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Elasticity

« Balance of body B
— Momenta balance

* Linear — U

« Angular \u\_u
— Boundary conditions OB —

* Neumann )

. Dirichlet o-n OpB

« Small deformations with linear elastic, homogeneous & isotropic material

1/ 0 N 9

Eij =35\ an U, T U
J 2 (956,5 / )

1

Eij = (’Uw + wi ;)

— (Small) Strain tensor ¢ — % (Vou+u V), or

— Hooke'slaw o =H:e ,or o;; = Hijker

with ’U'u fr,jfskl +‘ ’.',ké‘jf + 6?,l5jk>

— Inverselaw ¢ —=g. o A=K-2u/73

. 1+v /1 1 1%
with QUM 5 (Eézk(sﬂ + §5i16jk> — E(sg'jékl
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Pure bending: linear elasticity summary

General expression for unsymmetrical beams z b
— Stress 0., = kEzcosa — kKEysin « S \\‘9/
/ 7
—1 . / A\
with [ cosa \ _ | M .. I, —1I,. sin 0 : ’I/‘\a‘ oy
sin ov wE —1,. I.. —cos | ?,QK.‘ T
- '., M./
— Curvature ol Ve

_uz_,;?:a’.
uy,;t;r

_ HM:I.’-.’IH Izz Iyz Siﬂg III
 E(Iy,l. —1,.1,.) \ 1. 1y —cosf /)

— In the principal axes I, =0

Euler-Bernoulli equation in the principal axis

0?2 LXTR
- — | ET -
( oxr?

o2
(0
— BCs{ O
— FET

\

1

N 22 f(X) H T —

dzuz — TT z M
(EI D72 ) = Lo g u, = ﬂ s Tx "
, 0k du, /dx =0 =5 >
0w, _ D Y ¢ N
Ox2 - I\JI‘B}O,L L

0, L

)f(:z:) for x in [0 L]

— Similar equations for u,
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Beam shearing: linear elasticity summary

« General relationships o2 () H T -
fz (T) — _8:1?Tz — —83733]\/[9, u, =0 ﬂT - T\T\A ) TXD XX
I\Il>v >
¢
L

du,/dx =0 {\ 0\
fy (T) — 783:Ty — 8;?:;1:]\"{2 '

« Two problems considered L

— Thick symmetrical section (3 :: h )

« Shear stresses are small compared to bending stresses if h/L << 1

v

— Thin-walled (unsymmetrical) sections 4
» Shear stresses are not small compared to bending stresses N

» Deflection mainly results from bending stresses h t

e 2 cases
— Open thin-walled sections v
» Shear = shearing through the shear center + torque

— Closed thin-walled sections
» Twist due to shear has the same expression as torsion
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
1.5, (%) ] A i
— Slress 0.p = ——/———~ P QI h
Iyyb (%) N Ty 5 T
° W'th S?’l (Z) — / ZdA T@ g g
) N
« Accurate only if h>b m* v
— Energetically consistent averaged shear strain 2 !
. 1
« y=—-— with A’ = ‘
A o fA —z—z'dA
« Shear center on symmetry axes T,
— Timoshenko equations
ou, Ou o0
'5:2_'1:2:: . 2:9 8:{ z = z
’ € 0z + ox y T Otz & K Ox
( 06
(EI—y) —pA" (0, +0,u.)=0
. on[oL]: J Oz
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams Tz
ZA
— Shear flow g=tr
1..7T. — I1,.T. °
cq(s)=— = / tzds — ar ),
Inyzz - Iyz 0 S d Ty
L, 1, —1,.T. [° Z,
yyty Y . / tydsl 4{
Iy'ylzz o Iyz 0 y
* In the principal axes T, -|-y
Tz S T S |
q(s)=—— [ tzds — - / tyds’ T
Iy’y 0 Izz 0 y
— Shear center S T
VA
* On symmetry axes A
» At walls intersection A
» Determined by momentum balance ) c
— Shear loads correspond to g
t
» Shear loads passing through the shear center & vl
P g g -
- Torque b
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Shearing of thin-walled closed section beams

 Shear flow for a closed section beam

— Equation
L..7T.—-1,.7T,
. Ca(0) = _1zxte Yz () = () ds'—
1) (0) = ~Sn e [ ()2 () ds
I’UUT’U I’UzT / / !
t d
e / (') y () ds
still holds

* Butq(s=0)is now #0
— Method

- The cross section is virtually cut at s=0 ==> ¢ (s) = g, (s) + ¢ (0)
» With the open section contribution

Izsz - quTu ° / / / I’U’UTU IUZT / / /
o = — = - t ., d - - t d
0o (5) =~ [ s () as - e [y ()

Yz Yz 0

* ((s=0) is computed to balance the momentum
— Shear loads pass through a given point T (not necessarily shear center S)

— We will see that, for closed sections, shear and torsion stresses have the
same form, so we do not really have to pass through the shear center S as it
becomes useless to decompose shearing and torque
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Shearing of thin-walled closed section beams

« Shear flow for a closed section beam (2)
— Evaluation of q(s=0)

 Momentum balance (if g & s anticlockwise)
yT'Tz — ZTTg — %p (9) q (9) ds

— P p© @ dsta(s=0) fp(s)ds
with p the distance from the wall tangent to C

« If A, is the area enclosed by the section mid-line
pds

A=

= Yyrl. — 2701, = jgp () o (s)ds +2A,q(s = 0)

« At the end of the day

= yTTz _ ZT.TLU o ng (9) 4o (9) ds
24, c i

A\ p

>
z
q g

~ S

z
Z
2
2
>

q(s=0)
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Shearing of thin-walled closed section beams

« Shear flow for a closed section beam (2)
— Final expression

* q(s)=¢o(s) +¢(0)
* Q,(s) is computed as for an open section

yrT. — 20T, — $ p(s) ¢ (s) ds

cq(s=0)=
q(s=0) A,
— Remarks
» The g(0) is related to the closed part of the section, —

but there is a q,(s) in the open part which should be
considered for the shear torque jgp (5) qo (s) ds
« This last expression assumes (, s anticlockwise

» If momentum and distance p are related to the lines of action

of the shear load T, this simplifies into ¢ (s =0) = — 56p (;34% (s)ds
h
» By cutting the section we are actually substituting the shearing by

— A shear load passing through the shear center of the cut section
» Which depends on the cut location

— A torque leading to constant shear flow q(s=0)
» Which depends on the cut location
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Shearing of thin-walled closed section beams

e Shear center
— As we have already used the momentum balance,

how to determine the shear center S ?

— As loads passing through this point do not lead to

section twisting, we have to evaluate this twist
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Shearing of thin-walled closed section beams

« Shear deformations

— As loads passing through shear center do not lead to z

N,

section twisting, we have to evaluate the twist in the

general case

» Shear strain in the local axes

5 ou, N ou.,.
V= L& —
f ox 0s
e Remark
ou N u,,
Ess —
s r
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Shearing of thin-walled closed section beams

« Twisting and warping Z4
— Closely Spaced Rigid Diaphragm (CSRD)
assumption
* The cross section can deform along Cx
* The shape of the cross-section in its own
plane remains constant
» These 2 motions correspond to
warping & twisting
— So in the Cyz plane only a rigid rotation is seen
« Aeronautical structures
— You do not want to change the airfoil shape
— So structures are rigid enough for this
assumption to hold
— Let us call R the center of twist
* When warping is constrained the center of

twist is different from the shear center

(see lectures on structural discontinuities)
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Shearing of thin-walled closed section beams

A

« Center of twist z
— Equations
* pgis the distance from the wall tangent to R

== JUu, = probd

» pis the distance from the wall tangent to C
Pr=p—ypsinW + zi cos ¥
== dus; = (p— ypsin ¥ + zr cos ¥) 66
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Shearing of thin-walled closed section beams

« Center of twist (2) 7 A
— Twist
du, = prob
. { ous = (p—yrsin ¥ + zp cos W) 56
* Let 5u§ & 5u§ be respectively the components

along Cy and Cz of the displacement of C due
to the twist 60

~ dul = zpdo
— oul = —ypoh
* AS Su, = (p—yprsin U + zp cos ¥) 66 7,
—- uS
== Juy = pod + 6u,f cos ¥ 4 du’ sin U T v
Remark A
— Remarks c },: T e >
» Valid for closed and open sections —
C
* U’ u‘ & ddepend on x Yy
* U dependsonx &s
Aircraft Structures - Beam - Shearing, Torsion & Idealization 14 v HES’.&
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Shearing of thin-walled closed section beams

« Center of twist (3) Z A
— Location

-

. ps ) Ous = (p—yrsin¥ + zgcos V) ol
<
duy = poh + 6u§ cos W + 6'u,zo sin W

~

[ Ou, _ 06
— = (p—yrsinV¥ + 2pcos V) —
— ) Ox ox
i i £ O [ C
ou, o9 Ou, ou’
— = p— + —=cosV¥ + —sin V¥
S Ox pc):r: ox ox
D, u®
Yyrp = ——
).,
* Eventually ‘ (‘2;9
[ T
2R = -
"= 70,0
 Remarks

— Remains valid for a point other than the centroid C
— Equations valid for open thin-walled sections but what about CSRD

assumptions for such sections ?
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Shearing of thin-walled closed section beams

