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Elasticity

« Balance of body B
— Momenta balance

* Linear B

« Angular \U\: w
— Boundary conditions OnD —

* Neumann - ‘

« Dirichlet o-n=T IopB

« Small deformations with linear elastic, homogeneous & isotropic material

1/ 0 N 9
Eij =35\ an U, T U
/ 2 (956,5 J 'u
1

Eij = (’Uw + wi ;)

— (Small) Strain tensor o — 1

5 (Vou+ux V) of

— Hooke'slaw o =H:e ,0r o, = H;ijrek

with ’UM ’U(SU +‘ ’.',k(sjl + (Szlfsjk)

— Inverselaw . — g . ¢ A=K-2u/73

. 1+v /1 1 v
with g’&]“ — I3 (Eézk(sﬂ + §5i16jk> — E(sg'jékl

2013-2014 Aircraft Structures - Laminated Composites Idealization 2 v U




~Ea—

Pure bending: linear elasticity summary

General expression for unsymmetrical beams

— Sitress o0,, = kKEzcosa — kEysina P ‘I; \‘9/
—1 . : /\\
With COS v _ H M;I:;E H Iyy _Iyz sin ¢ i 'I/ROC\ . R
sin o kI —I,. I.. —cos ?l’\ g
— Curvature ¢ 1 MXX
N
_uz_,;?:a’. L H M:.:.’a? H Izz [yz sin @ III
Uy za N E (Iy-yjzz — Iszyz) Iyz [yy —cosf ‘
— In the principal axes I, =0
Euler-Bernoulli equation in the principal axis
02 0%u. .
- — | EFl—= ) =f(x) forxin[OL
Ox? ( O ) f (@) [OL] f -
¢ AZ A 4 X
(0 0%u. _ 1 (x) T, M
il R e = 1Ly u, = [ TX
Ox O 0. ’ : _ [ na-A .
— BCs¢ : du,/dx =0 NG >
prdtl o) Ak :
( 022 | | - o, L L

— Similar equations for u,

- 2013-2014

Aircraft Structures - Laminated Composites Idealization



Beam shearing: linear elasticity summary

- General relationships PN H T,
M
f. () = -0, T. = —0,.M, u, =0 {H | s TX XX
_ _ VR A
du, /dx =0 V=Y >
fy (T) — 783:Ty — 8;?:;1:]\"{2 ¥ K B
L
« Two problems considered ) L
— Thick symmetrical section () :: h )

« Shear stresses are small compared to bending stresses if h/L << 1

— Thin-walled (unsymmetrical) sections

&
<

» Shear stresses are not small compared to bending stresses

v

» Deflection mainly results from bending stresses h

e 2 cases

— Open thin-walled sections v

» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion

=
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
1.5, (= A 1)
— Stress o, = _ LS (2) B bi(2) JIh
Iy%}b (Z) -~ i y h T
L4 Wlth Sﬂ, (2) — / ZdA T@ i >
’ N
« Accurate only if h>b m* v
— Energetically consistent averaged shear strain 2
° "? p— lz W|th A/ 1 ‘
A H fA TEdA
« Shear center on symmetry axes T,
— Timoshenko equations
ou, 0 00
c N =2€,. = v v =0,+0,u. & K = Y Z

« On [O L]I <

%13-2014

(A (0, + D)) = —f
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Beam shearing: linear elasticity summary

Shearing of open thin-walled section beams

TZA :
— Shear flow ¢ =tr
L..7T. —1,.T, §
Cq(s) = ———— / tzds' — ar ),
Inyzz - Iyz 0 S d Ty
Lyy Ty — Iyzgz /8 tyds' Z4 4{
Iy'ylzz o Iyz 0 y
* In the principal axes T4 T
1. ’ T / |
q(s) =—— [ tzds — — / tyds T
Iy’y 0 Izz 0 y
— Shear center S T
VA
* On symmetry axes A
« At walls intersection z
» Determined by momentum balance ) c
— Shear loads correspond to g
t
« Shear loads passing through the shear center & vl
P g g -
- Torque b
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Beam shearing: linear elasticity summary

« Shearing of closed thin-walled section beams

— Shear flow q=tr

- q(s) =qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

I..7. — 1.1, [*
o (5) = ———— 1 / t(s')z(s")ds" —
Lyyl.. — Iﬁz 0
IU"UTU o I’usz ’ / / /
S t d
ey / (') y (') ds

» Constant twist part

yrl. — 211, — $p(s)qo (s)ds
t(s=0) = s $0(5) 4, (5)
214}1

« The g(0) is related to the closed part of the section,

z

y

but there is a q,(s) in the open part which should be !
consideLed for the shear torque ¢ p (s) g, (s) ds A S///'f/ g
) .
q
E—
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Beam shearing: linear elasticity summary

« Shearing of closed thin-walled section beams z o+ T,
— Warping around twist center R 1
‘w, (s) = u, (0 +/ —ds— f—ds{AC s) +
(5) = e (O)+ | s s 3 Acy (s) =
zr [y (s) =y (0)] —yr [z (s) — 2 (0)] } T
2
JA) -,
tu, (s)d 7
- With u, (0) = $ tua (s) ds Ao g
$t(s)ds N\ P :
— u,(0)=0 for symmetrical section if origin on q S
the symmetry axis z r T

— Shear center S

« Compute g for shear passing thought S

»

* Use
q (9 — 0) _ yTTz - Z-T'Ty — ip (8) qo (S) dS
| 2A),
With point S=T
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Beam torsion: linear elasticity summary

 Torsion of symmetrical thick-section beams |,
— Circular section ‘
o T=py =1,

/_ﬁ A
f\[t 9 l o h
° C — 9"1? — /14/-1/}” dA T y Tmax,, ! vfﬂl\l’lx
— Rectangular section y
Tmax — W
M, b
« C= = = 3hb*u
0. hib | 1 15 |2 4 =
e Ifh>>Db a |0.208 | 0.231 | 0.246 |0.282 |1/3
- Tgy — 0 & Tz = 2#@19@' p 0.141 | 0.196 | 0.229 [0.281 | 1/3
30,
— Tmax — hb2
_ o M., _ hb3
0 . 3
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Beam torsion: linear elasticity summary

« Torsion of open thin-walled section beams
— Approximated solution for twist rate

* Thin curved section

— Tps = 21Nl
M. |
- === [ utdds
9. 3 f a
» Rectangles s, N
R E——
— Tmax; — /JJtz'Q_.;L" * 3
y 3 »| | [« t2
B 17\:"[3: B Z th,&,u |
0. “ 3 i
t1|+ l, |
G 7l

— Warping of s-axis

Cul () = ul (0) — 0., / prds’ = u’ (0) — 2Ap (5)6.0
0

- 2013-2014 10 1l
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Beam torsion: linear elasticity summary

 Torsion of closed thin-walled section beams
— Shear flow due to torsion M, = 2A4;q

— Rate of twist

M., 1
.= —5 % ds
| 4Ah ,U,t

M
- Torsion rigidity for constant u 1N X ,
414:}21 2 &\ P Ah xS/
I = T <1, = r“dA \
7 s A q S
— Warping due to torsion 2
M, | :
° u,(s) =u, (0)+ : —ds — ———
L= | [
* Ag, from twist center
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Structure idealization summary

 Panel idealization
— Booms’ area depending on loading
* For linear direct stress distribution

( tpb o2
A1£<2+ 313>

6 Ora
) tpb ;
D (ool
Ap = == (2 + — )
\§ Ua?a:
. b b
Za ~— ~ 7 < =
A/\
A A
ty = 1/ ’
2
1 X Oxx X Gxxz
Oyx Gxxl
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Structure idealization summary

« Consequence on bending
— If Direct stress due to bending is carried by booms only
« The position of the neutral axis, and thus the second moments of area
— Refer to the direct stress carrying area only
— Depend on the loading case only

« Consequence on shearing

— Open part of the shear flux
« Shear flux for open sections

..7T. - 1,.7T s
qo (8) - = - : - / tdirect O'st + Z?lA?l
=12 |y 2

10 5 <8

tdirect ade + Z yzAz ’

i: 5;<s

Ly, Ty —1,.T. /S
Lyyl.. — 152 0

« Conseguence on torsion
— If no axial constraint

« Torsion analysis does not involve axial stress
« So torsion is unaffected by the structural idealization

e 3
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Deflection of open and closed section beams summary

