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Elasticity

« Balance of body B
— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
» Dirichlet

« Small deformations with linear elastic, homogeneous & isotropic material

— (Small) Strain tensor ¢ — (Vou+ux V), or

b | —

— Hooke'slaw o =H:e ,or o;; = Hijk€r

with ’U)u fr,j(skl +‘ ?,L(sjl + 6116JA)

— Inverselaw ¢ —=g. o A=K-2u/73
- 1 +v /1 1 U
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Pure bending: linear elasticity summary

General expression for unsymmetrical beams

— Stress 6., = KEzcosa — kEysina

with [ ©9°
S111

— Curvature

_uz_,:ra:
uy,;?:;?:

ay
¥

M| ( I,

kE

—1
uy _Iyz
7Iyz Izz

— In the principal axes I, =0

) _ HM3737H ( Izz Iyz
E (Iy'yIZZ o Iszyz) Iyz Iyy

Euler-Bernoulli equation in the principal axis

B 0? <E182u2>

= f(x) forxin[O L]

Ox? o2
r 8 82u2 B
- ET — = T.
Ox ox=
— BCsq , O L
o“u., _
- El 972 - in"firir}o,L

— Similar equations for u,

0,L u, =
du,/dx =0

22110 f(X) T
11 H e Hﬁx
= =

‘ R
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Beam shearing: linear elasticity summary

» General relationships 227 f(X)
fz (T) — _8:17Tz — _83737]\'{y u, =0 ﬂT g \?\T 4
- du, fdx =0 >
fy (T) — _8:I:Ty — 833:1:]\”{2 3 K
L
« Two problems considered ) L
— Thick symmetrical section () “ h )

» Shear stresses are small compared to bending stresses if h/L << 1

— Thin-walled (unsymmetrical) sections «

<

» Shear stresses are not small compared to bending stresses

v

»
|

» Deflection mainly results from bending stresses h

e 2 cases

— Open thin-walled sections v

» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
1.5, (2) ] A 1)
— Stress 0. = ————~ . 9@ |, 4
Iyyb(z) < ” Yo T
. With S, (z) = / ~dA - ' =
ES ‘\ —/
« Accurate only ifh>Db k\\\}\\; v Y
— Energetically consistent averaged shear strain 2 ‘ '
2 . 1
- y=—— with A" = =
A Ja TimdA
« Shear center on symmetry axes T
— Timoshenko equations
ou, Ou 00
« Y =2€,, = - — =9 8:1’ z =7 z
’ = 02+8:17 y T Otz & & ox
C 0 00
— (EI—”) — A" (0, 4+ 0,u.) =0
« On[OL]: Oy Ox
0
o (WA (0, + D)) = — f
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams T 7]
ZA
— Shear flow g =17 =N
L.T. - 1,.T, [° /
cq(s) = ———= y22 Y / tzds' — C: Y,
Iyylzz - Iyz 0 S q Ty
LyyTy — Iyzgz /8 tyds' Z4 4{
I!LUIZZ o Iyz 0 y
* In the principal axes T4 T
1. [° , Ty 7 / ‘
q(s) = —— tzds — — / tyds T
(5) L,y Jo L. J, y
— Shear center S T
VA
* On symmetry axes A
» At walls intersection A
« Determined by momentum balance ) c
— Shear loads correspond to A P
t
» Shear loads passing through the shear center & vitl
P g g -
- Torque b
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams

— Shear flow g =tr7

- q(s) =¢qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

1.7, —1,.T, [°

0o (8) = ——— y‘ﬂ‘”/t(s’)z(s’)ds’
LyI.. =12, [y
1,,T, —I,.T.