Warping
— Inlinear elasticity

* Shearflow g =7t = pty

. ou. Ou.,
 Shear strain v = 2¢,., = 5 L

ox 0s
q — N’t (us,a? + u;rgs)
— Shear flow
). 00
o« As s ) ypsinW 4+ 2p cos U
o (p—yrsinV¥ + zp cos V) o .
q ou.,. , 00
> - — — 3 \IJ oh *OS \Ij
T s +[p—yrsin ¥ + zp cos V] .

l='>/ idg = U, (9) — Uy (S - 0) +
0

put

‘)9 S S 5
f [/ pds + ZR/ cos Uds — yR/ sin lIst]
dx o 0 0

2024-2025
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Shearing of thin-walled closed section beams

Warping (2) Z
— Shear flow integral

/idsu s)—u, (s =0)+

00 ° ?
¢ [/ pds + 73/ cos Wds — yR/ sin \Dds]
O 0 0

-=>/ ids-ur (s) —u, (0) +
)9 S 8
- [/ pd9+7R/ dny/ dZ]
O 0 0 0
© As Acy, (8) = %/ pds  isthe area
0

1
swept by p with Ay, (s) = 3 j{pds the

area enclosed by the section mid-line

C

N\

q

v

LIEGE
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Shearing of thin-walled closed section beams

Warping (3)

L4
00
5y 12Acp (s) +zrly (s) —y (0)] —yr 2 (s) — 2 (0)]}
« Performing the integral all around the section
o,
Lfﬁdsmﬁi— o,
Jut Ox

* The wrapping displacement reads

" q 1 é q !
ua’ L — ua’ 0 d' d! L]

zrly(s) =y (0)] —yr[z(s) — 2 (0)]
2
 |f axes origin corresponds to twist center R

A
u, (S) /id — IZ); %ids

— With Ap, (s) = 2/ pPRrds
0
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Shearing of thin-walled closed section beams

« Warping (4) z 4
— If axes origin corresponds to twist center R

A
*u, (s) = u, ( / id — Rp fids
0

u,(s=0) ?

« Symmetrical sections

— If origin of s lies on a symmetry axis==>u,(0)=0
« Unsymmetrical sections

— Linear response — 6,,(S) + u,(s)-u,(0)

— Axial load due to shear or torsion is equal to zero

j{mmds — 0 — ft (w, (5) — w, (0)) ds = 0

$tu, (s)ds
$t(s)ds

== u, (0) =
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Shearing of thin-walled closed section beams

Shear center
— To compute yq

@fidgjg o(s)+q(0)

So there is no twist = _

90
As j{ L s =24, =
ut

Assume a shear load T, passing through yq

06
ox

Ox

put
@ds
-« Eventually ¢(s=0)= —m
— With ¢, (s) = IZEMI‘”%; /Ost (s') 2 (s") ds’ —

Shear center (Point T = S here) position using

_ yT.Tz — Z-T'Ty — jgp (g) do (9) ds
2A,

2024-2025
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Shearing of thin-walled closed section beams

« Example

— Simply symmetrical thin-walled closed section
« Constant t and x on all walls

Shear center ?

2024-2025
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Shearing of thin-walled closed section beams

« Second moments of area 2 T
A 7
— Simply symmetrical
« Centroid lies on Dy’
-« 1,=0 t
« Shear center lies on Dy’ B D ‘
— So we have only to consider o o T
« A vertical shear load
* ly =1y

A A
— I, = 2/ 2"2tdl +2/ 2"2tdl

Sa Sa
15
WQt/ \/1+ d7 +2t/ \/

0 9t
[ i — _ - ’2 —
Iy, =2t ( 3 + 2 >/0 dz' = 1 (8a)” = 1152ta”

8a

v'<
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Shearing of thin-walled closed section beams

Shear flow
— Origin of son D At
* q(s)=¢qo(s) +q(0) 8a

.T‘_y S
- With g, (s) = —I" /o t(s") 2" (s")ds' 5 DA s t '
yy >

— Open shear flow on line DA

T. s

DA /.1 z !yt / C
L] ‘o —— o . de

qo (7) 1152@3 /0 z (S) S

=10 5T, 2
- _ ~ n - -iH:——hi,
~ 115248 /0 s S 115203
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Shearing of thin-walled closed section beams

Shear flow (2)
— Open shear flow on line AB

T, P(s)
B () = g / 2 (s)

1152a3 /4
40T, T. / o 1T
~ 1152a 115243 Js, 8
407! 177!
AB .1y Z z
o (3) = ~i5. T T5 115007
1087, 17T,
T 1h2a 1610288
p 1087 ‘ .
o = 11524
— Open shear on BC & CD by symmetry
1087 17T
BC /.y _ z z 12
4o )= 11520 T To 115207 -
5T
CD /.y z 12
4 (2) =~ 3500
2024-2025 Aircraft Structures - Beam - Shearing, Torsion & ldealization




Shearing of thin-walled closed section beams

« Shear flow (3)

— Open shear flow
5T 9
DA _ ,CD /1y _ z /
T (2 =407 ) = Sy

AB ()N _ BC 1\ _
@ ()= ()= =+ 5

— Constant shear flow for zero twist

qo(s)
-QSZU%:-—%Lﬁ
j; Eds
« Using symmetry properties & as ut is constant

- %ds = 2(17a + 10a) = 54a

A B
- j&qods2/ quds+2/ quds
D A

Sa 0
57, 210 1087 7. 17
—_ Od :2 . z i/ di[ 2 . z z ,,"2 ——d.,,
qu ’ UA; R152a0 . 8T ]Q (: 11524 16 115243 - ) ( S ’7)

a
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Shearing of thin-walled closed section beams

« Shear flow (4)
— Constant shear flow for zero twist (2)

Sa . 0 .
57, 210 1087, 171, 17
;.d. — 2 . z .,l d.,l 2 . < < dfz ——ddl
f%g A énwmf'87+mé( nma+mnmﬁ7>( 87)

a

1007 . 36721 2897 \
¢ gods — — *_(8q)° — : *_(8q)
qu = T 3er e Y T e T 3ea e O
o SOOT. 110167, 28127, 3168,
) ol = — f— _—
1 31152 31152 31152 1152 %
qo(3)
" AS q(s=0) —~——4?—§f

& jgds = 2(17a + 10a) = 54a

3168 5.7
54 1152a 1152a

« Eventually

q(s) =qo(s) +q(0)
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Shearing of thin-walled closed section beams

Shear center
— General expression

_ yTTz - Z-T'Ty — §p (S) qo (8) dS

s =0
q(s=0) 24,
q(s=0) o
— vy =24, 5 f o
= With 4, = (15— 6) 8a® = T2a°
3168 58.7
. s=0)= —— T, = T
15 =0) = = 1590 1% = Tis2a 2
5T 9
DA _ ,CD 1y _ z !
1087, 177,

AB 1\ _ BC 1\ _
%o ) =49 (5) = 11550 T 5115008

A 17a
. Butone hasalso 2t _ P
2 2
72
17
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Shearing of thin-walled closed section beams

* Shear center (2)
— Torque due to open shear flow

B
j{ Pgods = 2 / pa, " ds
A

oo /0 72 08T, 7T,
— olds = —a |- 2
?!p d o 17\ 11524 T 16 115243

a

. %pq o 3672 72aT . 289 7247 (80
S 17 1152 364 17 115243
. jcquods _ 11016 24T, N 2312 72aT, _ 12288aTZ
317 1152 317 1152 1152

— Shear center location

- q(s=0) Go o2 8T 12288
Yg = 24 ———= + fp 3 ds = 144a 1590 150 a
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams £

— Shear flow q=tr

- q(s) =qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

do (9) - = 7.7
yy

» Constant twist part

yrl. — 211, — $p(s)qo (s)ds
t(s=0) = s $0(5) 4, (5)
214}1

« The g(0) is related to the closed part of the section,
but there is a q,(s) in the open part which should be

considered for the shear torque ¢ p (s) ¢, (s) ds C A L7 =

— 1S~

1
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams z o+ T,
— Warping around twist center R ‘
‘w, (s) = u, (0 +/ —ds— f—ds{AC s) +
(5) = wa 00+ | —ods—— § ds  Acy (5) =
zrly(s) =y (O)] —yr[2(s) — 2 (0)] } - y
2
JA) -,
tu, (s) d: 7=
.« With u, (0) = $ tua (s) ds C An g
$t(s)ds N\ P :
— u,(0)=0 for symmetrical section if origin on q S
the symmetry axis z r T

— Shear center S

« Compute g for shear passing thought S

* Use
4(s = 0) = yrl, — =771, — 3§p (s)qo (s)ds
24y
With point S=T
2024-2025 Aircraft Structures - Beam - Shearing, Torsion & Idealization
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Torsion of closed thin-walled section beams

« General relationships
— We have seen O+ 0,0, B+ 0,05

¢ (0'3333 + 8;170'a:a:637) tds — O-;E;Et68 -+

(g + 0sq0s) 6, — qox =0

= taaro':r:r + 89(} =0

e (05 + 0s008)tdx — o tdr +
(q + 31:‘}53“) 05 — QCSS =0

== t0,0, + J,q =0

— If the section is closed
« Bredt assumption for closed sections:
Stresses are constant on t, and if there is
only a constant torque applied then o, = o;, = 0 A