« Virtual displacement
— In linear elasticity the general formula of virtual displacement reads

L
/ / oM edAdr = PWWAp
0 JAa

« o Mis the stress distribution corresponding to a (unit) load P®

« A is the energetically conjugated displacement to P in the direction of P® that
corresponds to the strain distribution &

— Example bending of semi cantilever beam 42 T,
L U, =0 — T’f

°/ / ocVe, . dAdr = Apu du, /dx =0 I >

0 A - ¥ KX >
L
— In the principal axes
1 - 1 1
Apu = m /g {IXZA'JES )]\"Iy + Iyy]\"f:fg )]\jz} dr

— Example shearing of semi-cantilever beam

L
‘ / /q(l)idsd:ﬂ = TWAu = Apu
0 5 lu’t

= 8
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Laminated composite structures

Composite

— Fibers in a matrix
* Fibers: polymers, metals or ceramics
« Matrix: polymers, metals or ceramics
» Fibers orientation: unidirectional, woven,
random
— Carbon Fiber Reinforced Plastic
« Carbon woven fibers in epoxy resin
— Picture: carbon fibers
» Theoretical tensile strength: 1400 MPa
« Density: 1800 kg'm3
« A laminate is a stack of CFRP plies
— Picture: skin with stringers

h= 48 ovm
d=5 mm

LS 8
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Laminated composite structures

« Composite (2)
— Drawbacks
» “Brittle” rupture mode
« Impact damage
» Resin can absorb moisture

— Complex failure modes
« Transverse matrix fracture
» Longitudinal matrix fracture
» Fiber rupture
* Fiber debonding
« Delamination
» Macroscopically: no

plastic deformation

=
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Laminated composite structures

« Composite (3)

— Wing, fuselage, ... '. “ *! @
— Typhoon: CFRP | . :

rl i
o 70% of the skin ; .m‘:" :
* 40% of total weight 1_' =

— B787:
» Fuselage all in CFRP

‘%13-2014 [ ' [ izati 17 e .
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Laminated composite structures

« Approaches in analyzing composite materials
— Micromechanics
« Composite is considered as an heterogeneous material
« Material properties change from one point to the other
— Resin
— Fiber
— Ply
» Method used to study composite properties
— Macromechanics
« Composite is seen as an homogenized
material
- Material properties are constant in Material
each direction
— They change from one direction

@ xtraction of a
Macroscale R

to the other BVP solved i
« Method used in preliminary design using FE 1 %97
_ Microscale
— Multiscale
« Combining both approaches
7 2013-2014 Aircraft Structures - Laminated Composites Idealization
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Laminated composite structures

* Ply (lamina) mechanics: E,

— Symmetrical piece of lamina
» Matrix-Fiber-Matrix
— Constraint (small) longitudinal

displacement AL y
AL

L
 Microscopic stresses

Q
X

Matrix

« Small strain ¢, =

— Fiber 0., =Ere,n
— Matrix o,,.,, = F,,€.2
« Resultant stress o,, = F.€..
+ Compatibility a1y = Opu flf + Tpwmlm

= Ea:ezmrlt — Efezra:lf + Efmea:a:l'm

[ L,
— E;r — Z_fEf + E’ml_ — UfEf +U?nE7n
4 4

— The mixture law gives the longitudinal Young modulus of a unidirectional
fiber lamina from the matrix and fiber volume ratio
« AsE;>>E_, ingeneral E, ~ v; E

R =y 5
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Laminated composite structures

* Ply (lamina) mechanics: v,

— C_onstralnt (small) longitudinal - Matrix —
displacement AL — —

- Transverse displacement Al; = Aly + Al,, y: -

« Microscopic strains ) Ilmlz —

— Fiber Alf — *er:r:rflf — 71/‘]0[]?8.’1?.’1? -‘—)’( L V‘A|:
— Matrix Alm = —meeggazfmzm — _VTRZTTIELELE
° Resultant strain Aly = —v,.,€,.0;

Compatlblllty _Va:yea:;rlt = Alt = Alf + Alfm — _era:a:lf - meezmvl?n
lf l'm,

== Vgy = I/fz + Vpy5— = VfUf + VU

Ly

This coefficient v, is called major Poisson’s ratio of the lamina

e 3
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Laminated composite structures

* Ply (lamina) mechanics: E, o,f t 11 111

A

— Constraint (small) transversal
displacement A |

* Total displacement Al = Al,,, + Al

W2

v

| /2

Matrix

Matrix

» Microscopic small strains y 4
— Fiber Eyys = %
B Al,, -

— Matrix Eyy, =
T

Z’T?’l

 Small resultant strain

Al Alfm Alf lf lm,
—,., = = > Eyy — Eyyrs— TE —
T T L T T T Ty TR,
* Resultant stresses = microscopic stresses
- Oy = Eyey, = Efsyyf = En€yy,,
— Relation €4y = syy”— + eyyml—
t 4
. Fyy _ Oy [_f Tyy lm 1 _ s n YUm
E, Es [ E,, [ E, E: E,,
* AskE>>E,, ingeneralE, ~ E_ /v,
7 2013-2014 Aircraft Structures - Laminated Composites Idealization 21
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Laminated composite structures

- Ply (lamina) mechanics: , o, T+ T 11 T{‘
— Constraint (small) transversal WAL
displacement A | (2) v I,

» Longitudinal strains are equal by compatibilj

— Resultant .. = — — _py /e y4 :
L L =Y |12 Matrix
— Fiber E... — —UrE., — ... v
| zxf Feuy f rx - nyl l l l l l X
— Matrix Exazm — mEyy,, — Crx % L AL

P
<«

» But from previous analysi

syymvm):styyf:ffmgyym nyT T T T T T T

UV f ) *
= Vyt€yy s | Uf -+ = Vi€yy | /2 Matrix
VTn v +— —> It
I/fl'/m
= Uy =
VflVm + UmlVf
« But this is wrong as there are microscopic y4 Natr
_ o | /2 atrix
stresses to constrain the compatibility, so m !
relation Eraxf — _eryyf = Exx IS wrong _GYYL l l l l l l
X

e 3
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Laminated composite structures

* Ply (lamina) mechanics: y, (2) S N N A A O

A

— Constraint (small) transversal |_j2 WatnX

v — —>

displacement A | (3)

» Resultant longitudinal strain

AL 0.1;1} y“ :
- &y = T — _V’yil?e-yy = —I/.yIE—y Im/2 Matrix
* Microscopic strains & compatibilit ‘
g Pty Oyt v v v v b
. +—
— Fiber X
1 ( 1 ( )
E:t:.:t:f — T U:m:f - Vfo-yy ) e —— o'a:a:f - Vfo'yy
Ey f Ey
— Matrix
1 1
Exam — E—m (O-;E;rm, — meo'yy?,n) — Em, (O'a:a:a‘rn - V?no'yy)
* Resultant stress along x is equal to zero
lfo':m:f -+ lmom,m =0 == VfOgaf — —UmOzaxm
« Using compatibility of strains
1 1 Um O.’U'U
E_m (O'a:a:fm - Vmo'-y-y) — E_f (Eo'zrmfm - Vfo'yy) — _V-yg:E;E;

R =y 5
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Laminated composite structures

- Ply (lamina) mechanics: y, (3) ot t 11111

— Constraint (small) transversal |_j2 WatnX
displacement A | (4) v e >
yn “— —>
| /2 Matrix

_nyl N A

Y "
Ly
vmEr —viE, v EaviEy v —viE,,

= VO,
“U.mEfEm Ef’Uf + FE,,v,, F vy Ef”Uf + FE,,v,,

( vinEf —viE,, )
v —v,, | o,
fEfo +E-7nv-7n 94

_y T b= " f—
"B, E,,
Vya 1 UfoE-m + v Vi B

E.y N E,, E fUF + FE, v,

E V¢ + UmVm Ly Vay

YErvp + Epvpy—— B,
~ZS .
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Laminated composite structures

* Ply (lamina) mechanics: v, (4) o, 11 11 11 N
— Constraint (small) transversal | /2 VAt
displacement A | (5) FeEE— |
« Minor Poisson coefficient
VIV + UV, E, v,y y 4 _
Ve = F = — Matrix
v Y Efvf + Ec.rnvirn Ea? Im/2 v
» This is called the minor one as usually _nyl l } l l l l
En <<Ef = E,>>E, == ¥, <vy
 Remarks
— The stresses in the matrix and in the fiber 4
VfOpxf = —UmOzam . . . .
can lead to fiber debonding
— In all the previous developments we have ® 06 O ‘
assumed zero-stress along z-axis y4
» This is justified as the behaviors in zand y O 6 6 ©
directions are similar. v
* This will not be true in a stack of laminas (laminate) | 'z ] g
7 2013-2014 Aircraft Structures - Laminated Composites Idealization e T
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Laminated composite structures

Ply (lamina) mechanics: g,
— Constraint (small) shearing y = As/I,
« Assumption: fiber and matrix are
subjected to the same shear stress

Ty = Ty
» Resultant shear sliding
. o o T;I:ylt o Ty:rlt
_ Hay B Hya  As  As
« Microscopic shearing
Hf
— Matrix Ag, . = Tﬂgm
m
« Compatibility
Tx
AS:ASf+AS7n'=‘> ylt:
Hay
1 1 1
= — Uf + Um
Hoay Hf Hom

* AS 1 >> iy, ingeneral g, = gy vy,

As Ty
—
12 Matrix | | I
y A %yx
. /2 Matrix
—
1 Ty
ad X -
< 3 s
T T
ry [f + xry ZTTL
Hf Hom

— Unlike isotropic materials, shear modulus is NOT related to E and v
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Laminated composite structures

 Example

— Epoxy resin matrix (v,,= 80%)
— Reinforced by x-oriented carbon filament (v;= 20%)

* Epoxy
- E, =5GPa
- v,=0.2

« Carbon
— E; =200 GPa
- v;=0.3

— What are the resultant properties (Young, Poisson, Shear modulus) ?

— Bar of

e Cross section 0.08 m X 0.05 m

 Length0.5m

* Subjected to an axial loading of 100 kN

— Determine

* Lengthening & thickness shortening?

« Stress in components?

- i: 2013-2014
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Laminated composite structures

« Material properties 1
— Section idealization ® 6 6 ©
— Young modulus o o 'y;0-05g

» Longitudinal direction
E:c — UfEf + U-m,E-rn y4 . ‘ ‘
—0.220010Y +0.8510° = 44 GPa ® |
E’UfEf:ilO GPa 1 < IZ:O.O8m >
e Lateral direction z
—1 —1
Vf U, 0.2 0.8
E, = — = 6.2 GP
Y (Ef i En> (200 10° 5100 !
~ ™" — 625 GPa
U'TT'L

— Poisson ratio
© Major v, = vivs + 10, =0.20.3+0.80.2 =0.22

. E 6.2
« Minor Vyw = —y}/:c,u = —0.22 =0.031
R, T 44
ST 2013-2014 Aircraft Structures - Laminated Composites Idealization 28 vy "



Laminated composite structures

» Material properties (2) 1
— Shear modulus O 6 0 ¢
« Of the components l, =0.05m
_ Fiber o 6 06 ¢
E; 200 10° R
= = —76.9 GPa”
vy~ 2(1+03) ! ® & 0 O
— Matrix - "=
En, 5 107 +—— 1,=0.08m
Mo = — = 2.08 GPa Z

2(1+vm)  2(1+0.2)

* Resultant shear modulus

(v, 02 L -
Pov =\ 0y ") \76.910° © 2.08 109

L 2.08 107
— 258 GPa~ Hm _ — 2.6 GPa

U, 0.8

DS oy

7 2013-2014 Aircraft Structures - Laminated Composites Idealization 29 vy T




Laminated composite structures

 Traction 2 o LS
— Resultant stress F =100 kN F =100 kN
Ia 100 103 — I 0.01 m Carbon —_—
= = — = — = y“
Tww A 0.08 0.05 25 MPa 0.02 m Matrix
— Lengthening « R
T 25 106 4+ 05m
Epn = Tow — 0.568 103 X
E. 44 109

== AL =€,,L = 0.568 107°0.5 = 0.284 mm
— Thickness shortening

Eyy = —Vaey€rr = —0.22 0.568 1077 = —0.12496 10 ° t
—>Al, = g,y = —0.12496 1077 0.05 = —0.0062 mm| @® @® @ @
_ _ l, =0.05m
— MICfOSCOpIC stresses . ‘ ‘ ‘
» Fiber
0oy = FEre,. =20010° 0568107°=1136 MPa’l | @ @ @ @
* Matrix v
Orom = Emere = 5107 0568 107° =284 MPa | 7 1 —g0am
z  °
% "
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Laminated composite structures

Oyy
« Orthotropic ply mechanics g
. . . Ad XY
— Single sheet of composite with Oy
» Fibers aligned in one direction: ”
unidirectional ply or lamina y4
+—
X
Iny
 Fibers in perpendicular direction: J 1= y'cxy
woven ply Oxx
yA
 EEE———
X
= 1

- 2013-2014 Aircraft Structures - Laminated Composites Idealization 31 e UG



Laminated composite structures
yy

« Orthotropic ply mechanics (2)
— Woven ply
» Transversally isotropic
— Fiber reinforcements the same in Yt
both directions
— Same material properties in the 2
fiber directions — Ow
» Orthotropic _L:u
— Fiber reinforcements not the same
in both directions
— Different material properties in the y 4
2 directions
— Specially orthotropic: Applied loading
in the directions of the plies
— Generally orthotropic: Applied loading
not in the directions of the plies

>
<

L |
>
<

»

+—

7 2013-2014 Aircraft Structures - Laminated Composites Idealization 32 udwug



=

7 2013-2014 Aircraft Structures - Laminated Composites Idealization

Laminated composite structures

Specially orthotropic ply mechanics
— Plane stress (Plane-o) state
 Isotropic materials

€aa E _1E 0 O 1a
L’

Eyy = ~E E ? Oyy

E;I:-y 0 0 E o.zr-y

» New resultant material properties defined in previous slides such that
— For uniaxial tension along x

Oz Vo Y Oy
Epyr — & Eyy = Vay€ax — _E—
€Xr T
— For uniaxial tension along y v 4
a., Vyr O
yy _ Yyr=yy
Eyy — & €pp =— Vya€yy = — B
« Superposition leads to the orthotropic law
+—
X
L _ Vyx 0
8:1::1: Em Ey O.Z]::.I:
Vay 1 0
Eyy — E, E, O yy
1
€y 0 0 T Oy

— Be careful 1, cannot be computed from E,,, v,

i
3 3 Université d
de Liege =



Laminated composite structures

« Specially orthotropic ply mechanics (2) Oyy
— Plane stress (Plane-o) state (2) __E”‘cxy
» Reciprocal stress-strain relationship Oyx
1 Vyx
Erax E_m B éfy 0 O y1
L _ Vay 1 0
Eyy | = E, £, X Tyy
Ea:y 0 0 Qﬂmy Ua:y i
X
E. VymE:r 0
Osa 1—v, %/ym l—vpyvyae Era
_ Vo
Tyy o l—ir/iyir/i,m 1—1/3351/!,,93 0 Syy
o';]:.y 0 0 2”333} E;E.y

» To be compared to stress-strain relationship for isotropic materials

E vE 0
Oy 1—}52 1—p2 Exx
v
Tyy 1—12 1—12 Eyy
O3y 0 0 2/.1, Exy

- .
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Laminated composite structures

« Specially orthotropic ply mechanics (3)
— General 3D expression
* Hooke'slaw o =C:e or o;; = Cijri€r

 Can be rewritten under the form

/ O-ILT,' \ / CIII’I’ CIIyy CZI.’-ZI?ZZ O 0 O \ / 535'17
UZ—J’U nyim? nyyy nyzz 0 0 0 €y'U
O-- L sza’.:c Cz::yy C::zzz 0 0 0 €.z
T 0 0 0 0 Qca’.z;?:z 0 €.x
\ 0., /] U 0 0 0 0 0 2y ) \ €uy
Oy — Cyzk’lgkl — Cyz-yzeyz + cyzzygz-y — zcyzyzeyz
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Laminated composite structures

« Specially orthotropic ply mechanics (4)
— General 3D expression (2)
* Hooke'slaw o =C:e or o;; = Cijri€k

« With the 21 non-zero components of the fourth-order tensor being
1 o Vuzyz'u y’ua.’. + Vz:.:.’.l/*uz Vya + Vy:.:?l/z-y
= - = — - & CI:I’ZZ —

- ca:a:a?a.’. — E-uEz D ’ CIl‘yy EyEz D EyEz D

c Va’-y + Vz’yya’-z C 1 — VezVizax & C _ VZCU + Vﬂ?yyzw
- Tr — ’ T Yyyzz —
yyxrx E E.D yyyy E.E.D E.E.D
C yafz + ya_ffyyyz C . I/yz + I/ale/'y:[: C . 1 T Vy;EV;Ey
- — , zzyy — zzzz —
E,E, D E,E, D E,E, D
= Cyryz = Cyzzy = Coyoy = Coyyz = [y
cr’uau C. ryyr — Cua’ua — curru oy
- c;r:z;t:,;, C — C::;I:za.’. — Cz;r::r:z = Mgz
. 1l — v, Vyy — VagVyyo — VoV — 2V Voo IV
« And the denominator D = e cYYE TEET Ty Yz AT

E.E,E.
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Laminated composite structures

Generally orthotropic ply mechanics
— Stress-strain relationship

« Stress-strain relationship in the axes O’x’y’ is known for plane-c state

E$f I"ya’x!E:cf
O /gt L—=vgr g Vot p l—yméyu/yfw;
O-.yf,yf — . I/:cfnyy; : y
O-a?"'-u’ 1/30161 I/yfxf I/:CJE}]! Uy":c"

or in tensorial form o’ = C’ : €’

» If Ais the angle between Ox & O'x’
o = RoR’!
e’ = ReR!

with R( cos) sinf )

—sinf® cos®

» From there we can get ¢ such that

o=C:e

0 Exla’

0 E.y!yf

E 1ot

2‘U,3:r_yr Ly
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Laminated composite structures

« Generally orthotropic ply mechanics (2)

— Stress-strain relationship (2)
- Equationo’ =’ : ¢’

with o/ — RoRY, & = ReR”

&in2DR( cos 0 Siﬂ9>

—sinf@ cosé@

e Solution
—= RoR! = (' : ReR?'
=0 — Rk‘icii:l?nnRU Rp€peRig

_ / _
== 0;; = RiiR;Cpy, RopRiug€pg = Cijpepg

e Oragain g=_C:¢

with c’ijkl — R?n’iRﬂ,jC’ Rkaql

mnpq

=
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Laminated composite structures

Generally orthotropic ply mechani
Plane c state

E.

cs (3)

Uyt ot B

Ty oy | e 1—I/$B;f/yfx; 0
° From O-'U"’t,-" _ Vol oyt Eyr Y/ O
o_‘“: ! 1_f/xfyff/y!mf 1—I/$fy,rf/y,»x;
Y 0 0 2“1‘5’-‘1}’
— The non-zero Components are
/ E:‘c’
” Ca?’a.’.’a?’a:’ —
1 - Llaf".yf I/.yfajf
CI EW’Ujr
» Foid ol oy — -
yyuyy 1 — Vajf,yfl/yfxf
> Cl . CI L Vy’:r’E:E’ . Va.’.’y’E-y’
a'z'y'y T Vy'yalat T o
1 - Vot gy Vgt g 1— Vgtay Vayt !
/ / ! !
» cxfyf Ef.y.-' — C;E.r‘yfyla?! — Cyfajfajf.yf — C,yfa:!y.r‘xf — /,L;rf-yf

— Letc =cos 8, s =sin @,
» R;I:’;I: — Ry’y = C

))Rr!-:_RI’_:eS)
Ty Yy

S 2013-2014
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Laminated composite structures

Generally orthotropic ply mechanics (4)
— Plane o state (2)
* Using Ry, =Ryy =¢ & Ryy=-Ry,=s
expression Ci;rr = RpiR,;C . Rpe Ry leads to

mnpq

!
Ca’.a’.a’. r R-ma: Rn:r C-m npq Rp;?: an:

H fLERI"LI?C;";E’;B":{?" E RLE!LT,‘ R:I?‘f.’.l?c:,{?’;zj"-u"-'u" Ry’;:c Ry’a? +
/ /
:I:":.ERyI:.BC P ot fR:r":I:Ry’a: + Ra:’afR-y!lrclrfovfa:f Ry!IRI‘!I +

xry ety

-y’;rRa.’.’;rC-,f ! fR;r’;rRy’a: +Ry’a:R;E’:rC’f Ty’ fRy"a?R;B“’;r +

yrxry y'x'y' x
R

/ & i
C;?:;L";T:;L" — C4CI:‘$IC{3!${ + (3282

clf Tl + C_.;!lrfyla:

yxrxry L

! !
Pyl ol oyl _}_C;Ef‘fyfx.r‘_}_

x'y'x’y

+.94C_.If Pyl oyt

vyyy

» Eventually, using minor & major symmetry/o material tensor

Caja_,_am = C4cl1 Fopd + 2@282 (C,,I N + chf fo ! )‘) + S4c;r_yzyr_yr

v'x'xx x'x’y'y x'y'x'y
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Laminated composite structures

« Generally orthotropic ply mechanics (5)
— Plane o state (3)

» Doing the same for the other components leads to
[caja?arx = 646;1;3133133; -+ 20282 (C;;I,ryfyf -+ QC;ZIyIIIyI) -+ S4C;fyryryr

C,y,yy.y p— 846;133.‘:{311,} -+ 26282 (C;fmr.yfyf -+ 26;,13;;&3:.3};') —+ C4C./

. y!.y!y!.y!

< C;ra.‘y'y = C-y-y;?:;r = (C4 + 84) C, T (3232 (C’; ol ot +C_,r R 4C,r /ot r)

x'x'y'y x'x'x'x y'y'y'y 'y x'y

Ca:ys:y — Cﬂ:yya: — Cy;?:;ry — Cya.’.ya: —

& i 2 é &
\ (Cz - 092) C;;!_u!:ra'.u! +62!92 (c,,f N - + C’)‘ Loy ! = Qc,f . ,‘)

x'x'x'x v'y'y'y" x'x’y'y

* These are the 8 non-zero components

* Inthe O’x’y’ there were 8 non-zero components

=
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Laminated composite structures

« Generally orthotropic ply mechanics (6)

— Plane ¢ state (4)
« But due to the rotation: a coupling between tension and shearing appears

!
c;}::}:;}:y — R’ma: Rn;r C'mnpq Rpa: qu
!
— wtﬁ’xﬂ}:’RaﬂrRx’y + Rai’a:R;r";ng;fa:fyfufR-y";r y'
/
[+ b4 y‘fajca?f.u.’.uf;rfRyf;E €T s +
/
\ Ay "_ILERJTIJ?CU’:U’U,;I;"R’y'rLIZR"r'_ +
1 ; =
1 S S S S Ry’fﬁy’wcy’y’y’yw
3 P / 7 /
I:>C$$$y = €S (Caﬂ';r";r’;r’ o CaT’:B"y;y/ca?’y’a?’y’ B Cy’n:"a:’y’) +

CSS (Cl,.f Fosh oot +C’;,f bt +C.’; Fod ot _C_,f Fot f)

ryyx yryx vy rx vyyuyy
« Atraction g, along Ox induces a shearing ¢,, due to the fiber orientation

y

=
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Laminated composite structures

« Generally orthotropic ply mechanics (7)
— Plane o state (5)

» All the non-zero components are

ca:ata:g; = (346;,!13;3:;33; -+ 20282 (Cl,f ot QC’; It l) + 84le F ooyt

x'x 1y’ Ty x'y vyuyy
_ A 2 2 / / 4/
C,y,yy_y — ca.’.’a:"atfa.’." -+ 2c¢°s (Ca,.fa:f_y!y.f + Qca,fyla_,_!.yf) + c C.y!.y.fy!.yf

y'y o'x'x'x y'y'y'y

< Tyry — Cﬂ:yya: Cy;?:;ry - Cya.’.ya: —

yry
& i 2 (. &
(Cz — 82) C:’]‘:?"y";?:fy" +Cze92 (cl,; Y + C;,‘y;.y,‘

xraxr

_Qc,f“‘.‘l

v x'x'y'y )
c:t’.:ca’.y - Cﬂ:y:ca’. — C:{?a’.yﬂ: — Cya:;r:c —

C:u:u:ry — Cﬂ:y'y'y — nyyrr — C:ufryy —

TTYYy — C.y.ylﬁlr = (C4 -+ 84) C;:rmf 1o (3232 (C’f R C_/r Pagladd '—1C,r It r)

'y x'y

CSS (C;:fg:zxfxf — C;_,_fzr_yfyf - QC;fy;a_,_f_yf) -+ CSS (C!; A QCI! Poplagd C.If ' r_yf)

x'x’y’ x'y'x'y

yyvy

CASS (C(};’.’r’a?!ﬁl:! - C;?Ia?fyfyl - QC;!yfa:ly!) + CBS (C, Pl gy g + ch,! [y S C,f IPTIE T

x'x'y'y 'y’ aly uuuu)

DS oy
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Laminated composite structures

« Generally orthotropic ply mechanics (8)
— Plane o state (6)
« Can be rewritten under the form

Opy — C;r;r;?:;rea:a.’. + C;:-:;?:yyeyy + Ca.’.a?;ry‘g;?:-y + C;}:;rya:gyaf

G;I:-y — ca.‘.ya?a:ea:;?: + ca?yyyeyy + c;?:ya.‘.yea.‘.y + ca?yy;?:eya?

 Remark: a symmetric matrix (not a tensor) can be recovered by using
— The shear angle y, = g, + 4, =2 g,

O C:I? rTrT CI TYY Erx
- O yy — Cyyez  Cyyyy Eyy
Ua?y Vxy
Tension/shearing
coupling
% 8
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Laminated composite structures

« Laminated composite
— A laminate is the superposition of different plies
« For a ply i of general orientation &, there is a coupling between tension and

shearing
i i i i i
0.3; T C;}; rrx cﬂ; Yy C.’l TTY € rT
a _ T T T T
Ty = Cy.ym Cy_y,y,y nyw €y
1 T 1 1 N
0.:1? Y Ca:y TxT c:l:’y Yy c:?: yry B Ty

— Symmetrical laminate
« Symmetrical geometric and material distribution
» Technological & coupling considerations (see late

//
Z
< /'\/I
* To ease the transfer of stress one
layer to the other t = 0.125¢
— No more than 45° difference between plie mm 45°

=
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Laminated composite structures

« Laminated composite (2)
— Suppression of tensile/shearing coupling

3 / / / /
° C:r:c:cy = C S (Ca:!;rfmf;rf — Ca:f;rf_y!yf — Ca?fyfa?fyf — C_y.r'mfa?f,yf) -+
3 / / / !
CS (Ca:!yf_y.flrf -+ C,yfa:f,yfat.f -+ C_yf_y!a:fa?l — C_yr_yf_yfyf)

» Suppression of tensile/shearing coupling requires

— Same proportion in +o° and —a.° oriented
laminas (of the same material)
* Then s(+a) =sin (+a) =-s (-a) &
s3(+a) = sind (+a) = -s° (-a.)
« So two terms (,,,, Will cancel each-others

XXXY

R =y 5
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Laminated composite structures

Laminated composite (3)
— Resulting elastic properties of a laminate can be deduced

— Deformations of the laminate assumed to correspond to a plate
« Membrane mode & resultant membrane stresses

Ny = /amydz =N, =n; =
\. h i
* For a laminate the integration is performed on each ply
r Zi41
Ngpx — Z/ O';r;rdz
i v
Zi41 o
< MNyy = Z/ Oy dz
i t.=0.125
Zid1 mm
My = Z/ O 3yl
i JE

-,
n;;ga:/oa:a:dzni (/O'
h h
e
. 3 nyy]o'yydzng(]a-
n h ) h
n
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Laminated composite structures

« Laminated composite (4)
— Deformations of the laminate assumed to correspond to a plate (2)

« Bending mode & resultant bending stresses

4 m;rat — / O-.’.IT:I?ZdZ = mz — (/ (O EIZCZZ)
h T

5 — Y Y
My /ayyzdzm ( O'-E 7d7)
h

<
A

* For a laminate the integration is performed on each ply

f

Mgy = / Oyzdz = my, =mj = (/ E“7d7)
h T

Zi41
ﬁ?’;ra: — E f O.x zdz
i v

Zi41
My = Z/ Oy 2z o
i VFi
Zit1 ! 4
— Z/ Oy 22 mm
i Y E

%13-2014
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Laminated composite structures

A

Laminated composite (5) z
— Stress-strain relationship
« Deformation of the laminate can be separated into

— Deformation of the neutral plane
— Deformation due to bending
» See picture for beam analogy
 Strains can then be expressed as

Era Erx (Z — 0) —Uz zx {
eyy | = | ew(z=0) | +2 Uz yy P
Vay Yay (2 = 0) —2Uz 4y
6;?:33 H’;?:a:
= e%y + 2 ﬁ:gw
Af{;ry H’a:y

— EXxponent zero refers to neutral plane
» Assumedtobeatz=0
» In case of symmetric laminate it is located

at the mid-plane
— Second part of the course for rigorous demonstration
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Laminated composite structures

« Laminated composite (6)
— Stress-strain relationship (2)

7 7 7 7 1
h ol o.;r;?: CI:BBI: crruu caaau 8;}:3:
e |In eac v _ i i i i
Py Tyy o Cuu rT cu yyy C'u'ua Yy Sy
2 1 1 1 ~
oa:y CC{ YraT Ca’uuu Cruru fxy
Era E;C?):;?: %9::13
With 0 0
Eyy — E_yy + Z “%yy
~ ~,0 0
[y 2y Hz$y
« S0, using tensorial notation 0 —C g 2C !
, g afB~vyo=~o6 afBvyo Pz, vo

» As properties change in each pIy, this theoretically leads to discontinuous stress

t, = 0.125
mm '

S 2013-2014
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Laminated composite structures

« Laminated composite (7)
— Stress-strain relationship (3)

 Membrane resultant stress

— As in each ply

Zi41

i
Co: %/O‘gfyo 7C %,/Ouz ~o
Zi41
2 z 1
C '3’“/6d7 u., ’“,/O / 7C ;A{5d7

Zi41l
=N = § / O gd7_€,\m E f
_ L2
—_— _ .0 1 ' 1—|—1 “1
Nap = '51/5 E :Ca.,:fi’ﬂ/()'t? —u, '\/6 E :Co: G~vd

= TNap = 57@ E :Co: Byoli z '\,/O E C., gryoliZi

— With the posmon of the neutral plane of each ply z;, =

Zivl T 7z
2
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Laminated composite structures

Laminated composite (8) z
— Stress-strain relationship (4)
« Bending resultant stress y
— As in each pl //l 2 ]
p y /. P\ m
yy
N m
CQ %/O‘gq/c) 761 %/Ouz ~0 X m m o

Zi41

Zi+1 Zid1
mO‘ 3 = / O-Cl”'37d7 E'\/é / Of 3’\/Od7 z ﬂ/c) / caﬁ‘j/é dz
3

— 2
?,—|—1 7
Mag = E':/O E:C BystiZi — ”,zé E :Cﬂﬂza

> _ 20 § C?, = § C ?;+1+Z?%+Z?;Z?;+1
(= m(_’){ﬁ? - €r\/6 Q{'}f\/ét?,z?f T z ,\/6 o/ '}r\/é 12 ‘_))

=> mOfB AJ/(S E CO( a’-}r\f(st?,zﬁ T

3

- 2
ZC " Zit1 + 7z n (zip1 — 2i)
= f\/é (_1--"3"\/6 1 2 12

, o 13
~ 0 7 =
== Map = €45 E :C.:};i%/étizi —u, ’\/5 E :C(__X 376 ( o+ E

7
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Laminated composite structures

« Laminated composite (9)
— Stress-strain relationship (5)
» The two equations are

r

0
T?’ y .‘4'3 — € "\J/ O
~ 0
mOf 8 — E f\/ (5
\

yyrx

TYTrT

[Suje e

rxrxrix

yyx

/__
o W

TYTT

0
naa__-Aaarr€33+ﬂ4rruu€ +74rrru€p +U4a$y$€

Aq@é

E :(11370

1 _
E (lxﬁyétizi
7

B

apfyo
Which can be rewritten under the form

Baﬂw

i _
) E :(llﬁyétizi
1

2{:(11375 ( T

3

L:
12

flxxyy lgxwxm TrYyy
Ayyyy Byyra yyyy
Azyyy By TYyy
lgmmyy ngmmmy
Byyyy  2Byyay
Bayyy  2B2yay

B;?:a:a.’.a.’.uz,m

0

0
f_lgmmyyt#%yy__

Damé

ngxxxy
2Byyay
2B yxy
Ql)mxmy
2D yyay
2D 1y 2y

)\

0_
Yy
0

0
lgxxxyTLzﬁaf_13$$ymthyy$

£rax

gy

Ty

z,xx

Zuy )
zZ,xY
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Laminated composite structures

« Laminated composite (10)
— Stress-strain relationship (6)
* As Yy - Exy + Eyx & Kxy - 'uz,xy - uz,yx

( Nga \ A.EI‘CC.E A:ca:yy A:Bx:cy Bxa:x.r Bajccyy B.’E:I?:L‘“y \ (Eg:,c \
Ty Ayyor  Ayyyy  WPyyay| [Byyasr  Byyyy  Byyay 5%@;
Ny L A:}:um:r A;mmu Axy:cy Bxya:a: Bmyyy BQJ 1 ’Y:cy
Mz - Bovaa Bg}ﬂ:yy Bm:rxy Dovaa D;m:yy D:Ima:y Rgm
My Byyex  Byyyy  Byyry| Dyyze  Dyyyy | Pyyay K’g;y

\ My } \ Boyzz  Bayyy  Bryry| [PDayez  Dayyy| Dayay ) K Ky /

 Terms B are responsible for traction/bending coupling

— With B, gys = ZC;[B'}/@tiZ’i
— A symmetrical stack prevents this coupling
» 2 identical C' at z' opposite
« Terms A,,,, are responsible for tensile/shearing coupling
— Can be avoided by using the same proportion
of +a and -a plies
« Terms D,,,, are responsible for torsion/bending coupling

=
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Laminated composite structures

« Symmetrical laminated composite
— Stress-strain relationship

« Terms B vanish

0
Ny A:r:r.rm Am:r:yy A:rxxy €rn
0
> o — Ayym Ayyyy A'yyary e%y
Ny Aa:y:m Awyyy A:E'yfﬂy Ty
e |f his the laminate thickness
o A A A gl
TT 1 rTrITT TTYY TTTY %x
= Tyy — E Ayym:}: Ayyyy Ayyﬂf’y €Uy
A A A 0
Ty TyTT TYYyy TYTyY Ty
?; -
)
C$$$y:::6$y$$:::c$$y$:::6y$$$::
3 / / / 3 / ! /
cC S (CI;;}:;;}:;;}:; — ca?flrfyfy.f — 263313}!3_7;'1}!) + CS (c;rfa:f,yfyf + chjfyra?;yf — cyf_y.'_yf_yf)

— Supression of tensile/shearing coupling requires same proportion

in +a° and —a° oriented laminas (of the same material)
— Then s(+a) =sin (+a) = -s (o) & $3(+a) = sin® (+a) = -5 (-a)
— So two terms C,,, Will cancel each-others

XXXY

LA 8
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Laminated composite structures

Symmetrical laminated composite without tensile/shearing coupling

— Stress-strain relationship
« Terms B & A,,,, vanish

Nagx A:r:rx:v Aa::cyy A:rxxy
—_— Ty — Ayym Ayyyy A'y:uary
Ny Awym Awyyy A:ryfcy
* To be compared with an orthotropic material
E. VyacEac 0
O 1—}/‘r%}/yx l—veyvya
lo — Veyloy Ly 0
Yy l—vayvye l—vayVya
O 1y 0 0 2y

— Homogenized orthotropic material

(

2
Aa.‘a?a::c Ayyyy T A

Yy
0
’ny

. xrryy
Dy =
hA Ly
2
A;}:;}:;}:;}:Ayyyy o Aa:a:uu
{ B, = o
‘ }?’A;ELB.T-.T-
U = Amyy _ Amyy
rYy T A & Uy;]; - A
\ yyyy TLTT
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Thin-walled composite beam

Description
— Consider a thin-walled beam made of

laminated composite panels

— The it panel

* Has a thickness t;

* Has a width b;

« Has a local frame OXYZ
— OX correspond to the beam axis Ox
— OY is in the panel plane
— 0OZ is the out of plane direction

« Has assumed homogenized properties
— By, By, Vv, Wiy & pliyy
— Rigorous for symmetrical laminates

without tension/shearing coupling

— Conceptual approximation for others

Panels are assumed
* To have uniform stress on the thickness

— Bending results from a stress distribution on the different panels

» To carry direct and shearing stresses

Aircraft Structures - Laminated Composites Idealization
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Thin-walled composite beam

« Axial loading
— Consider that each panel has the same axial strain
* By compatibility
© ey = €ua
— Axial load carried by i " panel
» P! = BEiey ytib; = Eitibie,.

— Axial load carried by the beam

¢ R}: — Z P; — & Z E;(t?,b?,

« Oragain g,, = i /

S Eictib; Py

=
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Thin-walled composite beam

* Bending
— For an homogeneous material, we found

© 0., = kKEzcosa— kEysina

» Leading to
M, = /:4 20, dydz = ;{E/A [22 cos v — Yz sin oa} dydz\ _________
= wkE1l,, cosa—rFEIl,.sina = || M,.,| siné
M, = / Yo .. dydz = ;{E/ |—zycosa + y? sin o] dydz
= —ﬁ:glyz cosa+rET, . Sﬁl o= —|M,,| cosb

— Here the homogenized Young modulus

varies between panels

« Curvature and neutral plane orientation

b;
are global
: M
» Stress in each panel becomes
ol =k (Eyzcosa— Eyysina)
y
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Thin-walled composite beam

* Bending (2)
— I\/Ioments'

T
€T

- As ol =k (Eyzcosa — Eyysina)

« The bending moment become
infg — N — i
sinf) = M, = E / zo. dA !
7 tisz‘
== M, = K cos o E / Ei2*dA — ksina E / B yzdA
i Jtixb . Jtixb;

Mo feost =M =Y [ yolda
i tiXbi

== M., = —K cos QZ/ Bl yzdA + ksinq,

t; X b;

- HMLI’,‘LE

2

Modified second
moment of area

% L1
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Thin-walled composite beam

* Bending (3)
— Moments (2)
» Using the modified second moments of area

~ EIWZ/ | B 22dA
i i X0;

— nl _ 1,2

1

- FEI,. = Z/“(b‘ By yzdA

?

M, = rkcosaFEl,, — ksinaFEl,, = ||M,,||sin6
[ — —
M. = —kcosaFl,. + ksinaFEl.. = — | M,,| cosf
— Oirientation of the neutral axis

« Using previous results

/ N2
! ¢
= = —]_ . 1' / ‘\
COS (v | M ... || Fl,, —FI,. sin 6 : Ao Y
. = Ml (0 By R oA,
sin o K —-Fl,. EI.. —cos b 0N !
- L. M’y
\, ,/
)\ Pid
VAN -7
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Thin-walled composite beam

« Bending (4)
— Stress
« Starting from

cosae \  ||M..| { EI,, —FEI,.\ '[ sin¢
sinae ) kK ~FEI,. FEI.. —cos 6

=>( oS Qv ) B 1 ( El.. FEI,. ) ( M, )
S111 ¢ K (E[-nyIzz B (EIyZ)Q) El.yz Elryy J\[z

+ Using o' =k (E;Cz cos a — % ysin ) to obtain the stress in wall number i

— ol — kB ( - y)()

sin o
i EYy ( ’I.. EI,. ) ( M, )
m— U:c:c — = — — ; Z —1 — _ s !
Ely'yEIzz T (Elyz)z ( ) EI'UZ EI’U’U i?\"'[z

» At the end of the day, the stress in wall i is

i pi \PLMy + ELM:) 2 = (BT My + BTy, M) y
TT X Ejy.yEIzz B (E—qu)z
]
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Thin-walled composite beam

o Examp|e . Zb =0.05m
— Thin-walled beam with composite cross section = 4 —
* Flange laminates - =2mm
— E, =50 GPa I
— Thickness 2 mm = Myf 1 kN'my
« Web laminate C o ]
- Ex, = 15GPa £ =1mm
— Thickness 1 mm
_ _ _ tr=2 mm
— Bending in the vertical plane v .
« M,=1kNm ' ’
Y _ b=0.05m
— Maximum direct stress?
— Neutral axis?
D ]
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Thin-walled composite beam

Modified second moments of area

t h3

h?
=1

0.001 0.001

i 0.01
—= BT, = 20.002 0.05—=50 109 4 15107

—>F1,, = 26.2510° N - m?

3 2

’ b b t—2mm—
Z/ E?Jysz”_‘“ 2 (tf— +_tfb> EXf f_$ y
= i, 24

- 0.05%  0.052
-=>EIZZ:2(O.002 5 + 1 0.002 0.05) 50107

== F].. =83310° N - m?

h b?
dA ~ 2 E
Z/ Pyad=2 (155 ) Exs
2 &
—12.510° N - m?

_ 0.05
=> EI,. =25010" 0.002 0.05 >

0.1m

h =
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Thin-walled composite beam

 Direct stress

— In each wall, the stress is obtained from
: Elzzﬂ.{y z — E_Iyzﬂsfy Y

- ol =Py ——
Y EIEIL. — (BI,.)

- With D =FEI,,EI..— (Efyz)2 — 26.258.3310°—12.52 10°
— 62.4110° N*.m*

b=0.05m
AIZ >
— Web E
7 ' 00 M
¢ O'tb = EXu; EIZZZ\'[E} - CIID v
Trx - My — 1 kNmy
8.3310° 10° ~ >
wo_ 1r109 _ 9 N .m 3 C
—>oy, = 1510"————>=210" N -m é
N
— o (i%) — 4+210” 0.05 = 4100 MPa é
b=0.05m
% "
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Thin-walled composite beam

* Direct stress (2)

— In each wall, the stress is obtained from

° O';’.:z_’. — E;( E_‘{ZZ‘E\/{U - ETI%Z ﬂ[yQy
El,FI..—(Fl,.)
+ With D = EI,,EI..— (E_Iyz)2 = 62.4110° N?.m*

— Flanges (+ = top, - = bottom)

+EI..M,% — EI,.M,y

.
o] = Exy s E w
Lp g qo ES3310° 10° 0.05 — 12,5 10° 10% S [ EP0Mpa
o, = 3
= U, G2 41 106 = My~t 1 kNmy
— o/ =+4333.7 Mpa—1010° y N-m~* - g
* Maximal values?
— ot/ (y =0) = £333.7 Mpa
<\
discontinuity with web ) b :\%: |
~o =l (y = +b) = £333.7 10° ¥ 1010? 0.05
= F167 Mpa
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Thin-walled composite beam

 Neutral axis

— In each wall, the stresses satisfy

. Uia_,_ =K E%z cos o — K E%ysinoa

» Taking two points on top flange

$333.7 MPa = 1 50 10° 0.05cosa N - m

—167 MPa = x 5010 (0.05cos o — 0.05sina) N -m™*

<

( 0.133m™~! = k cosa
—167 MPa = 333.7 MPa — £ 5010 0.05sina N - m™!

0.133m~! = k cosa

= < 1 )
\0.2m — K sIn o M, = 1 kN'm
== tana = 1.5 == a = 56.31 deg /
. /
« Curvature radius from /
| : _ /
333.7 MPa = r 50 10" 0.05cosa N -m ' :
7 T
f) = QD&M
— ~ — 1351 m /D=4
K /
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Thin-walled composite beam

Shearing of open-section beams
— For non-composite structures we found

Izz'Tz T qu Y i /
© q(s)=— ‘ / tzds' —
yy[zz - 15;: 0
r,,7,—1,.T. [’ , o
vyy o d
T | tyisas

— For composite wall, this expression becomes
» Using direct stress expression for bending

and same argumentation as thin walled beams
* Inwalli:

, FEI..T. - FI,.T, [*
q¢' (s) = —Exy —— — 2‘”/ tizds — p, |-
El,,El.. - EI,. Jo

_ _ T,

- KEI1,,T,— EI,.T. [°

EB{ — vy jU y:« 2'0 / t@ydg ‘
FI,EI..-FEI,. Jo

yA
Z4
» yL
|V >
SINC! T,
/
S
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Thin-walled composite beam

« Shearing of

closed-section beams

— q(s) =¢qo(s) +¢q(0)
— For non-composite structures we found

« With {

IZZT IU~T/ / / /
4o (S) = — t(s)z(s)ds —
) =~ {9
1,1, — 1,.T.

= .t.’ !/ d!/
o L_gz/o (') y () ds

_ yT.Tz - Z-T'Ty — ip (S) Jo (S) dS

— For composite wall, these expressions becomes

, LT — FEIL.T, [°
g, (s) = —Ex — LT - Elyf : / tizds —

pi 2wty = Plysts /0 tiyds

QAFL

» Anti-clockwise orientation for g, s in this last expression

\

q

C
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Thin-walled composite beam

« Example
— Simply symmetrical closed-section
« Wall BC
=
~ E,B¢ =20 GPa ™
o

— Thickness 1.5 mm
« Walls AB & CA
— E/B = EA =45 GPa

h

— Thickness 2 mm

— Shear flow in the section?

e 3

77 2013-2014 Aircraft Structures - Laminated Composites Idealization 70 um;gg



Thin-walled composite beam

« Second moments of area

— Simply symmetrical section
3
= F],. = / Eiysz =0
Y ; Ti Xbi

0.3 m

h =

— So, as T,=0, open shear flow reads

' ' .T'y 5
q. (s) =—FEY EI" /o t;zds
vy

* With

3
— — - [ t ;3 C §
El-yy = El’y"'y’ — E / b E?'ledAE E‘%C BCh —}—QE)%CtAOf ledl
=1 ti X b4

12 )

h

- tBC}?,B AC 2 Q‘AB‘ BCo tgchg 4‘AB‘EAOtAC h?
— L] — EBC 2E4YY +/? d = B2¢ X
vy = EX 12+XAC/07 TS S R no 24

0.0015 0.3% N 40.25 45 10° 0.002 0.3%

= FI,, = 2010° 03

== [F],, = 40510° N - m?
% 8
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Thin-walled composite beam

* Open shear flow
— Starting from

. S :
¢ e — _E‘1 — - t?, .rde
45 (9) X EIyy /(; <Zas

» With a cut at the origin A

— Wall4 — B
T. % —2|AB
AB AB z / /
s)=—F — tanz ———dz
q, ( ) X EIy.y /o AB 5
Y QTZ_\AB\MB 212
*  hEI,, 2
292103 0.250 212
AB / ) 9
") = 4510 0.002
— 4 () 0.3 405 107 2
—37010° 22 N.-m—°

—s ¢'P (2 = —0.15) =8.310°N - m~!

= 8
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Thin-walled composite beam

Open shear flow (2)
— Starting from (2)
. T
7 ! — _E?, =
q, (9) X EIyy
» With a cut at the origin A

S

t;zds

— Wall4 - C

TZ ZH’
4, (s) = —B3" = / tap?

* EI'U'U
EACQT,,\AB\ %
hEL,, P73

45 10922103 0.250

0.3 405 103
— -37010% 2” N.m™*

— ¢\ ()

AC

2|AB)

h

e qO

(' =0.15) = —=8.310°N - m™!

2

2

dz’
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Thin-walled composite beam

* Open shear flow (3)
— Starting from (3)

| T :
g (s) = —EYy —=— / t;zds
El,, Jo
» With a cut at the origin A

— WallB—-C é
T ZN ‘\ R Z,
05 (5) = ¢'B (2 = —0.15) - B¢ = / erdy G
Elyy J-n
T (R MM ok
z z 2 AT, =
= QfB (z’ = —0.15)—E§C — tpc ( _ _) ; aox |
Elyy 2 3 2 M| .5 mm A y
20109 2103 0.0015 /=22 0.32\|/||l q >
— ¢l (¥) =8310°— 22 | o
405 103 2 % Aq/ -
= 9.967 10°N-m~'-74.110° 2> N-m~* ) >

BS=F= 0.25 m

h |
BC [ 3 —1 %L
' = — | =8.310°N -
QO (7 2) t
/
= g5e (z’ — %) — 8.310°N - m~!

¢P¢ (¥ =0)=9.9710°N - m
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Thin-walled composite beam

* Closed shear flow . e
— Starting from
yrl. — zrT, — $ p(s) g, (s) ds =2 mm“_l_ — 2 kN
q(s=0) = ‘ : 0 Z
214}1 (0 il o ’
ln(EleS mm A Y
a >
« Give shear in anticlockwise direction around A '; %o .
o
527 mm
B CB [p2 _ h2(_ . _ p
== q(A) = _fc L ¥ ol ) B,g‘t‘": 0.25m
h
— q(4) = - T (9,967 10° + T4.110% 22) (—d=')V/0.25% — 0.152
q N 50.3/0.252-0.15
2
(—9.967 10° 0.3+ 741108 2045 )
— ¢(A4) = — 5 =9.410° N -m !
S NS g 3
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Thin-walled composite beam

 Shear flow

— Starting from K
2P (') = 370103 22N .~ | NS
g2 (') =—37010° z2# N.m~* 0| Hlgzf.5 mm
¢BC (=) =9.967 1°N-m~!74.110% 22 Nom =3 |||t q: .
— With the anticlockwise constant flux S
q(A)=9410> N -m™! —
— Total flux

¢ (4) = ) () + q(4)
— _37010° 2?” N -m > +9410°N - m~!
= ¢*“(0.15) = 1.110°N - m~*
g4 (") =~ () + q(A)
— —37010° 22 N-m > +9410°N . m!
= ¢P4(~0.15) = 1.110°N - m !
¢“F () = —¢2C () + q(A)
— 0610°N-m* +74110° 22 N.-m*
LA

0.3 m
T

h =

4T, =2 kN

v =
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Thin-walled composite beam

« Torsion
— Closed-section beam
* From previous analysis

— Shear flow M, = 244

— Twistrate g, = iM"f’" f 1ds
T 442 ) ot

— Warping
+(8)=u, (0 - —ds — z d.
e (S) : ( )+ 214}1 [ 0 ]u’t i Ah j{}ut ’

» For composite beams

T 9 M., jg ds
— Twist rate T i

— Rearranging terms:

] . 443
» M, = plr8 , with the torsional stiffness plp = d’;
iﬁ M‘E{Yfz
M. od AR, (: d.
214}1 0 /‘LXYt?/ Ah MXYt’L
5
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Thin-walled composite beam

« Example
— Doubly symmetrical closed-section ~
B t= % mm A
 Covers AB & CD A Y
=
— 1S =20 GPa g c| x =y
— Thickness 2 mm ity F 1 mm t=|1 mm
=| P« M, =10 KN'm »}«
« Webs BC & AD v v D
c *_
. b=0.2m
— Thickness 1 mm
— Shear flow in the section?
— Warping distribution?
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Thin-walled composite beam

Shear flow N
M., 10000
- q=—"= = 25010° N-m ! _
1794, T 20201 o gt=2mm | . A
. A +
Warping i ) =
j{ ds / —dy +/ —dz N — cl » A1Y
it Soole Yol t, ¥ 1 mm =|1
Hxy AD Hxy i Hxy o< M, = 10 KN'm »f« mm
/ dy +/ dz " X - D
c Hyyte D Myxytw T 2 mm >
b=0.2m

0.1 —dy —0.05 —dZ
= 9 +2 9
“XYt 01 20107 0.002 005 29107 0.001

-S
= f{ ?; — 157110 Y m?- N1
Hxyti

— By symmetry, warping is equal to zeros at mid sections (at A’ & A”)

79 Université uﬂ
de Liege =
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Thin-walled composite beam

« Warping (2) s 2
— By symmetry: zero warping at A’ & A”
— Wall A”A

) /S ds /z dz
ar yti Jo 35109 0.001

— 92861077 zm-N"!

0.1m

h

1 [7bd=
ARP(S)§/0 5 = 0.05 zm

. (z)AHA: M, [/3 ‘ds ~ Apy (u)jg ‘ds ]
' 24n [Jar 1yt Ap fxyti

2 0.05 =
— u, (z)" * =25010° [28.6 107" 2 — = 071

15.71 109] — —0.0027 =

— wu, (0.05)" = ~0.13310 3 m
— Other walls by symmetry
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Thin-walled composite beam

« Torsion (2)
— Open-section beam

» From previous analysis

— Curved sections

z
M. 1 t
O = S — tSdS |43+
0 3/ A
— Sum of rectangular sections >
9’3: : 1 3 t1+ |1

» For composite beams

i 43
— Either C = plp = g[ﬂf _ /MX};)t?, ds
- 0 _ _ Ma Xy lil;
r C_MT_Q,;E_Z 3

* Maximum shear keeps the same expression

— With correct shear modulus: +_ _ — 1y 0

LA ]
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Thin-walled composite beam

« Torsion (3)
— Open-section beam (2)

* Warping keeps the same expression

ul (s) = ul (0) — 0., / prds’ = us (0) — 245 (5)6.,
0

* Requires position of the shear center R

— Method of determination of the shear center has to be adapted using shear
expressions for composite structures

\
\
\
\
N
\
\
%‘ L ]
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Torsion of open thin-walled section beams

 Example a4z G 1l5 mm
— U open section 1 i
— Flanges M
< vy

« Shear modulus 20 GPa QO/C —

* Thickness 1.5 mm h=50mm| | t,=2.5mm
— Web ] tf = lSme

« Shear modulus 15 GPa b =25 mm

 Thickness 2.5 mm

— Torque of 10 N'm

— Maximum shear stress?
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Torsion of open thin-walled section beams

« Maximum shear stress % Az tf=1l5mm
— Torsional second moment of area 4 f

T }u?/ l’it’i?’ 2 . 1 w .
,LLIT = Z % = §#§(th?f + g/iXYht?u

M

{ vy
_2 | A
—> plr = 520 10? 0.25 0.0015% + 315 10° 0.5 0.0025* Qa/c
:éO.SN-mQ ! h=50mm| | t,=25mm
— Twist rate

Mo = 10 199 rad - m ! -
pwlr  50.3 b =25mm

— Maximum shear stress reached

t = 1.5lmm

> 9.‘33 p—

T = pytuf . = 1510° 0.0025 0.199 = 74.6 MPa

max

= iy tsf., = 2010° 0.0015 0.199 = 59.7 MPa

max

—

= 8
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Exercise: Torsion of a thin-walled composite beam

 Laminate shear moduli 4 Z
— 16 300 N/mm? for the flanges 1 v )
— 20 900 N/mm? for the web A A
: : t:=1.0 mm
 The beam is subjected to a \
torque of 0.5 kN:-mm h=100 mm (F—
R

— Rate of the twist?
— Maximum shear stress?
— Value of warping at point 17?

7 2013-2014
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Exercise: Torsion of a thin-walled composite beam

« Shear center

— For an angle section of the type shown below
» Resultant internal shear loads pass through sides intersection
« So shear centre (S. C.) is located at the intersection of the sides

1 2 1 2
®
S.C.

S.C.
3@ 4 ? 4

— So that, by superposition, the shear centre of the actual beam is R

= 8
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Exercise: Torsion of a thin-walled composite beam

Torsional rigidity N
— Open sec'tlor; . 1 1y 5
5 [xy liti o3 w143 A
1 MX
_ 2 _ >
—> Iy = 5 16.310°0.05%0.001° + h=100mm (&0
1 >|<t,=05mm
5209 107 %0.1%0.005° = 0.63 N-m* | ;
. | 4
Twist rate b =50 mm
M 0.5
o 9$: *I‘: = 0.8 d —1
= Iy 0.63 rac
Maximum shear stress (absolute value)
T = WSy twl 2 = 20.9 109 % 0.005 * 0.8 = 8.4 MPa
rh et 0, = 163107 % 0.001 + 0.8
. 2013-2014 Aircraft Structures - Laminated Composites Idealization
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Exercise: Torsion of a thin-walled composite beam

Warping s Z
— Shear center R
« Warping = 0 (by definition)
* Origin setto R

= u. (s=R)=0
— We can use

u; (s) =u; (0) — 0 / prds’ v 3
0
* Area swept at point 1: —|4
b =50 mm
Ap, (s=1) = =hatched triangle area

— +0.5%5010 350103
— +1.25%10 2% m?

© As  Apg, (s=1) IS positive because the scanning of the swept area is

anticlockwise as well as the applied torque

= wu,(s=1) = uj(s=R)—2xAr, (s=1)*0_
= 0—-2%1.25%x1072%0.8
= —2mm

DS oy

v
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