» Constant twist part
_ yT’Tz — Z'T'Ty — iﬁp (g) 9o (9) dS
2A,

« The g(0) is related to the closed part of the section,

Z A

: : : T

but there is a q,(s) in the open part which should be ;
: ) WA
considered for the shear torque ¢ p(s) ¢, (s) ds C M u

[ S
p -
S
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Beam shearing: linear elasticity summary

« Shearing of closed thin-walled section beams 7 4 Z
— Warping around twist center R ‘
*u, (s) = u, (0 —ds— —ds < Acy (:
u, (S) =u ()+/0 uts Ahf{ut 9{ cp (8) + =
zr Y (s) —y(0)] —yr|z(s) — z(0)] }
2
A -,
. § tu, (s)ds A 77—
- With u, (0) = h S -
th e (0) =y s N\ P
— u,(0)=0 for symmetrical section if origin on q

the symmetry axis
— Shear center S

« Compute g for shear passing thought S

« Use
J(s—0) = L= 21Ty = fp(3) 4o (s) ds
| 24,
With point S=T
_— 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization ~ 8



Torsion of closed thin-walled section beams

« General relationships
— We have seen O+ 0,0, B+ 0,05

¢ (Uzr;r + 8;130'3333633) Los — 0'213337568 -+

(q + 0sq0s) 6, — qox =0

— taa:o';rzr + 8Sq =0

e (05 + 0,0:08) tdx — o, tdx +
(q + azrqém) 05 — Q'(SS =0

== (0,0, + 83:@ =0

— |f the section is closed
« Bredt assumption for closed sections:
Stresses are constant on t, and if there is

only a constant torque applied then o, = o;, = 0 4
—~{sazs
-\,
==> Constant shear flow (not shear stress) >
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Torsion of closed thin-walled section beams

+ Torque ‘1

— As g due to torsion is constant

- M, = j{pqu = quds == M, = 24,4
M, y

| /1N 2/,
 Displacements NN

— It has been established that N\ P\

ouw, Ou, q . 2

* = 26, =

+
Ox 0s
« Soin linear elasticity
q = Jut (us,a: + uﬂ:,s)
— But for pure torsion q is constant
= () = 4o = ﬂt (ua:,s;?: + us,a:a:)
* Remark ut is not constant along s
but it is assumed constant along x

= Eyz,s + W o0 = 0

° AS GXX: GS :O | e— us,;r:c f— 0
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Torsion of closed thin-walled section beams

 Displacements (2) z 4

— It has been established that for a twist around
the twist center R

du, 09 8u§j‘ oul
o =p ‘():r o cos U + 5 sin W
— As Us p0 = 0
2 92u’ 2, C
0= gj + 8; cos U + 88; sin U

for all values of s (so all value of ¥)

* The only possible solution is

@:0 , 0 u 5_0 &82'“2020
O Ox? Ox?
— So displacement fields related to torsion are linear with x
9 = Chax + Cy
— 031‘ + 04

'u

C'
u. :C5$+CG

| —‘—f% - 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 11 wuﬂ



Torsion of closed thin-walled section beams

Z A

 Rate of twist

— Use

* Relation jg_dg — 24, — 0

Ox
developed for shearing, but with g due

to torsion constant on s
« Torque expression M, = 2A;q

— Twist

S ﬂj"'f"' j{ 1 ds constant with x
T 447 t

M. 1
H=— dsx + Cy
S 414;21%@ st + Co
— Torsion rigidity
M, 4A2
o 1
9?;3 §Ede§

[ ] O:

* Torsion second moment of area for constant x: [, — 44;, <I,= / r2d A
A

3‘3d9
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Torsion of closed thin-walled section beams

«  Warping ‘£
— Use
» Relation
Ap, (s
w, (S) = Uy ( / ia?s— Rp( ) 4 s
0 Ah /U;t
developed for shearing, but with g due

to torsion constant on s

* Swept from twist center R Ap, (s) = %/ PRrAs
0

- Torque expression  Af = 24,q

— Warp displacement

M, (51 MAgp (s) [ 1
’ x\°) — Wy 0 —us — (p d.
e (5) = ur 0) 4 g [ o = =5 § s
17\[3 i 1 AR (9) 1
= 0 ' —ds — P —d
= u, () = u, (0) A, [ ot S A, %,ut S