0.q=10
>

i & v
==> Constant shear flow (not shear stress)
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Torsion of closed thin-walled section beams

. Torque ‘1

— As g due to torsion is constant

- M, = quds = quds = M, = 2A;,q
M, y

| 1N TR
 Displacements & P 4

— It has been established that A\ P\,

ou, Ou, q =X s

R 26, =

+
Ox 0s
* So in linear elasticity
q = pt (Us o + Uy o)
— But for pure torsion q is constant
= () = 4. = jut (ua:,s:r + us,a:a:)
* Remark ut is not constant along s
but it is assumed constant along x

== Egu.s + Us za — 0

e As GXX: Oq =0 [ uS’Ia: — 0
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Torsion of closed thin-walled section beams

 Displacements (2) z 4

— It has been established that for a twist around
the twist center R

du a0 8u§j‘ oul
s 1 11} = . LIJ
ox p‘():r ox cos ¥ ox St
o AS us,;?:a: =0
829 0?uf u’
0= Y cos W sin W
8:{‘ * a2 i a2
for all values of s (so all value of ¥)
» The only possible solution is
%6 2uC 2, C
—— =0 ’ 8 'U —0 & 8 uz — 0
Ox? D2 72
— So displacement fields related to torsion are linear with x
9 = Chia + O

— ’U — (O +Cy
ub = Csx + Cg
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Torsion of closed thin-walled section beams

7 A

 Rate of twist

— Use

* Relation jg_dg = 24, — 09

Ox
developed for shearing, but with g due

to torsion constant on s
« Torque expression M, = 2A;q

— Twist

S ﬂj"f"‘ jg 1 ds constant with x
414}21 Lt

M, 1
—_— ) = 4Aif)utdsm+02
— Torsion rigidity
M, 4A3
o 1
9?3; j; Eds

[ ] C:

- Torsion second moment of area for constant @ [, — 447 <1, /rsz
A

fﬁds

Aircraft Structures - Beam - Shearing, Torsion & Idealization 34 v L
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Torsion of closed thin-walled section beams

Z A

« Warping
— Use

* Relation

A
U, (8) = u, ( / ia’s— Rp jgids
0 Ah

developed for shearing, but with g due
/ PRrds
0

to torsion constant on s

b | —

» Swept from twist center R ARp (g) —

- Torque expression A = 24,4

— Warp displacement

M, [*1 MAp (s) [ 1
’ x\») — Wy 0 . — UsS — 2 d.
e ls) = e O)F o7 | ™ o ﬁéutg
M, [ (51 Ap(s) [ 1
= 0 ' —ds — - -
=> U, (S) u () 2Ah [ ; Mt S Ah fﬂ}t 9]
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Torsion of closed thin-walled section beams

« Twist & Warping under pure torsion

— Twist g _ — M jg L s
T 447 ] ot

M., ] AR (8) 1
- W , — u. ‘ —ds — b d
arp  wu, (s) =u, (0) + 54, { i utds 1 f’/ﬂf s
— Deformation

» Plane surfaces are no longer plane

It has been assumed they keep the same
projected shape + linear rotation %

« Longitudinal strains are equal to zero Lo

— All sections possess identical warping AR

— Longitudinal generators keep the same A

length although subjected to axial

displacement \7\ |
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Torsion of closed thin-walled section beams

« Zero warping under pure torsion Z 4
M, 1 Apr (8) 1
— Warp u,. (s) = u, (0 ‘ —ds — —= d
D u, (s) u‘()+2Ah{Outs L j{uts

— Zero warping condition requires
s 1 S
. Jo i _ %fo Prds
56 ﬁds Ah
1

—_

for all values of s

2A
PR _ h
- == prut =
ut ¢ ﬁds 2Ay ¢ ;tds

» As right member is constant the condition of zero warping

IS pprpt constant with respect to s
« Solutions at constant shear modulus
— Circular pipe of constant thickness
— Triangular section of constant t
(pg is the radius of the inscribed circle which

origin coincides with the twist center)

— Rectangular section with t, b =t h

2024-2025 Aircraft Structures - Beam - Shearing, Torsion & Idealization 37 v L



Torsion of closed thin-walled section beams

«——>
> v <<

Example
— Doubly symmetrical rectangular closed section 5
— Constant shear modulus by
— Twist rate?
C < “t
b

— Warping distribution?
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Torsion of closed thin-walled section beams

 Twist rate

A Z
— As the section is doubly symmetrical, the twist 5
center is also the section centroid C LN \Mx T
— Twistrate g = ML; j{ ! ds C/ l
| 4A7 ]t Cot
ty b
« A, =hb
1 3] 1 ~3 71 2h
'j}g—ds —dz+/ —(dy)+/ —(dz)+/ —dy = —
t r tp oty h h _b by ty
M, h b
0., = — + —
2;”12()2 th tb
P ho4 b
— For a beam of length L and constant section th T

LM,  2uh2b?

b b\
« Torsionrigidity ¢« — [ t»___to — uly < ul
(2[},]’2/262) JU’T—lu’p
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Torsion of closed thin-walled section beams

Warping $f
— As the section is doubly symmetrical, the twist
center is also the section centroid C _t:_ s ATY
— Warping @ ! ; >
» It can be set up to O at point E A Jh
— By symmetry it will be equal to zero wherever b b b

a symmetry axis intercept the wall

oy (5) =ty (0) 4 ot { Tl AR jtgids}

2Ah 0 ,LLt Ah ,LLt
- A, = hb &f1d8%+2_b
t ty, ty

« On part EA

S =z b bi
_/ 1dS/ idz:i &AR / dS] _dZ:_7
o t o th th, 4

4
o, (o) = |22 (2 2
' 2uhb |ty 4bh I ty,
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Torsion of closed thin-walled section beams

Warping (2)
— On part EA

w, (A Mo [ b2 (2 % thB
T 2uhb | ty, 4bh \ t;, ty,

— u, (z)"*

<

>

%)

—>
«——>
> v <<

B M.~ |1 1 hty, + bty
N Q;Lh,b th 2h ?fh?fb

N 2puhb  2htyty,

Ea M.z (h b
= u, (2)7 = 411h2b (th - tb)

)EA I\ffmz htb — bth

= u, (2

— S0 using symmetry and as distribution is linear 7

( /|
wt =l = e (L0

wB =yl = Mo (D1
\ o T Suhb tb th

« Zerowarping ifbt,=ht,
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Torsion of thick section

 Torsion of a thick section

I\/IX
— The problem can be solved explicitly by Q
recourse to a stress function

— Hydrodynamic analogy

« Shear stresses have the same expression '

than the velocity in a rotational flow in a box \

of same section <\

y
s L A X ;
)
"
LlET o s s

-/
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Torsion of thick section

« Torsion of a thick circular section
— Exact solution of the problem

* By symmetry there is no warping

= Sections remain plane l
T
= 7 = Irggat

— In linear elasticity

 Shear stresses 7 = py = ruf

- Torque M, = /
A

* Torsion rigidity ~ _— M, _ / ,u-erA
A

,T

rrdA = / p-rszE)’x
A

— At constant shear modulus (required for symmetry): ¢ — nl,

— For circular cross sections (only) I,=I;
M ' max

I p
: ) - — ¢ LIEGE
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Torsion of thick section

« Torsion of a rectangular section

A z
— Exact solution of the problem with stress function
« Assumptions —1— |1
: . — h
— Linear elasticity
o | L | KM | Y
— Constant shear modulus Yvyy .
« Maximum stress at mid position of larger edge y
M, -/
— Tmax — v
Odhbg D ——
« Torsion rigidity (constant ) b
- (= M, — Bhbgu h/b | 1 1.5 2 4 00
O 3 a |0.208 |0.231 | 0.246 |0.282 | 1/3
== [p = [3hb
S 10.141 | 0.196 | 0.229 |0.281 | 1/3

« Approximation for h>>b

M, hb3u hb’
- C = T = = IT = —
0. 3 3
= Tpy = 0 &  Tu.=2uy0 ,
3M,
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Torsion of thick section

« Torsion of a rectangular section (2)

A Z
— Warping
Ta.’.z
Vaoz = Uz » + U, = y A
* As N T alln
’Y y = uij u:I?,’y = =
N g Al y
» For arigid rotation (first order approximation) C
T z T’_z 8
— Uy = - — U, — - _:_(Qy) v
H Iz ox
Ta.’.z +—>
= Uy » — — yQ,I b
' )
— T, To O
Upy = = — WUy, x — - - ; (—92)
Iz I Ox
= U,y = + ZQ‘I
1 :

» For a thin rectangular section
— Ty = 0 & Tez = 2#3/9,33
T;?:-y

Uy,y =

+ 29,33 = U, — Zyg,a’ + 012 + 02

— Doubly symmetrical section == u, = zyf ,
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Torsion of open thin-walled section beams

* Rectangle approximation of open thin-walleg section beams

— Thin rectangle
* Tay = 0 &  Tpr = Qﬂyg,a: ()
h
» For constant shear modulus l
, g M
M., ht3 1 ht N X
0. 3 3 :
¢ Warping U, — Zyg,:r
— Thin curved section — v
t
» If t << curvature an approximate solution is
= Tas = 2#?“?,9’13
M. 1
- C="L=_ [ utlds
0. 3 / H
— Open section composed of thin rectangles t, z
v
« Same approximation E - i;i
— Tmax; — ﬂtég,m >|le L, y
| >
B ]\[?3 B Z lztf’,u 2
0. 3 b, I

; 1
1
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Torsion of open thin-walled section beams

« Warping
— Warping around s-axis
 Thinrectangle u, = 2y0 , + C12 + Co
* Here C,; are not equal to O

« Part around s-axis ui = nsh,

— Warping of the s-line (n=0)

ou ou.,
 Wefound ~ = 2¢,, = A “"
/ ' ox 0s
* |f Ris the twist center
Ou,
o — pRQ,:{?
or
8u:13 + 9
= Tps — U = x
] / lu 88 lu’pR ,
— As Trs — 21“/719?:1: = sz(n:O) =0
ou.
—_ & - 9 .
0s PRY,qx

« Eventually s-axis warp (usually the larger)

’LL; (8) - u?: (0) o 9,217 / deS, - ’LL?: (0) o QARP (8) 9:5‘3
0
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Torsion of open thin-walled section beams

Example

Z’A l
. A
— U open section i
— Constant shear modulus (25 GPa)
M, ,
vy
— Torque of 10 N'm ¢ c —
- h =50 mm t, =2.5mm
— Maximum shear stress? e
t = 1.5lmm
v
— Warping distribution?
ping b=25mm
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Torsion of open thin-walled section beams

Maximum shear stress L YA 1l5 mm
— Torsion second moment of area 4 ¥
L.t3 2 ht3
Ir = L= It =
r=2. 3 3T M, vy
2 0.025 0.0015% - 0.05 0.0025° @ — »
= ; = 0.317 10~ “m* C
: | h =50 mm t,=2.5mm
— Twist rate "1 { = l.5lmm
M., 10 v
6. = L - — 1% rad -m™!
’ pwlr  250.317 b=25mm

— Maximum shear stress reached in web

t..,
max — +2 &9 T
T, /J, 2 :

— 425 10? 0.00251.26 = +78.9 MPa
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Torsion of open thin-walled section beams

« Twist center z4 4z k= 1l5 mm
— Zero-warping point ot t
— Free ends so the shear center S corresponds
to twist center R M, by
« See lecture on structural discontinuities @ —
— By symmetry, lies on Oy axis
— Apply Shear T, to obtained y’s

— Shear flow for symmetrical section v

1.

Coals) =7 /tzds’ b=25mm
yy J0

t..h3 h?
“ 2—t.b
o el

0.0025 0.05%  0.052
ST 1

h =50 mm t,=2.5mm

A 4
4

t = 1.5lmm

« With [, =

0.0015 0.025 = 72.9 10~ m*
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Torsion of open thin-walled section beams
« Twist center (2)

z A Az = 1.5mm
. . T
— Shear flow for symmetrical section (2) ‘a4 f
T. [?
*q(s) / tzds'
Ly Jo M )
X y‘ Y
- On lower flange | @ o &
T. [Y h
g (Y) - tr | —= ) (—dy") h=50mm| | t,=2.5mm
Lyy Jy 2 I
T Tg‘h | t = l.5lmm
Yy b=25mm
« Momentum due to shear flow

S
— Zero web contribution around O’ m

— Top and lower flanges have the same contribution

~bgs (y =0 T.t th2b>

9 41,,
0.0015 0.052 0.0252
S — —8.04 T,
172.910-9 H

« Moment balance

Mo = =804 mm T, = yl. = ygq
» Be carefull: clockwise orientation of g, s
2024-2025

—&8.04 mm
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Torsion of open thin-walled section beams

« Warping of s-axis Zh AL .
— uy (s) = u; (0) = 2Ap, (s)0., A

— Origin in O" as by symmetry u,(O’)=0 Aq
« On O’4 branch M, y TS vy
— Area swept is positive b A — >

OI
s C
w9 () = / prdst . = — |ys| =0, h =50 mm

— —0.00804 1.262" = —0.0101%’
— At point A

r

* On AB branch
— Area swept is negative

ui;AB (yl) - uiA o / deSQeI M
A

ust = —0.0101% = —0.0101 0.025 = —0.25 mm

P »
< >

b=25mm
. : : — # LIEGE
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Torsion of open thin-walled section beams

« Warping of s-axis (2)
u; (s) = u; (0) —2Ag, (s) 0.,
— Origin in O" as by symmetry u,(O’)=0 (2)
 On AB branch

— Area swept is negative

usAB () = usA — / prdso .
A )
““h
= —0.25 mm + ~dy"0 ;. < -
g 2 ' b =25mm
ho
AP () = 025 mm+ Ly
= —0.25 mm+0.025 1.26 ' = —0.25 mm+0.0315 3/
— At point B

€xr

» Branches for 2’<0 obtained by symmetry

w>P = 025 mm + 0.0315 0.025 = 0.54 mm

2024-2025

Aircraft Structures - Beam - Shearing, Torsion & ldealization



Torsion of open thin-walled section beams
« Warping of s-axis (3)

— On 0’4 branch

w94 (2') = —0.01017

yA

— On AB branch

u>AB (i) = —0.25 mm+0.0315 3/
— Branches for z’<0 obtained by symmetry 7

S C

NG,
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Combined open and closed section beams

« Wing section near an undercarriage bay
— Bending
* There was no assumption on section shape
« Use same formula

— Shearing
« Shear center has to be evaluated for
the complete section
« Shearing results into a shear load passing
through this center & a torque
« Shear flow has different expression in open
& closed parts of the section
— Torsion
 Rigidity of open section can be neglected most of the time
» But stress in open section can be high

v
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Combined open and closed section beams

Example

A z
— Simply symmetrical section
— Constant thickness - 42
=01m
— Shear stress? : »’
—>
S 19 g
~
b z t Y
< S C
I
I
T,=100kN ] t=2mm
v
© b,=02m
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Combined open and closed section beams

« Centroid
— By symmetry, on O’,. axis
— zc "

/ ]
« 20t (2hy 4 2bp + 2y + 2hy,) = 2h st (%) + byt (—hy) + 2Ryt (%)

7{ B 2hf +bl)}ll)+2}lb}lb_ 001+004+004 = —0.075 m
O T T Oh, v 2by + 26y + 2k, 02+02+04+04
AZ
AZ
b;=0.1m
+—> -
= 0 '
i
(ﬁ E A Z
& S c
I
=
T,=100kN | t=2mm

v

<
<

b,=0.2m
. . . . !LEGE
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Combined open and closed section beams

e Second moment of area
— Asz'-=-0.0/75m

th;% h’f / ’ 7 \2
— 1, = 2§ + 2 —5 % thy+ (—zc) t(2by + by) +
5 th3 / 2
(—hy, — 20)" thy + 21—3) + 2 (% - zéw) hyt
0.002 0.13 ( ‘
= Ly = 25— +2 0.025% 0.002 0.1 + 0.075% 0.002 0.4 4
( 0.002 0.23 ‘
0.125% 0.002 0.2 = 2 5 +20.025% 0.2 0.002 - 14.5 1075 m?
b;=0.1m
N
S 0O .
—
? E A Z
=3 g C
1|
&£
T,=100kN | t=2mm

v

<
<

b,=0.2m
. : : — # LIEGE
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Combined open and closed section beams

 Shear flow

— Asl,, =0 & as shear center on Cz

sz
* q(s) =q,(s) +¢q(0) b;=0.1m
T s < —r
with q, (s) = —— / tzds IV 18 e = =5
| ‘. :
* At A & H shear stress has to be zero qT TS E c >
— If originon A, q(0) =0 A ﬁ .
— Corresponds to an open section <
g g T,=100kN _| t=2mm
— Branch AB 1D | -
T © b,=02m
qAB (9) . - z / t2" dz"
yy hf—z’c
T.t

‘ 2
21, 2= ()]

100 10% 0.002 . . ‘ | |
AP (2) = — [22 — 0.0252} — 4310 N-m—1-6.9 10 N.m—3>2
214.510-6

— ¢" = ¢*P (0.075) = 4310 — 6.9 10° 0.075% = —34.5 10° N-m™!
2024-2025
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Combined open and closed section beams

» Shear flow (2)
— Branch BC’

’ .TZ y
©q" (s)=¢" - /

Iyy

1.tz
t(—2b) dy = gF + L

[ +b +bb]
bp—2 ! Ly ! ! 2

, 100 103 0.002 0.075
— ¢P“ (y) = —34.510° N-m~!—

. qc"; BC' _ qBC’ (—0.1) = —241.4 10° +103.4 10?

14510 © y+02

— —241.410% N-m~1—1.034 10° N-m~2y

— Branches FG & GH

* By symmetry

2024-2025

—138 10° N .m !

AZ
b;=0.1m
——] <+ —>
AE ¢ 0 - e
l E a o-
4l
at TS a C =
A [
<
T,=100kN _| t=2mm
- |

A

v

b,=0.2m

Aircraft Structures -
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Combined open and closed section beams

« Shear flow (3)
— Closed part:  ¢(s) = q,(s) +¢q(0)
T s $p(s)qo(s)ds

«  With qo(s)——I / tzds & q(s=0) 54,
yy JO

— Let us fix the origin at O’

« By symmetry q(0) = O (if not the formula would have required anticlockwise s, Q)

= (= qo(S)

— Branch O’F
A Z —
/ 1. [7 1. tyz; :
7" = - /t(zg)dy 2y
yy JO vy - - =,
B . OF—=
O'F () — 100 103 0.002 0.075 Vl $ F G f{l
T W= 14.5 106 Y at E 4 y T
= —-1.0310°y N-m~2 S C y
1|
"t =g (0.) . T,=100kN | t=2mm
=103 10° N-m™* \|D K g

A
v

b,=0.2m
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Combined open and closed section beams
« Shear flow (4)

A —
— Branch FE = - B :
- . S— —
* Shear flux should be conserved ]}1 B ¢ O 3¢ FE G N
atpointF —+— c ) T T
l CIT g C Sl H
: O’ . A
F; FE F;O'F | F;GF
¢ =q" T g e
— —24110° N-m™* T, =100 kN T
 Shear flux on branch v i
qFE _ qF, FE _ - / t7" (—dz) b,=0.2m
Yy o

Fi FE | 1.t (22— 22)

=49

100 10° 0.002 , , s
VR (2* — 0.075%)

—6.910% 22 N-m>2—-279.8 10° N.m ™!

— qFE (z) = —241 103+

qF =q¢"'F (—0.125) = 6.9 10° 0.125% — 279.8 10° = —172 10> N . m~*
max ¢t F (2) = ¢!* (0) = —279.8 10° N - m ™!

=
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Combined open and closed section beams

« Shear flow (5)
— Branch El

T, [Y T.t (hy + =z b
c g () =q" - / (= o) (—dy) - gf 4 L0 20 (B
Iy Jo Iy, 2

2

— ¢t (y) = —172 10° +
— Other branches by symmetry

100 102 0.002 0.125
14.5 10-6

d—-vy)=—L m™
(0.1 —y) 1.7210° y N-m~*

T 7 -100kn |
D !

4_ 1 —>

L
I

= =
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Combined open and closed section beams

« Shear flow (6)

— Remark, if symmetry had not been used, shear stress at O’ should be
computed (but require anticlockwise s and q for these signs of y; & z;)

yrl. — zp'ly — gﬁp (s)q, (s)ds 1

*g(s=0) = —s q(0) = ——— ,(s)ds
q( ) 54, q(0") o | re (s)
o’ ) F E I
== ¢ (0 :_Wlhb [f pgt© ds—l—/ quFds+/ pqiEds-l-/ paPlds+
F E 1 D
D , c’ . G F
f paC'Pds +/ pg®'c ds+/ qucder/ pSt ds+
C’ ! H G
B , A i
_ / pgS Bds + / pglds - Lz
— With cr B | =
e POF=pC0 & qOF =-qC0" & _ ~_— — , )
Vl B S e gl
dSO,F = dSC,O, [ T A T T
el i ol o QT C Sl H
/ Pq, d8+/ p@ “ds =0 A
F O’
« etc TD T, =100 kN T
«— ! —
=

—_— —
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Combined open and closed section beams
A z

. Examp|e A, =0.02 m?
— Closed nose cell t, =2 mm
* 0.02 m? —area :;: Lo X .
* 0.9 m — outer length *%1;1 1.5 N\ 3; _c';
— Open bay 1=0.9m <Q/MX t,=2m ;)
— Constant shear modulus e >
1= 25 GPa b,=0.6 m
— Torque 10 kN'm
— Twist rate?

— Shear stress?
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Combined open and closed section beams

A z
« Twist rate A, =0.02 m?
— As an approximation the s o= 2 mm
2 torsion rigidities are added Ny A =
Cell t.=1.5 < y I
B *Fhm > o
» Closed section with constant u | =0.9m bM - > ‘g
4A2 . « 2
- IT, closed — jg la;s bb =0.6m
- d.
4A%t, 4 0.02% 0.0015 25 10Y (
~ plp, = Hfcte —5010% N.m?
[+ h 1.2
— Bay
* Open section with constant u
lit3
- Ir open — L
t} 2510 0.002° 0.9 ‘
- }uITb:%(bb+h): 3 = 60 N-Hl2
— Twist rate
- pulp = 50060 N-m?
M., 10%

—0.1998 rad -m !

° 9{3: —
= Iy 50060

2024-2025 Aircraft Structures - Beam - Shearing, Torsion & Idealization 66 v L




Combined open and closed section beams

A Z
 Shear stress A, =0.02 m?
— Caell _
- T t =15 S | JHb=2mm
« Closed section (M, = 2A,q) r; E ry .
4 t.=1.5 I
" e = M. _ 10 *Thm @ { o
- 2A. 2 0.02 =09 m M w
_ x pb=2mmy3
=25010° N-m~! < ,
, ‘ b, =0.6 m
q. 250 10° |
C T =— = = 166.7 MP
e, T 0.0015 :
— Bay

. Opeﬂ section ( Tmax; — /,Ltfz;g_._;?: )

* Thmax = Utpt » = 25 10” 0.002 0.1998 = 9.99 MPa
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Structural idealization

« Example 2-spar wing (one cell)
— Stringers to stiffen thin skins
— Angle section form spar flanges .

« Design stages
— Conceptual

» Define the plane configuration

— Span, airfoil profile, weights, ... @
« Analyses should be fast and simple

— Formula, statistics, ...

— Preliminary design

« Starting point: conceptual design
» Define more variables

— Number of stringers, stringer area, ...
* Analyses should remain fast and simple

— Use beam idealization

» See today

— FE model of thin structures
» See next lectures
— Detailed design
» All details should be considered (rivets, ...)
* Most accurate analyses (3D, non-linear, FE) 1 - WL S, W
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Wing section idealization

« Principle of idealization

— Booms
« Stringers, spar flanges, ... -
— Have small sections compared to airfoil
— Direct stress due to wing bending is
almost constant in each of these
— They are replaced by concentrated area
called booms
« Booms
— Have their centroid on the skin
— Are carrying most direct stress due
to beam bending

| b . | hl

— Skin
« Skin is essentially carrying shear stress
It can be assumed
— That skin is carrying only shear stress
— If direct stress carrying capacity of skin is
reported to booms by appropriate
modification of their area
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Wing section idealization

« Panel idealization
— Skin panel
» Thickness t,, width b
» Carrying direct stress linearly distributed
— Replaced by
« Skin without thickness
* 2 booms of area A; and A,
— Booms’ area depending on loading
« Moment around boom 2

b (o-:}a o o-aza) 20

aia@b§ + 5 tpb? — ol Ab ) b
' Za a
tnb o2 )
= A, = -D (2 + j“)
6 Lo A A,
« Total axial loading
‘ . tnb . >
2 1 2 D 1 2
" tnb - —0°)— =A o0 Aso2
Ua..a.. D + (Ua. T 0-.1-.1.-) 2 10-.:(.. T + 20‘:{, T /U
GXXZ

¥ LIEGE
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Wing section idealization

Example

— 2-cell box wing section

— Simply symmetrical

— Angle section of 300 mm?

— ldealization of this section
to resist to bending moment?
« Bending moment along y-axis
« 6 direct-stress carrying
booms
» Shear-stress-only carrying
skin panels

0.4m

h,

h=0.4m

2024-2025 Aircraft Structures -

Beam - Shearing, Torsion & ldealization
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2 mm t,=1.5mm -ﬁ

o

t,=3mm 5 mmt-=2mm[[3
L h

L =06m l,=0.6m
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Wing section idealization

Booms'’ area
— Bending moment
« Along y-axis
« Stress proportional to z

==> gstress distribution is
linear on each section edge

— Contributions
* Flange(s) area
Reported skin parts
— Use formula for linear distribution

0.003 0.4 —0.2 0.002 0.6
A; =30010 04— (2 >+— (

6 * 0.2 G
= Ag=A; =1.0510"° m?

0.002 0.6 0.2\ 0.00150.6 0.1
« Ay =230010°4+—" " (2 24—
’ TG ( " 0.15)+ 6 - 0.15)+
0.0025 0.3 ) —0.15 Ay = Ay = 1.79 10~ m?
6 0.15
0.0015 0.6 0.15\ 0.002 0.2 —0.1
- A3 =230010""° 2p — | -
’ T 6 (+0.1>+ 6 (+0.1>
= A, = A3 =0.892 1072 m?
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Section idealization consequences

« Consequence on bending
— ldealization depends on the loading case
 Booms area are dependent on the loading case

— Direct stress due to bending is carried by booms only
* For bending the axial load is equal to zero

= Na: — / o'a:;rdA - Zo.?;;};AZ =0
A i

» But direct stress depends on the distance z from neutral axis
o = krEz, => Z 2 A; =0
i

— It can be concluded that for open or closed sections, the position of the
neutral axis, and thus the second moments of area

* Refer to the direct stress carrying area only
* Depend on the loading case only
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Section idealization consequences

Example z1

— ldealized fuselage section

* Simply symmetrical

» Direct stress carrying booms

» Shear stress carrying skin panels
— Subjected to a bending moment

« M, =100 kN'm

— Stress in each boom?

Ag = 850 mm?
Ag = 640 mm? O

2024-2025 Aircraft Structures - Beam - Shearing, Torsion & ldealization



Section idealization consequences

 Centroid z1
— Of idealized section

8 8
Ze (A1 +QZA¢+A9) :A121+QZA@'Z; Aq = 640 mm2 O

=2 =2
, 1
= » =

c 6 0.00064 + 6 0.0006 + 2 0.00062 + 2 0.00085
1.2 0.00064 + 2 (1.14 + 0.96 + 0.768) 0.0006 + 2 0.565 0.00062+
2 (0.336 1 0.144) 0.00064 + 2 0.038 0.00085]
0.0055892

— o _ 054
“C T 7001038 m
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Section idealization consequences

e Second moment of area zt
— Of idealized section

Ly, = A (21 - ZEZ‘)Q -+

1=2
Ag = 850 mm? zg=0,0386 m
Ag = 640 mm2 O y
—> I, = 0.00064 0.66> + 2 0.0006 (0.6 + 0.42* + 0.228%) +

2 0.00062 0.025 +2 0.00064 ( (0.204)° + (~0.396)° ) +
2 0.00085 (—0.502)" + 0.00064 (—0.54)"

= [,, = 1855107 m*
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Section idealization consequences

Stress distribution

— Stress assumed constant in each boom

— As we are Iin the principal axes

ZA

A, = 640 mm?
A, = 600 mm?

z’7=12m
z,=114m

z’3=0.960 m
z’,=0.768 m

Ac = 620 mm? z’s = 0.565)91
As = 640 mm? 2’ =0.336 m
A, = 640 mm? z’7=0.144m
Ag = 850 mm? zg=0,038 m

Ay = 640 mm? O Y’

: j\[lf Z; M vy / /
U;’a’. — - — - (Zi o ZC)
Iy'y I’U’U
100 103
1 _ _ ! /
O = T grr 10_30.66 = 35.6 MPa
( 100 10°
o’ = 0.6 = 32.3 MPa
*T o 1.855 1073
100 107
ol = 0.42 = 22.6 MPa
T 1.855 103
100 107
ot = 0.228 = 12.3 MPa
v 1.855 1073
. 100 10° |
Ouw = T grr 10_30.025 = 1.35 MPa
_ 100 10°
6 , /
6 =— 0.204 = —11.0 MPa {
Ter = T 855 103 !

[ 100 10?

ol = — 0.396 = —21.3 MPa
v 1.855 103
: 100 10°
8 .

S 0.502 = —27.1 MP

T = 1855 10— !

9 100 10°

o, =— 0.54 = —29.1 MPa
L 1.855 10—3

2024-2025
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Section idealization consequences

« Consequence on open-thin-walled section shearing
— Classical formula Oyt 0,0,8 q+ 0 &%

1..7. —1,.T, 3
cq(s)=— y‘y/tzds’
Lyl . —Iﬁz 0

1,, T, —1,.T. [*
yy-—-y Yy 5 / tydsl
Lyyl.. — 2. J,

yz

* Results from integration of balance

equation t0, 0., + J,q = 0

(IZZI\I’U + Iyz J\IZ) z = (I’Uzj\['u + quZ\[z) Y

— With .., = ‘
‘ Iy.ylzz — I,jz

— SO0 consequences are

)

S
. Terms/ t(s)z(s)ds & / t(s")y(s")ds" should account for the direct
0 0 . .
stress-carrying parts only (which is not the case of shear-carrying-only skin

panels)

* Expression of the shear flux should be modified to account for discontinuities

encountered between booms and shear-carrying-only skin panels
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Section idealization consequences

« Consequence on open-thin-walled section shearing (2)
— Equilibrium of a boom of an idealized section

(Uzr;r + 8;170'a:a:6$) A?, o 0':1?3:147; + q¢+16$ o Qz(ST =0

= {i+1 — 4; = _8;170':{7:1:14?;

— Lecture on beam shearing
» Direct stress reads

(I..M, + I,.M.) = — (I,.M, + I,,M.)y
Ty I.. — T2,

cwith 1. = 9,M, & T,=—0,M.

Opp —

v

— Eventually

LT -1, T,
Lyyl.. — 12,
rI,,7,—1,.T.
Lyyl.. — Iz,

Z?;A?; —

* (it1 — i =

Yi A@'

(no sum on i)

GXX + 8X O-XX
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Section idealization consequences

« Consequence on open-thin-walled section shearing (3)

— Shear flow ] )
L.T.—1,.T, | [°
S) = ——— ‘hc - tdirect zd: viAi
110 =~ |, ot 3

i 5; <s

I vy Ty — Iszz i
[ ] — ]2 /0 tdirect o'de —+ Z yZA%

i 5;<s

2024-2025 Aircraft Structures - Beam - Shearing, Torsion & Idealization 80 u L



Section idealization consequences

 Example b az
— ldealized U shape . I )
« Booms of 300 mm?- area each T,=48kN As A,
 Booms are carrying all the direct stress =
« Skin panels are carrying all the shear flow - oy
— Shear load passes through the shear center S < ¢ —
— Shear flow? =
A, A,
O )
C b=02m
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Section idealization consequences

» Shear flow
— Simple symmetry == principal axes

Z’I AZ E
1. : O
= ( (8) — 71 tdirect O‘st + Z Z?LA?; Tz = 4.8 kN A3' A4
vy 0 i 5; <5
— Only booms are carrying direct stress ,
T el ]
=—— 2 A o
— () Ton Z : S L C S
70 5;<s r
— Second moment of area A, 0| A
O —0O
Iy =) Aiz2=430010"°02°=4810"% m* s oam
— Shear flow
T 4.8 103 _
2(5)=—=2A412 = - 300 107°(—0.2) =6 10> N.m™1
e ke e Ty (=02) o
‘ T 4.8 103
B (s) = === (A2 + Aozo) = — 300 107°(—0.4) =1210° N.-m™*
q (S) Iyy ( 171 + 272) 48 10_6 ( ) m
1. 4.8 103
¢** (s) = -7 (A1z1 4+ Aszg + Azz) = ~ 5705300 107%(=0.2) =6 10° N-m™!
yy
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Section idealization consequences

« Comparison with uniform U section
— We are actually capturing the average value in each branch

~—
Z’I AZ E Z A AZ lt
[ | > @ A > > T
TZ A3 A4 TZ q
1
vy ; vy
S | C S h Oﬂx C . g
h
“t
1 t
.AZ ‘i"fl v — .
T b . b «—
S
=
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Section idealization consequences

« Consequence on closed-thin-walled section shearing
— Classical formula

« q(s) =qo(s) +q(0)

LT - LT, (7
- With o (8) = ——= ; UEQ - / t(s')z(s")ds" —
yy Yz 0
IWT,U IWT

yTTz - ZTTy — $2(5) g0 (s)ds

: And q(S:O): 214}

for anticlockwise q and s

— S0 consequences are the same as for open section

L.T.—1,.T
qf) (8) = — I — 12 tdirect o-ZdS + E Zf‘n,A?, .
yy+zz yz 0 B} Sigs
r.r —r. T s
yy—-y yz+z
I _ ]2 tdivect oYdSs + E yi A
yy-zz Yz 0 y Sigs
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Section idealization consequences

 Example
— ldealized wing section
* Simply symmetrical
 Booms are carrying all the direct stress
« Skin panels are carrying all the shear flow

— Shear load passes through booms 3 & 6
— Shear flow?

T, =10 kN
Z

T1A; = 4(IO mmz2A, = 250 mm?

+—r <

b,=0.12m b,=0.24m b,=0.24 m

v

2024-2025 Aircraft Structures - Beam - Shearing, Torsion & Idealization 85 w L



Section idealization consequences

e Open part of shear flow

— Symmetrical section
» Shear center & centroid on Cy axis
l,, = 0 (we are in the principal axes)
* Only booms are carrying direct stress

QO(S) = —f—z Z 2 A;

vy ;. 5;<s
— Second moment of area
8
Ly, =Y Az} =2107° (200 0.03% + 250 0.1% + 400 0.1* 4 100 0.05%)
=1

T, =10 kN
Z

—13.86 107 m*

T1A; = 4(IO mmz2A, = 250 mm?

h, = 0.2m
=
1

v

< > < » <&
Ll ]

b,=0.12m b,=0.24m b,=0.24 m
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Section idealization consequences

T, =10 kN
Z

Open part of shear flow (2)

— Choose (arbitrarily) the origin A A, = 4J0 mm2A, = 250 mm?2

., betoween boom 2 and 3 £ 0 M2 4;0 A, = 200 mm?
QO - Y
T S B {h,=0.06m
g = - [U; Aszzg £ Ag = A
104 — A, =A
- 0.0004 0.1 DA TP
13.86 10—6 ) T "
— _989 103 N - m—l b| =0.12m bm =0.24 m br =0.24 m
I (0.0004 0.1 + 0.0001 0.05) = —32.510° N-m™"
o = 71386100 S R
¢ = — 1o 0.0004 0.1 4 0.0001 (0.05 — 0.05)] = —28.9 10° N-m !
° 13.86 10—6 *~ R | ' "
T 1o 0.0004 (0.1 —0.1) 4 0.0001 (0.05 — 0.05)] = 0
0 13.86 10—6
78 10* 3 —1
¢ = — ... — 0.00025 0.1] = 18 10° N -m
13.86 106
= — 10° ... — 0.00025 0.1 — 0.0002 0.03] = 22.4 10° N-m™}
s TR s 1-0. . .
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Section idealization consequences

Open part of shear flow (3)
— Choose (arbitrarily) the origin between boom 2 and 3 (2)

‘ 10°
12 _ B B B C v
= —T3s = ... —0.00025 0.1 + 0.0002 (0.03 — 0.03)] = 18 10> N -m
‘ 10
20
= — .+ 0.00025 (0.1 —0.1) + 0.0002 (0.03 — 0.03)] = 0
do 386100 ( )+ ( )]

ch|y’
) CEV / 8
’ >« > < =

b;=0.12m b, =0.24m b,=0.24m
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Section idealization consequences

« Constant part of shear flow

~ 4 (0) = yrd- QABg Po s (anticlockwise s, q)
h

o . 1qod
— If origin is chosen at point O’ == ¢ (0) = 55p§)Aq ”
h
«  With
h?n h h'm h?”
Ay = bg%+bmhm+br% —0.12 0.15+0.24 0.24-0.24 0.13 = 0.0972 m*
&
jgpaqods 0o P 1 40" po1 Y + @ pHI™ + 4 po L + 4 vl + 4y piil
ZA
-0,=28.9 kN'n!
2
=18 KN'm-!
el A 1 "
0.1m ik y 4
-G, 32.5kN-mT clil’ 20.06 my || 0o=22.4 kN-m?
s
38
) “y

“—p < > <« >
L | >

bj=0.12m b,=0.24m b, =0.24m
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Section idealization consequences

« Constant part of shear flow (2)

— fp@ch.dS q34 34lg4+q§) 45 l4j+q;6 )62J6+q58 78Z78+q(§1 81l81 +q$2 12112

0.05
jgporq@.ds —  —28900 cos (atanm> 0.1 v/0.122 4+ 0.052 — 32500 0.12 0.1 —
0.05 ( ‘
28900 cos (atanm> 0.1 /0.122 +0.052 +
0.07 ( (
18000 cos { atanz=- ) (0.1 +0.07) V0.242 +0.072 +
0.07 ‘ ‘
22400 0.48 0.06 + 18000 cos { atang=- | (0.1+0.07) v0.242 4 0.072
ZA
-0,=28.9 kN-fn 2
— fpofqads = 1030 N -m o 2 L8 kN
% 00— m
I —= 1
A m ; — B
-q,=32.5 kN-m-lT chy 220.06 my || do=22.4 kNm'?
= <] 8
-0,=28.9 kN: mvl\ 6 7 0,=18 KN'm!

b,—012m b,=0.24m b, =0.24m
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Section idealization consequences

 Total shear flow
$ porqods 1030

—q(0) = = — = 5310° N-m™!
1(0) 24, 2 0.0972 m
ZA
-9,=28.9 kN-fn"
* 2 9,=18 kN-m-1
E 1
1m_g Y t .= 1
-0,=32.5 kN-m'lT cl :y N =0.06 mI 0,=22.4 KN'n
g
8
5 sv /
— m-1
-0,=28.9 kN-mv'l\ 6 7 0,=18 kN'm

»
»

4>« >
hal »

b=0.12m b,=0.24m b, =0.24m

q=12.7 KN'm-
1
=378 kN.m—lT t q=17.1 kN'm
8
/_V -1
q=342kNm® ™~ 6 ! q=12.7kNm
-0=5.3 KN'm-t
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Section idealization consequences

« Consequence on torsion

— If no axial constraint
« Torsion analysis does not involve axial stress
« So torsion is unaffected by the structural idealization
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Exercise: Structural idealization

« Box section

— Arrangement of
» Direct stress carrying booms positioned at the four corners and
« Panels which are assumed to carry only shear stresses
Constant shear modulus

— Shear centre?

10 mm

10 mm l

EN
Angles
60 x 50 x 10 mm

v

/ 10 mm i

] /J

\4

8 mm

Angles
50 x40 x 8 mm

N

‘_l_

300 mm

N

500 mm

f

v
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Exercise: Structural idealization

* As shear center lies on Oy by symmetry we consider T,
— Section is required to resist bending moments in a vertical plane

— Direct stress at any point is directly proportional to the distance from the
horizontal axis of symmetry, i.e. axis y

— The distribution of direct stress in all the panels will be linear so that we can
use the relation below

tnb 2
A = 22 (o4 U:;a'
6 U.’l?:{? 1 z /\TZ
Ao = — |2+ —= < V1 o
6 o.:%.’l?
. b . 300 mim
) - O S y
9
Ao 4T 500 mm 3
UXXZ

— In addition to contributions from adjacent panels, booms areas include the
existing spar flanges
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Exercise: Structural idealization

Booms area Ay = PV (g Tow
6 ol
& ’ T
10 mm 1
— * A 1. 9’
Nooxiomm < & -
10 m X X mm 300 mm 300 min S
— <_/ Angles G
\l,lomm 50x40x 8
= v @ ®
Y 500 mm A 4 500 mm 3
Ay = 60X 10440 x 10 4 102300 (5 2o ) 10300 (5 e )
= 60 x 10+ 40 x 10 4 182300 (2 — 1) 4 102300 (2 4 1) = 4000 mm*
3
Ay = 50 x 8432 x 8+ 85000 (54 T ) 4 10300 (3 4 T )
= 50 x 8+ 32 x 8§+ 102300 (2 1) 4 10x500 (2 4 1) = 3656 mm*
— By symmetry
« A;=A, =3656 mm?
« A,=A; =4000 mm?
Aircraft Structures - Beam - Shearing, Torsion & Idealization 96 54; HE&E
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Exercise: Structural idealization

 Shear flow

z T
AC
— Booms area 1. o’
« Az =A, =3656 mm? y
« A,=A;=4000 mm?
300 mm
— By symmetry |, =0 e S
e g(s) = = S mAi 1 q(0) ¢
Iy, “~ " 4 500 mm 3

As only booms resist direct stress

4
Ly =Y Az} =2x4000 x 150 + 2 x 3656 x 150° = 344.5 x 10° mm”*
1=1
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Exercise: Structural idealization

* Open shear flow

yA TZ
— o (5) = 7 Z zi A; ® < |= 9’
YY . 5;<s < YT
300 mm - S
/ ° e 0
a' =0 O
4 500 mm 3
T
gt = ——= % 4000 x 150 = —1.74 x 1073 T,
— < vy
43
;" =0 (by symmetry)
T
ge2 = ——= x 3656 x —150 = 1.59 x 107> T,
Iyy
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Exercise: Structural idealization

« Constant shear flow

— Load through the shear center z NE
== NO torsion 10 = ” 9>
. fids _ 2‘4}1?)—9 -1.74 X 10-3 TZ /'\ 159 X 10%]-2
Ox 300 mm S
@fﬂdg% (9)+Q( )dS:U =0
pt ®
jg w(s) g, 4T 500 mm 3
0
14 32
'W|th% ()d_qo Xl——|—(]0 Xl_
t f14 t32

300 300
= —1.74 x 10~ T><1—0+159><10 Tx?—7425><10 ST,

500 300 300
and% ds = 2 x — T + 3 = 167.5

== ¢(0) = —0.044 x 107° T},
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Exercise: Structural idealization

Total shear flow

TZ
L [T 2
1 S O
- -3 &MT%
L74x1p=T, T~ 159x 10-{ T,
300 mimn S
®
4 500 mm 3
q(0) = —0.044 x 1073 T,
z Az -0.044x1073T,
P - 9>
%MT%
-1.784 x 103 T, 7T 1.546 % 103 T,
300 mimn S
4 C»
O ~ O
4 500 mm 3
-0.044 x 103 T,
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Exercise: Structural idealization

« Shear center

— Moment around O
* Due to shear flow
« Should be balanced by the external loads

z Alz -0.044x103T,
1 « 2
¢ ®
&MT%
-1.784 x 103 T, T 1.546 % 10°T,
300 mm S
@ ~ O
4 500 mm 3

-0.044 x 103 T,

yrT, = 1.546 x 1072 T, x 300 x 500 — 2 x 0.044 x 1073 T, x 500 x 150

== Y = 22)H mm
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Annex 1: Deflection of open and closed section beams

« Twist due to torsion 21
— As torsion analysis remains valid for idealized section,
one could use the twist rate
9 M, j{ 1 g
o i T : S
Closed section ) 4 A}Zz [t v y
X
]\[?3 — 2Ahq ( <\ ,f [y
M, 1 [ . SR 4
_ C = = — [ pt’ds A\ P
« Open section 0 » 3 q X
Tes = 2#?’19733 /
— In general
L y
M,
° A6 / —dx
s C
7o M,
T
° ,-} — —
0

— How can we compute deflection for other loading cases?
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Annex 1: Deflection of open and closed section beams

Symmetrical bending
— For pure bending we found o, = KEE
— Therefore the virtual work reads

L L
. / / O, 06, dAdr = / / .0 (o’a7$>dAdx
0o JA 0 JA E
L
/ /0'37175 (&—Ef) dAdx
0o JA 9

— Let us assume Cz symmetrical axis, M,= 0 & pure bending (M, constant)

L L
/ / Ty 6€a:a3d14dm — / / o'atarszé (7“4:/:.:13;17) dx
0 JA 0o JA o

L
— ]\,{yé/ (—uz?m) dr = —M,0Au.
0

« Consider a unit applied moment, and o the corresponding stress distribution

L
/ / Ve, dAdz = / / oV U”dAd:r— ~Au.,
0 A

» The energetically conjugated displacement (angle for bending) can be found by
integrating the strain distribution multiplied by the unit-loading stress distribution
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Annex 1: Deflection of open and closed section beams

« Virtual displacement z

- Expression for pure bending Myg_\

— In linear elasticity the general formula of virtual
displacements reads

L
/ / oW :edAdr = PWWAp
0 Ja

« oM is the stress distribution corresponding to a (unit) load P®
« Apis

— The energetically conjugated displacement to P
— In the direction of P(1)
— Corresponds to the strain distribution &
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Annex 1: Deflection of open and closed section beams

« Symmetrical bending due to extremity loading 44 I
. . _ u, =0 / N TX
— Example Cz symmetrical axis, M,= 0 & UL, Jdx =0 (\ " >G A
bending due to extremity load 3 X >
L

L
//o'wésmdAd:r/ /0’133765145 — U, ) do = Mo (—w, 4o) dx
0

» Case of a semi-cantilever beam

L L
/ / O';r;];(sé'xdide — / Tz (T o L) 6 (_uz,;m:) dﬂf‘
0 A 0

L
= T.[(L —2¥du. .| +T. / Su. pdr = T.6Au.
0

« Eventually

L
= / / 0';2 €. dAdx
0o Ja

« oM is the stress distribution corresponding to a (unit) load T,

« Au, is the energetically conjugated displacement to T, in the direction of T, that
corresponds to the strain distribution &
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Annex 1: Deflection of open and closed section beams

« General pure bending
— If neutral axis is a-inclined

/ /Umésaad}ld:r—/ /O'M (KE£> dAdx

* With —7C0b(1—yb1]fl(1
2 02
(0%u, 0% .
» It has been shown that ) Ox? Ox?
0%u., 0%¢
= — 2 COsQx = —K COS O
\ C)Qiz ()zrz
= KE = KZCOSQ — RYSINO = —U, 102 — Uy 12l

— Eventually, as M is constant with x

/
fOL J 4 0226 (%) dAdr = foL J4 Oaal (—Us 10z — Uy 20 y) dAde =

~My6Au. , + M.0Au, , = M,5A, + M.SAG,

A A P Mz
z y ,

Myg ) M, C ///(&ez Uy (L)

TS U (L)
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading
— Bending moment depends on x

. fOL fA O 10 (O'Eac) dAdxr = foL IA o0l (—Us 0?2 — Wy 0y) dAdy =

foL (=M, 0Aw, oo + M.0AuU, ,...)dry /\\
Au

 Integration by parts J

X
/ / 0}3?: GBE dAdx = _/ 1l

TZ

/ —x) [T.6Au, o + T,0AUy ] dx = 2 /\/D
0
(L —2)(T.0Au., , + -TyéAu.y?I)]é’ + _/

L
/ T.6Au. , + T,0Au, ] dx
0

>X

 Semi-cantilever beam

L
/ / T 1nd (") dAdr = T.6Au. + T,6Au, = T - 6 Au
0 JA E ‘ ‘
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading (2)
— Virtual displacement method

L
: / / oWe,,dAdr = Apu
0 A

« With o™ due to the (unit) moments M® resulting from the unit extremity loading

(Izz]\"fzgl) + Iyzj\"{fgl)> T (Iyz]\/{é'l) + Iy’yﬂ"{él)> Y
Tl I2.

« With 4cu displacement in the direction of the unit extremity loading
and corresponding to the strain distribution
1 (..M, +1,.M.)z— (I,.M, +1,,M.)y

Erx —

E I, I.. — I2.

oL =
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading (3)
— Virtual displacement method (2)
« After developments, and if A-u is the displacement in the direction of T® =1

I
Apu = // (1)€MdAd:r

[( +L,ZM., - Wf\f v I, M.)y| dAdz
! i (1) 0
— Apu = ( / {(IM + I, MY )(I.,.,M I, M,
E(I,,L. —I2.)" v ! v
(Iyzﬂf[él) +Iyyf\.{£1)) (I,-M, + I,,M.)I.. ( LMD ]uzﬂ[( ))

(I,. M, + T, M.)T,. — (L,,,M(l I, MU ) (I..M, + I,.M.)1,. } dz
* Inthe principal axes I, = 0

1 L
Apu — {I.,.,M(DM I, f\ﬂl)M.,}d,
pu El,,I.. / Ty
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Annex 1: Deflection of open and closed section beams

« Shearing
— Internal energy variation

L L ~ L q
. / /Tc?'}fdAdx/ /Té—dAd:z:/ /qé—dsda?
0 Ja 0o Ja M o Jso HE

— Variation of the work of external forces

L L
. f / ToOvdAdr = / ft'ré (D, + Oyu,) dsda
0o JaA 0 /.

« Defining the average deformation of a section
— See use of A’ for thick beams
— Vectorial value

L L L
—/ f ToOvdAdr = / /t'ré(‘“lrus dsdr = / (/ trds) 00w dx
0 A 0 s 0 5

— Applied shear loading T — /trds

L L
— / / TovdAdxr = / T -50,udr =T - 5Au
0o JaA 0
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Annex 1: Deflection of open and closed section beams

Shearing (2) L
— Virtual work / /q(l)%dsd:ﬂ —TW Ay = Aru
0 s K

« With 4;u the average deflection of the section in the direction of the applied unit
shear load

« With g the shear flux distribution resulting from this applied unit shear load

1 1 s
¢ (s) = L -1, /
| Lyyl:z — fiz 0

tdirect O'st + E Z?;A*i -

i 5;<s

IUUTSJ_) . I,uszgl) S
— — t(irec a d ?lAi { (1) 0 }
Tl I, /0 lirect o¥ds + Y yiAi| + < qM(0)

i:8;<s

« With g the shear flux distribution corresponding to the deflection 4.u

1..7T. —1,.T y
zzd z yzdy
q (9) - Ji 12 tdirect O'st + E Z’.iAqi -
yytzz o Tyz 0 ir8;<s

I,,T, —I,.T. /
T 7 - Ldirect o d: ’&A?, 0
1z | ), fieerovdst D yidi) +{a(0)]

10 8; <8

* {g(0)} meaning only for closed sections
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Annex 1: Deflection of open and closed section beams

 Example b az
— ldealized U shape . I
« Booms of 300-mm?2- area each T,=4.8kN
 Booms are carrying all the direct stress
« Skin panels are carrying all the shear flow
 Actual skin thickness is 1 mm
— Beam length of 2 m
» Shear load passes through the shear center
at one beam extremity A, f‘l

>
3
> @
D

h=04m
{=
V<<

« Other extremity is clamped
— Material properties b=02m
« E=70GPa sz
« 1=30GPa - N
— Deflection ? du, fdx =0 —M=>9
D' Wl ¢
L

v
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Annex 1: Deflection of open and closed section beams

« Shear flow (already solved)
— Simple symmetry == principal axes

Z’i AZ
1. . 1 ®
= ( (8) Ji tdirect O‘st + Z Z?LA?; Tz = 4.8 kN A3' A4
vy 0 i 5; <5
— Only booms are carrying direct stress T
vy
1. —"»
'=>Q(3)——I Z zi A S | C Z:r_
vy ;. 5;<s o
- I
— Second moment of area A, 4| A
o ' )
Iy =)Y Az} =4300107602% =48 107° m’ s oam
— Shear flow
T 4.8 10° _
2(s)=—=—=A4y2 = — 3001079 (=0.2) =6 10* N-m™!
T () I, ' 18 10-¢ (=0.2) o
‘ T 4.8 103
B g)= === (A1z + Aozo) = — 300 107%(—0.4)=1210> N.m™!
q (8) Iyy ( 1<1 + 272) 48 10_6 ( ) m
T 4.8 103
M) = — 22 (A2 + Agzg + Agzg) = — 3001079 (-0.2) =6 10*> N-m~!
q" (s) I, (A121 + Agza + Aszs) 1R 106 ( ) m
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Annex 1: Deflection of open and closed section beams

* Unit shear flow
— Same argumentation as before but with T, =1 N

Z’E AZ
N !
(D12 () = — 2" Ay oy = 300 107°% (—0.2 — 59
q (S) [yy 171 48 10— 6 ( ) TZ A3 A4
=125 N-m!
‘ 1IN T vy
(1), 23 _ =
q (s) [yy (A1z1 + Ao2o) S | c ';:t
1 6( ) N 1 ﬁ
_ 300107 (—-0.4)=25 N-m~
48106 A, 0| A
1 N .‘ — V?
g (5) = 7= (Arz o+ Az + Ay _b=02m _
yy ;
1 500107 (-0.2) =1.25 N-m™!
48 106 | '

« Displacement due to shearing

_ATU/ / dsd:r?/q( )‘30 1030 001ds

6000 1.25 0.2 + 12000 2.5 0.4 4+ 6000 1.25 0.2] = 102 m

_ A —
=30 1090.001 |
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Annex 1: Deflection of open and closed section beams

« Bending
. Al TZ
— Moment due to extremity load
u, =0 N\ TX
. M, =(z—L)T. du,/dx =0 — =0 >
K .
MY = (z— L) 4 : -

— Deflection due to extremity load

 In the principal axes

1 L W 7. [ E ( T I3
EJo L, ; :

4.8 10% 23
e Ay — — 0.00381
P = 378106 70 109 H

« Total deflection
— No torsion as shear load passes through the shear center

— du. = Apru + Apu = 0.00481 m
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