lr:a ‘,-'135(__)5 y ,//
» As Eap — 5 /,'/,/

______________________________

= |75 3 HQ,:_%/(SEA{(S

— 2D plane-c problemn ///'/é TRl

i1l
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Material law

Resultant stresses (5)
— Membrane resultant stresses (3)
2 T
/ o AP By + / 0§%d¢ By = "By + " E;
0 _ o

2
e Qut-of- plane component: shear stress

E A w3 o + At,,

— As g% — gl — is cst with &3
0T TUTLAT 2
IR Fho A us o + At,
[——p O' -
1= "o v A 2
— Defining the shearing Hooke tensor 7
» Haﬁ Eho A’ 6&[3
1+v A
» AS 25, n=Un B3+ At-FE,

o | L, .
=G = H?’Bﬁﬁ _ 57_[?[3,}73

— Corresponds to the average
shearing of a beam
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Material law

* Resultant stresses (6)

— Qut-of-plane resultant stresses
ho
2
e We defined n3 = o E2de’
_ho |
ho o
= n’ = oA E, =
o o
2 2

— Owing to previous definitions

» n3 = hoO‘?SEa = ~aEa

i ~Cy v 1 8]
» With g = NP5 = 5 Mg or

b(z)
— Corresponds to the shearing N ~
symmetrical to the out-of-plane \\A
shearing

S 2013-2014
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* Resultant stresses (7)
— From stress fields (2)
N O.Ocﬁ _ O'g"ﬁ 4+ 530_.%:8
. 0-(}3 _ 0-3(1 _ E AI ug_‘_a + Ata
0 T 14v A 2
— Bending resultant stresses
ho ho
2 2
e MY — / o - EQ$3d$3 _ / O'OJEISBCZS?’
= m" 3 E:’%
Bending stress

Material law

2013-2014 Aircraft Structures - Plates — Reissner-Mindlin Theory

4 6 Université llE
de Liege =



Material law

Resultant stresses (8)
— Bending resultant stresses (2)

o e Y h’% Q‘BE o~ a"BE
m- = E o--?ﬁ 3 — 3
Ev E At s+ At
- W= At 0
S T e E A
hi Bv ,, ol At, s+ At
ol 0 At. 528 0 o, 3 3,
S Y FR ) e S L DY B 2
— Defining the bending Hooke tensor
S hal i At
HCYJB’YO — 0 I/éaﬁdﬂyo At i
» Iy, 12(1—1/2) T AE3___“ F t
1—v < P - ~ o
> (6057660 + 5@55[37)] . / > —
7 [&/ gL
At, 5+ At ~
» AsS Kag = .0 oo /t { m
' 2 /' E
—=2)
- EIS - / g
= mt}lld — H??:Ej ‘/Oﬁﬁfé \ﬂ ~ I —>>
TRITME ™
— 2D bending problem mit 1 /V M2l Kiy
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Reissner-Mindlin equations summary

« Deformations (small transformations)
— In plane membrane

WU 3 + U3
¢ 8.:1.,:3 — 9
— Curvature
. Ato.» 1] + At 7,
Rag = 9

* Ya = U3 o + Ata

JA

v

II ‘5;
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Reissner-Mindlin equations summary

» Resultant stresses in linear elasticity =
— Membrane stress

~ 3 af3vyo .
I ="H,; """ s

— Bending stress

~ afi B~d
o |1 Hoz fﬁjﬂ/é

- Out—of—plane shear stress

° 'VOc o HO{'?

U
/
U
.
% 7
—— -;g;
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Reissner-Mindlin equations summary

* Resultant equations
— Membrane mode

° ((n®) , + 7= pu

° & — ~a[3E[3 +an3

. Uy, 3 T UGB o
— M 3 3~ _ Oﬁ[ y
BB — Hgf Y £y with €,3 = 5
1 :
_ qa _ EH(?B,}% with Yo = U3 + At,,
» Clearly, the solution can be directly computed in plane Oxy (constant #)
s Wy 50 T Us ~a ..
— Hzﬁva v.0a 5 0,y + g = piig EA3 )
— Boundary conditions _= 1 v —
L o o4 R n
» Dirichlet 4, = 4, - E,
» Neumann .
s U~ 5+ Us _ n,=v,E“
ng’/a — Hgﬁvo - 5 LU = ngs :
. o - 3 a3 80+ Atg o _ _
Remaining equation along E>: ngf 5 + gy = plig
D 'S 1
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Reissner-Mindlin equations summary

e Resultant equations (2)
— Bending mode

“|tl, =m — (n® — \E3) + +(m")

* mt =mE; & n’ = §"E,

Ata 3 + At.ﬁ_,a

— M 3 a3~ i o
H ' K~ with Rap = 9

_~ -} H
— Of — 'HQ '3 with Vo = U3 + At

« Solution is obtalned by projecting into the plane Oxy (constant 7, #..)
Atﬂ/ op + Ato Ro7s]
2

- I,At, = m, — —HQ Y (us. g+ Atg) + HO?

— 2 equations (a=1, 2) with 3 unknowns (At,, At,, us)

— iNi I 3 U3, Ba + Atﬁ,o: _ _ .
Use remaining equation H;- 5 + Ry = pig
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Reissner-Mindlin equations summary

* Resultant equations (3)
— Bending mode (2)
» 3 equations with 3 unknowns

" = 1 ) ) N At N At N
= LAt =ma — 5H (us s+ Aly) + H %w;' ik
B o U3, Ba -+ Atﬁ,a _ . EA3

H, 5 +n3 = pus B P oA
« To be completed by BCs — A T

— Low order constrains - > E,

» Displacement w3 = us or .

» Shearing Mo = Vo E

opWs g+ Atg - >
H, ; v, =T

— High order oA L

» Rotation At = At or

» Bending
At s + At -
~ § =y, 0,y
mGv, = HY > Vo = Mj
%, , | ]
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Finite-element implementation

« Membrane problem
— Similar to 2D elasticity

« Bending problem

— 3 degree of freedom by nodes

— Shear locking
* For reduced thickness (#/L—0) the structure is too stiff
 This results from the fact that for thin thickness u, , — At physically

— Bernoulli assumption for beams

 Then we have extra constrains but no new degree of freedom
* The solution found is then zero deformation

— In order to avoid shear locking
» Different techniques

High order elements

Shear strains y evaluated at particular points (assumed strain method)

— These values can be formulated in terms of the displacements/rotations
degrees of freedom

Internal degrees of freedom (enhanced assumed strain method)

= 2013-2014 I
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