7 g ; 2013-2104 Aircraft Structures - Beam - Torsion & Section |dealization 13 wugg



Torsion of closed thin-walled section beams

« Twist & Warping under pure torsion

— Twist g, = I\"I’F j£ 1 ds
T 4AY ot

M., ] Apr (s) 1
— War L (8) =, (0 - —ds — —= d
0w, (s) u‘()+2Ah{Outs 1 jfg S
— Deformation
» Plane surfaces are no longer plane
It has been assumed they keep the same

projected shape + linear rotation

« Longitudinal strains are equal to zero
— All sections possess identical warping

— Longitudinal generators keep the same

length although subjected to axial

displacement \‘T |

__,g E 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 14 wuﬂ




Torsion of closed thin-walled section beams

« Zero warping under pure torsion Z 4
M., ] Apr (s) 1
- W ] — 2 ‘ —ds — L d
arp u, (s) =u, (0) + >4, { i ths R jﬁ'ut S

— Zero warping condition requires
S 1 s
. Jo rds - %fo prds
: —
iﬁ Eds . Ah

L >

for all values of s

2A
— PRI
put § ﬁds 2A;, ¢ ﬁds

» As right member is constant the condition of zero warping

IS pprptt constant with respect to s
« Solutions at constant shear modulus
— Circular pipe of constant thickness
— Triangular section of constant t
(pg is the radius of the inscribed circle which

origin coincides with the twist center)

— Rectangular section with t, b =t_ h

. 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 15 “UB



Torsion of closed thin-walled section beams

« Example

— Doubly symmetrical rectangular closed section

— Constant shear modulus

— Twist rate?

— Warping distribution?

' 2013-2104
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Torsion of closed thin-walled section beams

 Twist rate

— As the section is doubly symmetrical, the twist

B
center is also the section centroid C LN <\|\/|X
— Twistrate g, — A"{‘g j{ L C/
J 4Ah ,ut C+t
ty b
« A;, = hb
1 3 —3 -3 1 7] 2%
'j}g—ds —d2+/ —(dy)+/ —(dz)+/ —dy = —
t nth b ty 3 h _b by th
co M, h b
’x 2,&]22{)2 ty ty
9 h b
— For a beam of length L and constant section — tn %
LM, 211h2b?
ho b\t
 Torsionrigidity « _ [ t»___t — ulr < ul
(2;1?12()2) ‘LLT_‘U;p
%2013_2104 Aircraft Structures - Beam - Torsion & Section Idealization
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Torsion of closed thin-walled section beams

:  Z
Warping
— As the section is doubly symmetrical, the twist
B A
center is also the section centroid C (. Y T
] —rle— sTHIY
— Warping @ ! Il .
* |t can be set up to O at point E = lh
— By symmetry it will be equal to zero wherever ' b b
a symmetry axis intercept the wall
M, 1 Ap (s 1
*uy (s) =wu, (0)+ ~ds— (5) jg—ds
2Ah 0 /J/t Ah lj,t
- A, = hb &jglds%ﬂ_b
t th 23
* On part EA
s z b b,
‘/ 1d3: idz:i & Ag, = / dS/ Sdr = —
o 1t o th th 4 4
EA ]\[3 z bz 2h 2b
= Uy (2) — - — — + —
Quhb ?fh 4bh th ?fb
2013-2104 Aircraft Structures - Beam - Torsion & Section |dealization
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Torsion of closed thin-walled section beams

Warping (2)
— On part EA
M. 2 bz [ 2] 2b
u, (Z)EA _ : i . z _?, 42
Z;mb th 4bh th tb
e (Z)EA _ M.~ i B 1 hty + bty
! 21thb |ty 2h  tity

M.z ht, — bty,
>, (Z)EA M b /

N 2puhb  2htpty,

FA j\f’ij h’ b
=== Uy (2) o 4/.L}?/2b ty, B t

— S0 using symmetry and as distribution is linear

( /|
wt =l = e (R0
. ) ’ 8},th th ty

wb b= