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Elasticity

« Balance of body B
— Momenta balance

— Boundary conditions On B

* Linear
« Angular

« Neumann
e Dirichlet o-n="1T /
n

« Small deformations with linear elastic, homogeneous & isotropic material

— (Small) Strain tensor o — 1 (Vou+uo V) of

2
€ij = 5 (Wji + uij)

— Hooke'slaw o =H:e ,0r o = H;ijrek

with ’UM /U(skl +‘ ?,Lcsjl + 61«,16JA)

— Inverselaw . — g . ¢ A=K-2u/73

1+v /1 1 v
I3 <§5z’k5ﬂ + §5¢l5jk> — E(séj(skl
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Pure bending: linear elasticity summary

« General expression for unsymmetrical beams 2t
— Stress 0., = kEzcosa — kEysin a , \fg,
—1 . 1 I,
with (cosa \ _ M| I, -1, sin @ AN\ Y
sin «v rE —1,. L. — cos 6 S
: Lol M,
— Curvature U e

_uz_,:ra: o HM:I.’-I H Izz Iyz Siﬂg II
Wy za N E (Iy-yjzz — Iszyz) Iyz Iyy —cos 6 !

— In the principal axes I, =0

« Euler-Bernoulli equation in the principal axis

) 92
_ i (E]d u*’") = f(z) forxin[O L]

Ox? o2 f -
¢ AZ A 4 X —
) 8 (‘“)2(“2 .7 /TT h r () TIITZ MXX
- ox El a2 — Flor 4= T ( 11 TX
— BCs/ ' ’ 0,L du, /dx =0 —ivt=>H >
0. _ 3 X .
B 022 |, , - ﬂ"'[ifif}o,L L

— Similar equations for u,
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Beam shearing: linear elasticity summary

» General relationships 227 f(X)
fz (T) — _8:17Tz — _83737]\'{y u, =0 ﬂT g \?\T 4
- du, fdx =0 >
fy (T) — _8:I:Ty — 833:1:]\”{2 3 K
L
« Two problems considered ) L
— Thick symmetrical section () “ h )

» Shear stresses are small compared to bending stresses if h/L << 1

— Thin-walled (unsymmetrical) sections «

<

» Shear stresses are not small compared to bending stresses

v

»
|

» Deflection mainly results from bending stresses h

e 2 cases

— Open thin-walled sections v

» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
— Stress o., = _ LS (2) ) bi(2) R Ah A
Iyyb(z) N ” y T
+ With g (2)/ ~dA 6 . = >
* =
* Accurate onlyif h>D w v Y
— Energetically consistent averaged shear strain 2 ‘
°® ’?’ prm— ,‘z W|th A/ 1
A'p e ﬂdA
« Shear center on symmetry axes T
— Timoshenko equations
~ Ou ou o)
« N =28, T =h,+0,u. & =4 2
e R P
C 0 00,
9 (EI—) WA (0, + Do) = O
« On[OL]: O O
0
o (WA (0, + D)) = — f
% 2013-2014
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams T
ZA
— Shear flow ¢ =tr
..T. -1,.T, [° .
*q(s)=— “‘/tzds
Iyylzz o Iﬁz 0 S
Iny'y B Iszz /8 tde/ Z4
Iyy]zz - Isz 0 y
* In the principal axes
T S T S |
= ——= [ tzds — - tyds’
()=~ = [ e = 7= [ as r

— Shear center S

* On symmetry axes

» At walls intersection

« Determined by momentum balance
— Shear loads correspond to

» Shear loads passing through the shear center &

e Torque
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Beam shearing: linear elasticity summary

« Shearing of closed thin-walled section beams

— Shear flow g =tr7

- q(s) =¢qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

G (5) =~ 7
yy

« Constant twist part

yrl. — 211, — $p(s)qo (s)ds
q(s=0)= v — $P(8) o (5)
2*’4}1

« The g(0) is related to the closed part of the section,
but there is a q,(s) in the open part which should be
considered for the shear torque ¢ p(s) ¢, (s) ds

[

1

z

4
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* Use
g(s=0)= yrTs — 20Ty — $p () go (s) ds
| 24y,
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams 7

— Warping

‘UL, (S) = u Si S— ! 4 5 S
c6 = 0 [ s f i facy o) ¢
zrly(s) —y(0) —yr |2 (S)Z(OH}
>

4

With (0) § tu, (s)ds
- With w, (0) =
‘ $t(s)ds \
— u,(0)=0 for symmetrical section if origin on q

the symmetry axis
— Shear center S

« Compute g for shear passing thought S




Beam torsion: linear elasticity summary

« Torsion of symmetrical thick-section beams

3 - N
— Circular section
- T =y =71pd R
T
M, , - "
) C: 9,.1? B Lur dA Tl y Tmax" vvfﬂlle y
— Rectangular section @
M., — ||
* Tmax — —7 15
ahb? « >
M, b
- O =2 =3hb*u
0, hib | 1 15 |2 4 0
e Ifh>>Db a |0.208 | 0.231 | 0.246 |[0.282 |1/3
— Tay =0 & Tpr =2y, B |0.141 |0.196 | 0.229 |0.281 | 1/3
3M,
— Tmax — ;
hb?
M,  hb?
o e O
6 . 3
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Beam torsion: linear elasticity summary

« Torsion of open thin-walled section beams
— Approximated solution for twist rate

* Thin curved section

= Tps = 2100,
M 1
- (O=""== ds
0. 3 / :
» Rectangles s, N
& =
— Tmax; — ﬂtég_._;r * 13
/ 3 >« b
B j\f’[z B Z llt%u |
0., “— 3 2
t1|+ l,
I:* |

— Warping of s-axis

Cul (s) = ul (0) — 0, / prds' = (0) - 2A4p, ()6.,
0
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Beam torsion: linear elasticity summary

« Torsion of closed thin-walled section beams 7 4
— Shear flow due to torsion M, = 2A,q

— Rate of twist

ij;* 1
0, = - 2% ds
« Torsion rigidity for constant

447 (
Ip= 10 <[p/r2dA N A
) M

7 dS

— Warping due to torsion Z7 4

M, [[*1 Ag,(s)
QAFL 0

© u, (s) =u, (0) +

* Ag, from twist center

N ’
~o _-7 !
== - f
1
g;g |
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Structure idealization summary

 Panel idealization
— Booms’ area depending on loading
* For linear direct stress distribution

( tpb o2
Ali<2+ ff)

6 o

xrr
) tpb ;
D T,z
Ay = — (2 + —5 )
\_ 6 O-.'r.fl?
b |
— 2013-2014 Aircraft Structures - Instabilities 12 U



Structure idealization summary

« Consequence on bending
— If Direct stress due to bending is carried by booms only

« Consequence on shearing
— Open part of the shear flux

qo ()

» The position of the neutral axis, and thus the second moments of area
— Refer to the direct stress carrying area only
— Depend on the loading case only

« Shear flux for open sections

Izsz o quTu ’
= — —5 Ldirec O"d "iA’i
Iy.yjzz T Isz /0 ‘ t - + Z ’

10 8;<s

tdirect Jyd8+ Z yzAz |

i 8;<s

Inyy — Iszz /s
Lyyl.. — fﬁz 0

« Conseguence on torsion
— If no axial constraint

» Torsion analysis does not involve axial stress
« So torsion is unaffected by the structural idealization

2013-2014 Aircraft Structures - Instabilities
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Deflection of open and closed section beams summary

« Virtual displacement
— In linear elasticity the general formula of virtual displacement reads

L
/ / o :edAdr = PWYWAp
0 Ja

« oM s the stress distribution corresponding to a (unit) load P®

« Apis the energetically conjugated displacement to P in the direction of P() that
corresponds to the strain distribution &

— Example bending of semi cantilever beam $£ E
u, =0 / N TX

- (1) du, /dx =0 —M=>9 -

./0 [403:3: E:B;BdAdx — APU ’ ) 3 X X ‘
L
— In the principal axes
1 " 1 1
Apu = BT 1. /O {Izzz\.ffg )M, + 1,,,M! )]\ffz}d:z:

— Example shearing of semi-cantilever beam

L
. / /q(l)idsdﬂ? = T(l)A_’iL = ATU
0 S /,Lt

D 5
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Structural discontinuities summary

« Torsion of a built-in end closed-section beam
— If warping is constrained (built-in end)
» Direct stresses are introduced
« Different shear stress distribution

— Example: square idealized section

« Warping

* Shear stress

m

ul' (x) =

A

M, tyh —t,b

O
v

T kb

= t B 2hbty,

. ty 2hbty,

thity
e y
M,
4dh ( 1

M,
pt M,

(1

tpb — tph cosh (wL — wx)
t,b+ tyh cosh wlL )
tyh — tpb cosh (wL — wa)

tnb +tyh )

cosh (wL — wx) )

cosh wl

cosh wl

' 2013-2014
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Structural discontinuities summary

« Shear lag of a built-in end closed-section beam
— Beam shearing
» Shear strain in cross-section
» Deformation of cross-section
» Elementary theory of bending

— For pure bending AL
— Not valid anymore because of the h
cross section deformation
— Example X
* 6-boom wing TRl g " g | .2
» Deformation of top cover

v =32
[Ty ,LLt
B T, | coshw (L — x)
C 2hut (3 +1) cosh wL
- ]
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Structural discontinuities summary

« Torsion of a built-end open-section beam
— If warping is constrained (built-in end)
» Direct stresses are introduced
* There is a bending contribution
to the torque

]\[‘c — CQ,:{: — CPQ,:{?&?:{:

M

X

AN

ch = f 4A% Elds
C

([~ Et2AR (s) ds)2
| [ Etds

— Examples

- Equation for pure torqug: 7,
2 w ’ ) ‘ C
9,;173333 —w 9,;1: - — C A[a with 'bUz — CF y

» Equation for distributed torque

8;1: (OFQ,;E;L“;E o 09,37) — My (‘T)

\ 4

A

v
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Column instabilities

« 2 kinds of buckling

— Primary buckling
* No changes in cross-section
« Wavelength of buckle ~ length of element
« Solid & thick-walled column

— Secondary (local) buckling
« Changes in cross-section
« Wavelength of buckle ~ cross-sectional dimensions

» Thin-walled column & stiffened panels
— Pictures:
— D.H. Dove wing (max loading test)
— Automotive beam
— Local buckling

Loy !‘ Q
Aoy e
il M
s . 5 .’, ’ 8

B R g
Lo SO SO ?1.“

g
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Euler buckling

« Assumptions
— Perfectly symmetrical column (no imperfection)

— Axial load perfectly aligned along centroidal axis

— Linear elasticity

« Theoretically
— Deformed structure should remain symmetrical
— Solution is then a shortening of the column
— Buckling load Py is defined as P such that if a
small lateral displacement is enforced by a

lateral force, once this force is removed
* If P = Pqg, the lateral deformation is constant
(neutral stability)
« If P > P, this lateral displacement increases &
the column is unstable
* If P < PR, this lateral displacement disappears &
the column is stable

« Practically
— The initial lateral displacement is due to
imperfections (geometrical or material)

v

\

-

B TN
1
1

-

_(

- = = e == ——

4
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Euler buckling

 Euler critical axial load

Z
— Bending theory lﬁ"_f\
¢ _EIy-yuz,;I:a: — AJ;I:;?: — PC'Ruz u G

— Solution
« General form: u, = C coswa + Cysinwxr  with w =
« BCsatx=0&x=LimplyC,=0& CysinwL =0

* Non trivial solution wl, = km withk=1, 2, 3, ...
* In that case C, is undetermined and can — «
— Euler critical load for pinned-pinned BCs
kQ’FTQEIyy
12

withk =1, 2, 3, ...

FPor =

' 2013-2014 Aircraft Structures - Instabilities 20 v




Euler buckling

« Euler critical axial load (2)

YA
— Euler critical load for pinned-pinned BCs (2) Iﬂ‘—_f\
k*m*EI,, u

* Porp = 73 with k=1, 2, 3, ... ‘

 Buckling will occur for lowest P
— In the plane of lowest | f
P (1) WzEjmin
1,2

— Forthe lowestk == k=1 == P} =
— In case modes 1, .. k-1 are prevented, critical load becomes the load k

2
(2) 4 EImin 0 QEImin
for="T Py ==

z z 72

' 2013-2014 Aircraft Structures - Instabilities 21



Euler buckling

« FEuler critical axial load (3)

YA
— For pinned-pinned BCs Iﬂ"_f\ P
7T2Efmin u ==

° PCR pr— L2 z
2
_ QET_ . . . . Imin
« Ocp = —T 72 (compression) with gyration radius 5 — 1
— General case
. 7T2Ejmin 2 7‘2 :
 Euler critical loads FPcr.Ep = —p72  + OCRE= T El_2 (compressive)
e e

« With |, the effective length

Yy
A
—

1
—
~
N

>f
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Initial imperfection

Practical case: initial imperfection

Z
— Let us assume an initial small curvature of the beam 14‘__\
82“20 u 4

[ ] ﬁ[j:_

Ox?

yA
— As this curvature is small the equation of bending lﬂ”_f\qi
for straight beam can still be used, but with the u

change of curvature being considered for the strain
‘ _EIy'y (uz,a?a? - uzO,:I:;?:) — I\"Iztar — Puz
 The general form of the initial deflection satisfying the BCs is

nmwx . .
U0 = Z A, sin —— == the deflection equation becomes

n=1

EI w2 . nra
EI'y'yuzalﬂl?? + Puz — EIy'yuzO,;L“;r — ’U'U E A n S111 —

o
A, n? nwT
— Solution y, = O coswx + Cy sinwx + E SopE S
n— 1 72
. P
El,,
— 2013-2014 Aircraft Structures - Instabilities 23



Initial imperfection

* Practical case: initial imperfection (2)

Z
— Solution for an initial small curvature of the beam 14‘_\
= A,n? . nmx ut

= 'y coswz + Cs sinwax + Z

n= 1 ?rg Z
e With o — i ld—_f\-la
Pl,, u

2
o = =1 i = (1) —ﬂ- EIIIliIl
BCsatx=0&x=LimplyC,=C, =0, &as PCR— 72
i Aan - TZ’F{I’ i A fn, . nTmx
- S o SNl ——
“ 2 w2L2
e n—=1 PCR L

 Clearly near buckling, so P—P.g, and the dominant term of the solutionis forn=1

= U

83

—_
T~
h
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Initial imperfection

« Practical case: initial imperfection (3)

Z
— Solution for an initial small curvature of the beam 14‘_\
Ay . 7T ut

s U, ~ sin near bucklin
Ry J

Pcr Z
— If central deflection is measured vs axial load ld’_f\qi
u

o As u,(L/2) ~ A

P
L Al Alp_
Auz(E)All—PAllcjf AA/P
Pcr Pcr
— Southwell diagram
A
*A=FPor—= —As
. )/ Joe
 Allows measuring buckling loads without g R
1
breaking the columns
* Remark A
4+—P>
Al

— Ciritical Euler loading depends on BCs

' 2013-2014 Aircraft Structures - Instabilities 25 unen



Flexural-torsional buckling of open thin-walled columns

« Thin-walled column under critical flexural loads
— Can twist without bending or
— Can twist and bend simultaneously

D ;

2013-2014 Aircraft Structures - Instabilities 26 vieUM
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Flexural-torsional buckling of open thin-walled columns

Kinematics £

— Consider
* A thin-walled section

« Centroid C
» Cyz principal axes

 Shear center S

A

S))

— Section motion (CSRD)

» Translation
— Shear center is moved
- ByuS &up
— To S”

» Rotation around shear (twist) center
— We assume shear center=twist center
— By @

» Centroid motion
— To C’ after section translation
— To C” after rotation
— Resulting displacements u,© & u,®

— Same decomposition for other
points of the section

' 2013-2014 Aircraft Structures - Instabilities



Flexural-torsional buckling of open thin-walled columns

« Kinematics (2) 7
— Relations

oul = oul + 2500
» Centroid )

g P ;
5uC = 5us — ygs0 %
« Other points P of the section \
1w/

dul’ = du? — (ys — yp) 60 0.C g
y
- Considering axial loading M

— If dremains small, the induced momentums are
M, = Pu$ = Pu® — Pys0

Sul’ = dul + (25 — zp) 66

YA
ld—_f\qi
uZ
M. = —Puf = —Pu} — Pzs0
— As we are in the principal axes (1,,=0), and lyg(—N
P
Uy

as motion resulting from bending is u®
{EIu,ﬁ = M. = —Pu’ — P20
El,u’, . =—-M,=—Pu’ + Pysf

Z,xT
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Flexural-torsional buckling of open thin-walled columns

« Torsion
— Any point P of the section

du, = ouj + (25 — 2p) 60
dul = du’ — (ys —yp) 06

— As torsion results from axial loading,

this corresponds to a torque with
warping constraint
» See previous lecture

— Analogy between
beam bending/pin-ended column

_ As fz (T) — _8:5Tz — _8:13.1:]\"13;
fy (1‘) — _8;1:Ty — 8;1:;1:]\"jz
— The momentum at point P can be substituted by lateral loading

5f. = —0,00M, = —5P0,, [u? — (ys — yp) 0]
6fy — 8;1::1:6]\"{2 — _6P8;1:a: [u,ﬁ + (ZS — ZP) 9]

D 5
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Flexural-torsional buckling of open thin-walled columns

« Torsion (2)

A S”
. z e
— Lateral loading analogy
» Contributions on & A, . 3\9
us /¥
_ ‘ S &y\. g ! /’II vy
0fy = —0P0., [u, + (25 — zp) 0] Pt Josr e

 As axial load leads to uniform
compressive stress on section
of area A

df. = ——tds0,, [uf o (yS - yP) t

P
df, = —ths’()m {uf + (25 — zp) 9}

0f, = —0P0;, [uf — (ys — yp) 9} s Y\' uzS
| | s Y
C

» Resulting distributed torque (per unit length) on ds
— dm, = (yP —ys)df. — (zp — zs) df,

'='>dma:_t{ Pin C)aa[ fi(ySin)9}+
(2p — 25) Ow (U} + (25 — 2p) 0] } ds

2013-2014 Aircraft Structures - Instabilities 30 uymelUE



Flexural-torsional buckling of open thin-walled columns

 Distributed torque
— As dm, = —t{ (yp — ys) Ouw [ul — (ys — yp) 0] +

7p—7b)dar[ §+(7s—7p }}ds

= - _/ P_yS ~Ertd9_/ P_yS Ertd9+
—/ (zp — 2g) tds—/ p—7b 0 ..tds
P P . P
—_— m, = Ayguffm/'qtds — Zzbufmﬁtds — Zu;mmfsyptder Zuimﬁzptds
P

P P
Aysg $I/Std8+22y89’$mfsyptd8_Q’LMZ/Sy?DtdS

P P P
Azgé‘m/tds —|—22z567m/zptds — G’MZ /z;%tds

— As C is the centroid

P ( P
zaox P?’S‘u - Py 933 - 9, 3a:AIy-y - Pzég,mz - 9,;}:;}321

= m, = Pybu
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Flexural-torsional buckling of open thin-walled columns

« Distributed torque (2)

— The analogous torque by unit length resulting from the bending reads

P P

my, = PySu 5 - P7Suu Tr Pyig T T 9 nyy - PZ%Q,LE;E - 9,;}:;1:Z1zz

— Polar second moment of area around S:

sz =lyy+1..+A (y% —I—Z?;)
P

o S S
= My = P (ysuz,g:;r _ Zsuy,;?:;?:) o

— For a built-in end open-section beam

« Warping is constrained

— Bending contribution to the torque

* New equation

Z,
8;?3 (OFQ,;EH:;B o CQ,:I?) — My (‘T) m
X
» For a constant section y
P X
CY0 v + I5 —C) 0 0 — —>
R (A P o <"7\/Ix +axMx 5X
PyS zwaa_}_P;(Su'U ?3?3_0 < >
LS - OX B

2013-2014 Aircraft Structures - Instabilities 32 Ul



Flexural-torsional buckling of open thin-walled columns

- Equations
— Inthe principal axes

- EL.u), =M. =-Pu — Pzs0
" Elul,, =-M,=—Pu’+ Pygé)
P
. CTQ’MM + (AIS C) 0 Pyg N P7S'u,,u e =0

2013-2014 Aircraft Structures - Instabilities 33 umlE



Flexural-torsional buckling of open thin-walled columns

- Example ‘4
— Column with y

» Deflection and rotation around x
constrained at both ends /

- u(0)=uy(L) =0&u,0)=u,L)=0
— H0)=0&4L)=0 L
« Warping and rotation around y & z allowed at both ends

A

— Twist center = shear center
- M(0) =M,(L) =0 == Uuy,,(0) =u (L) =0
- M,0)=M,(L) =0 — U,,,(0) =u,,,(L)=0
— As warping is allowed

ol (s) = Eu}, . (0) = 2EAR (5)0 ..

rx are equal to zero
0.0 [ Et2AR, (s)ds

v

u; . (0) =
T | Etds
= t9xx(0) =0& QXX(L) =0
% 2013-2014 Aircraft Structures - Instabilities 34



Flexural-torsional buckling of open thin-walled columns

 Resolution

— Assuming the following fields satisfying the BCs
T

y
vy o L |
g O T | X
¢ = (. s1n —
e = el E P
L

ZA

* 0= CCysin W—;
— The system of equations
BEl..u, . =M. =—Pu; — Pzg0
| Elu?, =—M,=—Pu’ + Pysf

\

P
Cr@,;}:;}:ﬂ:a: + ( Ib O) 7 rr Pybu~ LT + P7Suru rr =0

A P
( °F1I..
(P il ) C, + Pz5Cy = 0

2F1,
X (7‘_ v _ P>C~+Py3090

12 AP

2013-2014 Aircraft Structures - Instabilities 35 el
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Flexural-torsional buckling of open thin-walled columns

Resolution (2)

— N

A

ZA
on trivial solution leads to buckling load P

(( 2EL. g |
(P - 73 ) Cy+PzsCy =10 | ( X
w2 FEI,, e P
— i

=

( L2 P>02+Py8090
Clr? P .
(D;+CZ§>%+PWQP@%
\
(POR — szgf”) 0 Peprzs
w2 El,, _
—- 0 = — Por Pcrys =0
r_o .
—Prpzg Pcrys (C_Lﬁ_ +C - %Iﬁ?)

« Buckling load is the minimum root
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Flexural-torsional buckling of open thin-walled columns

 |f shear center and centroid coincide
— System becomes

ZA

[ 2
(p- B,

A

v

A

(7‘_2?]3’” P) C. =0

T2 P .
\ ( = szp>cgo

— This system is uncoupled and leads to 3 critical loads

s 2
py_ _ =El,,
CR — L2

) T El. .
{ Ter=—13

A [(Ctr?
\ p

— Buckling load is the minimum value
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Flexural-torsional buckling of open thin-walled columns

« Example .
— Column AZ |
« Length:L=1m § ft=2mm
 Young: E = 70 GPa %
« Shear modulus: 4 = 30 GPa . < y= Z
— Buckling load? sy,0)| |0 C
» Deflection and rotation around x | t=2mm
constrained at both ends | 1 lt =2mm
- u(0)=uy(l)=0&u,(0)=u,L)=0 ) 1 R
b =100 mm

— 90)=0&4L)=0
« Warping and rotation around y & z allowed
at both ends

~ET— ;
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Flexural-torsional buckling of open thin-walled columns

Centroid position s
Q 2 ZA A
= 2ty _ 0170002 _ o0 |
2bt + ht  0.002 0.3

= —0.033 m

»
»

Tt:2mm

h =100 mm

= Yo = —Yc

— By symmetry on Oy o
S(Ys,0)

vy

Second moment of area |0 C
t=2mm

A\ 4

<

th? A\?  th? 6D «
_Iuy:§—|—gbt (5) :E(l—'_g) ‘ l1;:2mm
| ,

0.002 0.13 « !
= [, = 5 (1+6)=1.1710 °m* b = 100 mm

12 2
0.002 0.1°
+20.002 0.1 (0.05 — 0.033)2 +0.1 0.002 0.0332

th3 h 2
— .. =2—+2tb (— + yof) + hty%,

_ —6 4
== [.. =0.667 10" m
— By symmetry
— 2013-2014 Aircraft Structures - Instabilities 39 ymeUE




Flexural-torsional buckling of open thin-walled columns

« Shear center

Z’A AZ l
— On C¥ by symmetry -\ . q‘ —
— Consider shear force T, T, E =
T. [° S
e As| _O [ — q( ):—— tzdsf " ‘r
I’y’y 0 = q vy
 Lower flange, considering frame O’y z’ } —
S(ys, 0y 197 C
, 1. th S r
q(y):I—?(b y') t=2mm
vy 1
t=
= q(y') = —T 0.05 0.002 (0.1 — /) v l; -
1.17 106 ' - 1 4,
=T, (8.547m™ ! — 8547 m ™ * y) b= 100 mm s
» Upper flange by symmetry =
» As Tz passes through the shear center: no torsional flux
0
h
—ysTz = b 54y (=dy’) =0
, ho [ 85.47
Mo — g = _T/ q(y)dy = —0.1 (8 547h — —bz) = —0.0427 m
= Jo
== y(S) =Yg — Yo = —0.0427 — 0.033 = —0.076 m
- 2013-2014

8
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Flexural-torsional buckling of open thin-walled columns

* Uncoupled critical loads . .
— Using following definitions . |
‘ EA B
py_ _ WzE]yy g Tt—z mm
CR L2 S
2 1
. w Elzz = ’
‘ 0" C
Pér = IS 1,2 +C "I
P t=2mm
A\ 4 l
f .

 These values would be the critical loads -

for an uncoupled system (if C = S) b =100 mm

2F1I,
P =10 = 2270 10° 117 10° = 808 kN

1,2
2
. .. _
Pep=—05—= 7 70 107 0.667 10~ % = 461 kN
Pl 2

Some values are missing
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Flexural-torsional buckling of open thin-walled columns

Uncoupled critical loads (2) .
A [CTr? T }
— 0 A - — -
PC'RIs( L2 +C> § q Tt:2mm
L Tu g
Lit?p ut ~
« O = = 2b+ h I
Z 3 3 (204 1) =| fa vy
30 10Y 0.002% 0.3 , —
- =24 N.m? S(ys, 0f ¥ C
3 S T
1 t=2mm
1 lt:me
« A =20t +ht =0.0020.3=0.610""m? Y S
) b =100 mm ‘f
° 1139: yy+Izz+A(y%+Z§)
= [7 =1.1710"°+0.667 10 ° +0.6 10"°0.076° = 5.3 10"° m"
2
Et2An (s)ds
: CF:/4A§g pras — e P124n, (3)ds)
C b IC Etds
— Requires Agy(s)
1
42 vmeug

— 2013-2014 Aircraft Structures - Instabilities



Flexural-torsional buckling of open thin-walled columns

« Uncoupled critical loads (3)
— Evaluation of the Ag(s)

.
+ Lower flange Ap (y') = _W
bh o by (=
e Web Ap (ZI) _ n ( 2)( yS)
r 4 2
bh  hy. 'h
. Upper flange Ar, (y') = - Igs B 344
A Az A N X )
Z : ‘.Z : 1 !
gu Tt =2mm g Tt —2mm g Tt ——
: S SE <0
N I } ? |
S(ys, OO A= — 1 -
P C X <0 >O :%‘n <O >O \“-=‘= = _; <O
1 2. mm ‘= =2 1M =2 mm
v ‘# v %

G
A
o
I
H
o
o
3
E J
>
\ A
Q
A
o
1
|_\
o
o
3
3
1+
N
+
A
o
1
H
o
o
3
3
sy
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Flexural-torsional buckling of open thin-walled columns

A AZ
Uncoubled critical loads (4) i .
2 EA 7 R
B :/ A2 Eids ([ Et2Ap, (s)ds) T, E q Tt=2mm
c [ Etds S
* Lower flange: , —
, S(ys, 0) 40 C
B N (b—y")h t=2mm
ARP (y ) — _T e
lt: 2 mm
0 / 2 v P -
_ E ~ = <
E / 2AR, Etds = / 26thY b (—dy') = — tho « | 9,
¥ b 4 4 b =100 mm 43_

70 109 0.002 0.1°
35 kN - m?

= / QARpEtdS = — - —
f 4

0
~ /Etds — / Et(—dy') = Etb = 70 10 0.002 0.1 = 1410° N
f b

0 / 2 21.3
—b Eth<b

_ /4A%pEtd5:/ 4Et (y T h) (—dy') = T
¥ b

10 0.002 0.1°
— /4A?ngtds: 010 5 = 116.7 N-m*
f

4 4 universite | ] [£
de Liege i
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Flexural-torsional buckling of open thin-walled columns

.. A AZ
« Uncoupled critical loads (5) - A #
2 =4 - —
t=2
~ T = f 442, Btds — (Jo Et24R, (5) ds) Tu o ! m
c 7 [ Etds S
I
<| 1 ,
« Web: q y= )='
n_ b (F+3) (—ys) S5, 0) J°°C
_ARP(Z):_4—|— 5 | t=2mm
1 lt:me
_ / Etds = Eth = 70 10 0.002 0.1 = 1410 N 7 —
" j " b=100mm ‘S_
T D s Eth? (b + !
_fQAREtdS:_/ 2Bt | (b4 ) + A5 | g = IO EYS)
w g _% 4 2 92
102 0.002 0.12 (0.1 — 0.042
_7010” 0.00 02(0 0.0 7):_40.1 N2

h

2 ? h / z’yfg
~ | 443 Etds = 4Et 1 D+ ys) + 5 dz

h

Bt (b+yk)”  Etys h 70 10°0.002 0.1% (0.1 — 0.0427)° .

4 12 1
9 3 2
002 0.1°2 (—0.042
70 10” 0.002 0.1° (—0.0427) 369 N
12
8
45  ueeUB
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Flexural-torsional buckling of open thin-walled columns

. A AZ
Uncounbled critical loads (6) - Y
2 EA 7 el
Et2A s)ds q Tt=2mm
- CT:f 4A% Etds — e R, (5)ds) T, §
c | Etds =
« Upper flange: =| Td vy
bh  hys y'h : -
“ A, W) = -7 -7 S(ys, 0) {7 ©
4 2 4 i t=2mm
1 t=2mm
b \ l:— o
h y'h . ) q
/ 2Ap, Etds = —/ 2L [Z (b+ 2ys) + T] dy’ "~ b=100 mm ‘S_'
I 0
b+ 2y b%h
= —Ft |bh
s
0.1 —20.0427 0.1°
— —70 10" 0.002 (0.12 5 + = ) — —45.2 kN -m?
/Etds — Eth =70 10" 0.002 0.1 = 14 10° N
f
' Aircraft Structures - Instabilities 46 iU
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Flexural-torsional buckling of open thin-walled columns

. A AZ
.« Uncoupled critical loads (7) - ‘ #
2 EA 7 el
Et2A s)ds g [t=2mm
- CT:f 4A% Etds — e R, (5)ds) T, S
C p fC EtdS 8
I
- Upper flange (2): =| 14 vy
bh  hys y'h : -
“ A, W) = -7 -7 S(ys, 0) {7 ©
4 2 4 i t=2mm
1 t=2mm
A 4 l;_ <=
) 1 q_,
b =100 mm ‘S_
b 2 2./ / /21,2
h h b+ 2 h
- /4%@;5 Etds :f 4Et {— (b+2y5)° + y (0 + 2ys) + 2 ]dy’
; p 0 16 8 16
o 2 020" B (b4 2y) | b
4 4 12
0.1 — 20.0427)°
— 70 10" 0.002 (0.13( . )

14(0.1 —20.0427)  0.1°
0.17 (0 1 )+ 5 ) —175.2 N-m?

]

47  vmeUg
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Flexural-torsional buckling of open thin-walled columns

Uncoupled critical loads (8)
(fc Et2Ag (s) ds)2
| Etds

- cﬁifmgM@—
C

* All contributions

- / 4A%pEtds = 116.7 + 136.2 + 175.2 = 428 N-m’
C

- / 2AR, Etds = —35000 — 40100 — 45200 = —120.3 kN - m>
C

_f Ftds =31410° = 4210° N
C

1203002

12100 — 834 N-m*

== " =428 —

2013-2014 Aircraft Structures - Instabilities
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Flexural-torsional buckling of open thin-walled columns

Uncoupled critical loads (9) .
A [CTr? T 1 |
- A A -> =)
For = Ig ( L? +C> T £ q Tt=2mm
A ©O
Lt ut? S
° C p— L f— 2b h
Z g’ 33 ( - ) 2 fq vy
30 10° 0.002% 0.3 ) , —
= ; =24 N-m Sy, 0| J0'C
1 t=2mm
« A=2bt+ht=0.0020.3=0.610 " m? jr=2mm
w . t 9,
« IV =1, + L.+ A(ys +23) b = 100 mm <
= [7 =1.1710"° 4+ 0.667 10~° + 0.6 107°0.076° = 5.3 10~% m*
1203002
- C' =428 - ——— =834 N-m*
42106 m
== Plp = M(834ﬂ2+24) =95.9 kN
CR ™ 53106\ -
1
49 U
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Flexural-torsional buckling of open thin-walled columns

L. A AZ
» Critical load S
— As the uncoupled critical loads read £1 q Tt=2mm
‘ ‘ TZ o
Py 2E[w p: T2 FEI,. . S
CR~— 75 CR — ‘ I ’
L2 L2 = rq y‘ Y
A [ CTp? e
Pip = ( ( +C> S(ys, 0) |
I L? i t=2mm
1 lt =2mm
& as zg = 0, the coupled system is rewritten v T‘f Lq
) b =100 mm S5
2
(PCR — = fifz) 0 Porzs
°El,,
0 ( 77 Pcuta) Porys =0
—FPcRrzs Pcrys (CP - +C — fon I;BS)
(Pcr — Pég) 0 0
0 (Pér — Por) Ferys 1= 0
I
0 Pcrys (Pl — Pcr) %

— 2013-2014 Aircraft Structures - Instabilities 50 mpUg



Flexural-torsional buckling of open thin-walled columns

e Ciritical load (2)

— Resolution
(PCR — Pé‘R) 0 0
0 (Pl p — Pcr) Pcrys =0
I
0 Pcrys (Pl — Pcr) %

b A 1
% L (Fen ~ Pe) | Pl (7502 ~1) + Fon (Fen + Fg) ~ PenPly| =0

% PY) = Pz, = 461 kN
[ Pip=461kN —0.34P2 5 + 903.910° P — 77.510° = 0

%{ P}) = Pz, = 461 kN

Plp —2.6210°Pog + 2245107 = 0

P, = 808 kN
Pl =959 kN

1Y =5310"% m’
A=0610"%m?

Pl = Pz, =461 kN
Ph =887 kN
P = 2530 kN
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Buckling of thin plates

* Thin plates

— Are subject to primary buckling
« Wavelength of buckle ~
length of element

— So they are stiffened

2013-2014 Aircraft Structures - Instabilities 52 vieeUf



Buckling of thin plates

* Primary buckling of thin plates

— Plates without support
« Similar to column buckling
— Same shape
— Use D instead of El,,

— Supported plates
» Other displacement buckling shapes
* Depend on BCs

1
' 2013-2014 Aircraft Structures - Instabilities 53  vieeUf



Buckling of thin plates

 Kirchhoff-Love membrane mode

U~ 50 + Us Es
_ - By Py.0a o o N
On 1. HoPY 5 +ng = pug A
_ hoE —7
¢ With HP = 2— {yé“‘ﬁé”é + A%/ £
1 —v
—— (097670 + §296°7) .
2 n,=v,E®
— Completed by appropriate BCs
* Dirichlet  u, = u,
(3~ s W~ ,0c¢ + ué,’“ =
» Neumann nfy,, = Ho#0 122 > 2y =g
2013-2014 Aircraft Structures - Instabilities 54
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Buckling of thin plates

« Kirchhoff-Love bending mode
— On 4. (H%ﬁ/yaug,w)?a@ =P

. With HA0

— Completed by appropriate BCs

 Low order

— On aNﬂ — (H%ﬁvéu:gﬁ(s)’ﬁ Vo = T

— Ondpa: u3z = ug
* High order

— Onadp1 At = At

with At = —u?,’aEa,

— Onoya — (H?f””‘su,gmg) vz = Mu,

' 2013-2014 Aircraft Structures - Instabilities




Buckling of thin plates

« Membrane-bending coupling

— The first order theory is uncoupled

— For second order theory

- on (M s s —i*us) = p

« Tension increases the bending

stiffness of the plate
* Internal energy

D . . ‘ ‘
B = / — (U3 +uZ o0 +2(1 —v)ud 1o + 20u3 11u3 22| dA +
A

2

1 - ‘ L ¢ U K
5 [nllu,g,lz + 7?,2271,3_‘_22 + 272,127,53511.53_‘_2} dA
A

— In case of small initial curvature (x>>)

« On_z
(H%ﬁwu:sms — 7By, — ﬁaﬁﬁpo:ﬁ,):aﬁ =P

« Tension induces bending effect
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Buckling of thin plates

Primary buckling theory of thin plates
— Second order theory

o on (M Pus s —%us) = p

— Simply supported plate

with arbitrary pressure

* Pressure is written in a Fourier series

= — . ommTxr . nmy
T, y) = Uy SN sin
P D= 30 st 2 i 27 :

m=1n=1

» Displacements with these BCs can also be written

= — mTxr . Ny
U3 = E g A, sin - sin ;

m=1n=1

afmn

with Apmn = }

2 ~11,,,2
iy [(m2 L 222, allm
™D [( a? + bg) + 72 Da?

« There is a buckling load fil! leading to

infinite displacements for every couple (m, n)
— Lowest one?

' _%_, : L ]
) 57  vymUg

- 2013-2014 Aircraft Structures - Instabilities




Buckling of thin plates

« Primary buckling theory of thin plates (2)
— Simply supported plate

» Displacements in terms of

ynn
Amn —

2 ~11,,,2
ip [(m2 L 22\, allm
D [( a2 + bz) + ﬂ'gDaQ}

* Buckling load At

— Minimal (in absolute value) for n=1

o :_WQQQD m2_|_i 2
cH m? a? b’
2
7D
— Oragain figip = —kb—2

with the buckling coefficient k
a mb

— Depends on ration a/b
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Buckling of thin plates

« Primary buckling theory of thin plates (3) x 10

— Simply supported plate (2) gl
» Buckling coefficient k ol
k = Qb + i i
~\a mb a

Mode of buckling depends on a/b 2r
k is minimal (=4) fora/b =1, 2, 3, ...

0
 Mode transition for
a

Fora/lb>3:k~4

— This analysis depends on the BCs, but same behaviors for

« Other BCs
« Other loadings (bending, shearing) instead of compression
* Only the value of k is changing (tables)

2013-2014 Aircraft Structures - Instabilities
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Buckling of thin plates

Primary buckling theory of thin plates (4)
— Shape of the modes for
« Simply supported plate

* In compression

e n=1

v/a

yv/a

0

0

0

0

x/a

x/a

2013-2014 Aircraft Structures - Instabilities
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Buckling of thin plates

Primary buckling theory of thin plates (5) «

— Critical stress
11 kﬁgD
« Wefound ngop = — ER
—> ocr = gr/ho
« Or again
w2 Eh?
12 (1 — v2) b2
* This can be generalized to other loading
cases with k depending on the problem

OCRrR = —k

— Picture for simply supported plate in
compression

— As

2 272
Eh
. ocp=—Fk AR dlll

12 (1 — v2) b2
e k~cstforal/b>3

We use stiffeners to reduce b
== {0 iNnCrease o, of the skin

o 0
As long as o < o,

10

— m=1
- m=2

— m=3

m=4

2013-2014 Aircraft Structures - Instabilities




Buckling of thin plates

Primary buckling theory of thin plates (6)
— What happens for other BCs?

o> o}
. ommnx .
« We cannot say wusg = E E A,n sin sin
a

m=1n=1

nmy
b

» But buckling corresponds to a stationary point of the internal energy

anymore

(neutral equilibrium)
« So we can plug any Fourier series or displacement approximations in the form

D
F& = / 5 [’U;%}ll + ’ZL%,QQ + 2 (1 — 1/) u%)lg + 21/%3}11%3’22] dA +
A

1 —~ 1 —~ 1 —~ [
§ [’Rll’UJg,lz -+ RQQ’U,g:QZ + 27?,12?,&3,11&3:2] dA
A

and find the stationary point
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Buckling of thin plates

Primary buckling theory of thin plates (7)
— Energy method

» Let us analyze the simply supported plate

X0 (o @]
. mmTx . nmy
= Uy — E E A, sin - sin ;

m=1n=1

* Internal energy

D . . ( ‘
Ein, = / B} [’Ué,n + u§,22 +2(1-v) u§,12 + 21/’“3‘11%3..22} dA +
A

1 ~ ‘ Y T
—/ [nllug,lz + ?’M QMZ} dA
A

2
* First term

2
a b a b 2_9
2 memT* . mmr . nmy
w5 1 dydax :/ / E E —A,,,———sin sin —= | dydx
fo /o 3,119 0o Jo (m — a? a b ) Y

a !/

. mmwxr ., MmTx a :

— AS / sin sin dr = —§8,,, the cross-terms vanish
0 a

a
@t a b m?7?®  mmx . nwy 2
SN us 1 dydr = / / (Anm—sin sin )d dx
[ [ e =33 [ ] T sin T i T gy

T T
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Buckling of thin plates

Primary buckling theory of thin plates (8)
— Energy method (2)

* Internal energy

D ¢
Eiw = /E u?, 11 +u3 99 +2(1 — V)u§,12+21/u3?11u3?22} dA -
1
§/ [?’ ’uglw +2M:2}d“4

Z Z . ommr . nmy
- AS uS — Agrn}n Sln Sln T

m=1n=1

— And as cross-terms vanish
4_4

b 4_4
D “ mem ML nwy nemw MTx nmy
F.hw = — A?m sin? —— sin? + sin? —— sin? —2 +
a* b

a b b+ a

m2n?r* o mmx 5 nmy m2n’mt o mmx | 5 nmy
— 75— €O C08” —— + 2V——F—5—sin sin® ——+
a=b a b a=b a b

notmeTw mnxr . o NTY
5 Ccos” sin® —2 | dxdy
D a a b
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Buckling of thin plates

Primary buckling theory of thin plates (9)
— Energy method (3)

a a
. o MTX 5 ML a
* As / sin dr = / cos? dr = —
0 a 0 a 2
2 ML o MY n*rt  ommr |, nwy
¢ = —E E A? —— sin — sin® —— sin® —=+
Ein / / mn a b b4 a b
m
m2n?rt o mmx  ,nmy mn?m7t o mmr | 5 nwy
2(1 = v) —5;5— cos 08" —= + 2V——5— sin” —— sin” ——+
a=b a b a=b a b

COS sin® —2Z
D a2 a b

~11 .22
n-omom mmx nmy
2 2 ] dxdy

mi7b nirta

Eint — _ZZAmﬂ[ 4a3 + Ab3
2(1 _%/mgn d mg/w%r n L'm272D
4ab 4ab D 4da
m2mb  nrla : it m2r2p?
= Ein —
' Qa,bzz o [( LY ) D 4

6 5 universite | ] I
de Liege i
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Buckling of thin plates

« Primary buckling theory of thin plates (10)
— Energy method (4)

One unloaded edge clamped

One unloaded edge clamped

]

2 ~
ps I 42 m?m?b  n’mla nt 212
© AS B ZZ
2ab mn 20 20 D 4
« At buckling we have at Ieast for one couple (m, n)
2
Dr? m?rb  n’rma m2b* iy
0= aAmn Elnt T‘bAmn a + b D
|
* Most critical value for n=1 4
- —Loaded edges clamped
2 12+ ‘-,
~11 2@2D 771,2 1 "l
> 1] = — — |\
CR — WLZ CLQ bQ 10+ l\\ \
W Loaded edges
v /" simply supported
k 8t ~
" 2D “““““ Unloaded edges clamped
* In general Ncr = —k b? o N N e one simply supported
_________ Both unloaded edges
ar- simply supported
2.-,
= __ one free
________ One unloaded edge free
0 ‘ll '2 [3 .'4 % one simply supported
a/b
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Buckling of thin plates

« Experimental determination of critical load

— Avoid buckling == Southwell diagram

— Plate with small initial curvature

— Particular case of p = 0, tension fill,

simply supported edges

mmax nm
- For o3 (2, y) Z meﬂ sin sinTy

m=1n=1

mmxr . nwy
—_ U3 = E E A, sin smT

m=1n=1

bman,ﬁl 1

2 ~
272 m2 4 n? n_lm?
aﬂ-D[(aQ +b2) —|_’J’T2DCL2

2,21 2 1 2
. 1 11 Ta m
When il — nCR = — (a,2 + —=

with A, = —

m? b2
— Term b, is the dominant one in the solution
— Displacement takes the shape of buckling mode m (n=1)

ﬂ LT E; g
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Buckling of thin plates

« Experimental determination of critical load (2)
— Particular case of p=0, tension fill , simply supported edges (2)
~11 ~11 ﬂ'QCLQD m2 1 2
« Whenitt - nop=— 3 a2_|_b_2

— Term b,,; is the dominant one in the solution

o0 o>
Z Z . mmr . nmy
a

m=1n=1

o b, m2itl
with T 2.9 m?2 n2\2 nllm?2 “'U3/ﬁ11
a=m=D (7—'_23_2) +W2Da2
bmlﬁll
=11 ~11
Ngp — N
A1l
Rearranging: us — Ner=i7 — b1 .
n /s 1
— m depends on ratio a/b
—P
bml
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Secondary buckling of columns

* Primary to secondary buckling of columns

— Slenderness ratio I /r with
| effective length of the column
— Depends on BCs and mode

ey
A

|, =L/2

d
g

\ 4

 r: radius of gyration

— High slenderness (l./r >80)
* Primary buckling

— Low slenderness (l./r <20)
« Secondary (local) buckling
« Usually in flanges

— In between slenderness
« Combination
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http://www.bgstructuralengineering.com/BGSCM/BGSCM006/stl6.jpg
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Secondary buckling of columns

« Example of secondary buckling
— Composite beam

— Design such that
» Load of primary buckling >
limit load >
web local buckling load
— Final year project
+ Alice Salmon
. >

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

 How to determine secondary buckling?
— Easy cases: particular sections

2013-2014 Aircraft Structures - Instabilities 70 vpeeUf




Secondary buckling of columns

« Secondary buckling of a L-section Loaded edges simply
— Represent the beam as plates supported

One unloaded edge free

one simply supported [

\(? Assumption)
a=3b
16 -
1
—> 14+ :
b ",..fLoaded edges clamped
. |
— Take critical plate and evaluate )
\
k from plate analysis oF 4
W Loaded edges
e k=0.43, mode m=1 ¢ sl v - /simply supported
— Deduce buck”ng load | M= Unloaded edges clamped
D D) 6 NOAL S~—_ One gnloaded edge clamped
k‘ M Eh[) one simply supported
o = RKR——5 AN A e Both unloaded ed
“r 12 (1 — 1v2) b2 af = e perted
’ CheCk If |0W€r than Gpo 2 One unloaded edge clamped
————— _ one free
— This method is an approximation  0.43 |- === ===———""""""" One unloaded edge free
0 1 > 3 4 & One simply supported
» Experimental determination alb
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Buckling of stiffened panels

* Primary buckling of thin plates

— We found
WgEh%
12 (1 —v?)b?
* With k ~ constant for a/b >3

. ocr = —k

— In order to increase the buckling stress
* Increase hy/b ratio, or

« Use stiffeners to reduce effective b of skin

o W :
‘ -
SR Y
tst bsk
% i
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Buckling of stiffened panels

« Buckling modes of stiffened panels
— Consider the section - W

v

O
2
<+—P>
~Ple¢
%)
L
A
v

st

— Different buckling possibilities

* High slenderness
— Euler column (primary) buckling with cross-section depicted
» Low slenderness and stiffeners with high degree of strength compared to skin
— Structure can be assumed to be flat plates
» Of width by,
» Simply supported by the (rigid) stringers
— Structure too heavy
» More efficient structure if buckling occurs in stiffeners and skin at the same time
— Closely spaced stiffeners of comparable thickness to the skin
— Warning: both buckling modes could interact and reduces critical load
— Section should be considered as a whole unit
— Prediction of critical load relies on assumptions and semi-empirical methods

— Skin can also buckled between the rivets
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Buckling of stiffened panels

* A simple method to determine buckling

< W >
4
A
bst I *I* ‘ =" ‘ < &
tSt bSk T2
— First check Euler primary buckling: ocr.g = —szl—2
. . e
— Buckling of a skin panel
» Simply supported on 4 edges 16
« Assumed to remain elastic 4l ‘5
,}.{.2 EtQA 'r--fLoaded edges clamped
OCR.sk = —4 = 2
) 2 2 \
12(1—v2)b2, o\
10+ "'1 ‘\
— Buckling of a stiffener . R . Loa0ed e00ee e
« Simply supported on 3 edges & | NMNAL T Unloaded edges clamped
1 edge free oF AT O et e
» Assumed to remain elastic af NS T Sy supported
2 142
me Et
OCR,st = —0.43 G (1 — V‘?;) 62 2 NS - g):ee:rrggaded edge clamped
st 043 |- - - - === T“"'__I_“*_I One unioel.\ded edge f:’ee
. one simply supporte
— Take lowest one (in absolute value) oot oE Lt

! 1
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Buckling of stiffener/web constructions

« Shearing instability
— Shearing

* Produces compression in the skin
* Leads to wrinkles

— The structure keeps some stiffness

— Picture: Wing of a Boeing stratocruiser

- 2013-2014

L1
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Annex 1: Transversely loaded columns

« Example
— Uniform transverse load f,

Z
— Pinned-pinned BCs W
— Maximum deflection? X t 13

z

— Maximum momentum?

= 5
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Annex 1: Transversely loaded columns

« Equation

— Euler-Bernouilli 7
T (prl W
W(EI o ) AR ARERE:

X

Z
» This assumes deformed configuration ~ initial configuration

« But near buckling, due to the deflection, P is exerting a moment
» So we cannot apply superposition principle as the axial loading also produces a

deflection
— Going back to bending equation ' 7 M
XX
‘ L

° —FEI v = My, = Pu, — ' zd ’ fz L»

o [ eGP )
2
x° — Lx v
= Pus = fo L1
P 2

B, T 2El,,

A 78 “U;E
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Annex 1: Transversely loaded columns

e Solution
— Going back to bending equation

Z
A~ et
o U,y + ——U. = r° — Lx
T T T ) : *f R
z
— General solution
f- 2 2 _ P
c u, = Cjcoswz + Cohsinwr + — — L — — with w =
! 2 2P W2 EI,,
- BCatx=0: ¢y = sz
w2 P
- BCatx=L (= coswl + Cysinwl — J:
uJZP i o Puw?
f-
= (5 = — = 1 —coswl
27 W2Psinwl ( )
: . 1 —coswli f- ( 2
— Deflection u. = f"' CcOS wr + sinwr| + 2= (2% — Lo — —
T WEP sin w L 2P w2
« Deflection and momentum are maximum at x = L/2
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Annex 1: Transversely loaded columns

e Maximum deflection Z
— Deflection is maximum at x = L/2 ‘ T—f/'ﬂ_ﬂ\\ P

f. N 1 —coswl f,(, 7 2 X
U, = —— |[coswr , sin wa v — Lo — —
© w2P sinw L 2P w2
. wlL N 1 —coswl . wL N f- L? 2
= maxu. — — coS , sin — _—— —
x WP 2 sin wl 2 2P 4 w?
i wL 25in? <L wl f. L2
[=———p = — S _
max . =P COS 5 %H/ZCOS — sin 5 <P
fx« 1 fZL2
— mfxuz =3 oL —1 P
2
7’TQEJIInin
Por=—3— U % g <7 Y o 2
< & N 7T2P2 PPf T 8P
P cos +—5=
w f—
El,,
ZL4P2 1 ZL4P
= maxu. — f4 CR2 = — 1| — f2 R
: L P | e ST2E 1, P
: 5
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Annex 1: Transversely loaded columns

« Maximum deflection (2)

— Deflection is maximum at x = L/2 (2)

X f f ¢¢
LA P2 1 LLAP, Z
e = 7{4511,1(}52 e 8{TQEI£I;3
vy oS P§R Yy
5f. L%
. - ' maxu, (P=0)= ———
From Euler-Bernoulli theory ¢ ( ) 3R4E 1,
max, u. _ Uz /uz (P = 0)
max, u, (P = 0) 10
384P% | _ 384Fcr
57T4P2 %ﬂ' 407T2P 101,
COS ~—5 ]
10° ‘
107 10" 10
 As for plates, compression induces bending P/Pcp

due to the deflection (second order theory)

2013-2014
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Annex 1: Transversely loaded columns

e Maximum moment

Z
— Maximum moment at x = L/2 W
L L? JLEEEY

o f\/[nm =P - | = o X f
max M, U (2) +f 3 ,
£ 1 8%
o With maxu,. = — — 1| —
! x w2P | cos % 8P

w2

. 1
= maX i7\"{:.::1‘. — f"' [ wL 1]

COS 5
2
m Ejmin
Pern="—p
{
P
w o
El,, 7 :
, f.PcrL? 1
== max M,, — 5 —1
x =P péqur
_COS 2 |
maXa’: iﬂ'{a‘_{aﬁ _ 8,?CR 1 - 1
max, M., (P =0) 2P B
COS 5
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Annex 1: Transversely loaded columns

« Maximum moment (3)

Z
— Maximum moment at x = L/2 (2) W
1

_ ) x
Z
oy My Blon L | mmue=o
maxg ir\j:c:c (P — 0) 2P PP: - xx ) xx
cos +—E 10
. 2 i
10"}
0
10 ‘
10° 10" 10°

P/Pcr
 Remark: for large deflections the bending equation which assumes linearity is no

longer correct as curvature becomes ,x —
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Annex 2: Buckling of stiffener/web constructions

A

Spar of wings T
— Usually not a simple beam Thickness t

— Assumptions before buckling:
» Flanges resist direct stress only
» Uniform shear stress in each web

T
td

— The shearing produces compression
In the web leading to a-inclined wrinkles
— Assumptions during buckling

* Due to the buckles the web can only

T

carry a tensile stress o; in the wrinkle
direction
* This leads to a new distribution of

stress in the web

Oxx & Oz

— Shearing 7

% 84 “iq
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Annex 2: Buckling of stiffener/web constructions

* New stress distribution
— Use rotation tensor to compute in terms of o;

v T [ cosa —sina o 0 cosa  sin«
T - B sin «v COS (v 0O 0 —sina  cos «

Orr T - cos —sina COs (@ Sin o
p— 'fj .
: T [0 00 sin o COS (v 0 0

Cre T _ cos? o Smgjo‘
—_ T o.. t 811122a SinZ o
o
)
2T A
Ot — —
sin 2«qv
. T 5,
< Opp — 4—[
tan « E
X
.. =Ttan«
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Annex 2: Buckling of stiffener/web constructions

« New stress distribution (2) |
_ ( 2
From O = — 7 Thickness t
sin 2¢
P L
T tana
\ o.. = Ttan o Tl
— Shearing by vertical equilibrium o
T —
—_ — — P
T ¥ : B
— Loading in flanges
 Moment balance around bottom flange
td?
(L —x) T
= Pp=-T —
. d 2tan o
» Horizontal equilibrium
(L —x) T
B d 2tan «
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Annex 2: Buckling of stiffener/web constructions

« New stress distribution (3)

EZ
— From 7

Ot = —
sin 2aq
T
Oy —
{ tan o

.. =Ttan«o

T
T td
— Loading in stiffeners
« Assumption: each stiffener carries the loading

of half of the adjacent panels

\ T

b
P=—-0..bt => P=_TZtana

 Stiffeners can be subject to Euler buckling if this load is too high
— Tests show that for these particular BCs, the equivalent length reads

b ifbh< 2d
I, = 1-—2%
d it b > 2d
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Annex 2: Buckling of stiffener/web constructions

* New stress distribution (4)

— From

T
.. = — tan«

td
— Bending in flanges

* In addition to the flanges loading Py & P-
« Stress g, produces bending

— Stiffeners constraint rotation

— Maximum moment at stiffeners
» Using table for double cantilever beams b

o..1h?
12
Th?

= M L = m tan o

M max —

D 5
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Annex 2: Buckling of stiffener/web constructions

A

« Wrinkles angle T
— The angle is the one which minimizes Thickness t
the deformation energy of
* Webs
* Flanges
» Stiffeners
— If flanges and stiffeners are rigid
» We should get back to o = 45°
— Because of the deformation of

flanges and stiffeners a < 45°
» Empirical formula for uniform material

o oy — o — ij; » Load in flange / Flange section
o — j%g —» Load in stiffener / Stiffener section
L —x T
— As PT = —T( ) — non constant, o non constant
d 2 tan o
» Another empirical formula
14 td
tan® o = —Qﬁf
1+ 4=
&
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Annex 2: Buckling of stiffener/web constructions

Example
— Webl/stiffener construction

« 2 similar flanges
» 5 similar stiffeners
» 4 similar webs
« Same material
— E=70 GPa

— Stress state?

A EZ
T =5kN ‘

/95):750 mm3 t=2mm

/ (Iyy

B
>

d =400 mm

<
<

l,, =2000 mm?* Ac = 350 mm?

2013-2014
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Annex 2: Buckling of stiffener/web constructions

Wrinkles orientation

td

4 L+ 2AF

— tan o = ———

1+ _th

Ag
| & 0.0020.4
4 2 0.00035
== tan o = | 0.0020.3

0.0003

= = 42.6°

= 0.714

N E,
T=5kN ‘

/ (I,/&) =750 mm3 =2 mm

B
>

d =400 mm

<
<

l,, =2000 mm?* Ac = 350 mm?

' 2013-2014
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Annex 2: Buckling of stiffener/web constructions

A

« Stress intop flange (> than in bottom one) 7
— 1St contribution: uniform compression

( ) Thickness t
L —x T
Pr=_-T —
g d 2tana . Br
e Maximumatx=0
Pr = TL I ‘ Tl O

= d 2tana X

1.2 5103 : .

Ppr=—-510° = —17.7 kN

T 04 200913 Pg

1) Pr 17700
— — — — —50.7 MP
T T A, T 0.00035 A

— 2" contribution: bending
e Maximum at stiffener —= at x=0

3 2
I\/[max — wOS)lS =85.6 N-m %
120.4 %
— o) =M £ _ %06 10 = —114.1 MPa %
T max — — . A
I,, 750

— Maximum compressive stress
= —50.7 —114.1 = —164.8 MPa

Umax compr ——

% i liti 92 “Euyﬂ
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Annex 2: Buckling of stiffener/web constructions

o Stiffeners

— Loading P = —T% tan «

0.3
= P = _5 10?’@0.913 — 3.4 kN

— Buckling?
- Ash<3/2d: [, =

d

4 —28

2 9 -9

72 70 109 2 10
Pop = —21.6 kN
o 0.2532 b

« Assuming centroid of stiffener lies in web'’s plane

— We can use Euler critical load

2
iyl
Per = 7
4
= [ = y — 0.253 m
4— 283
* No buckling '
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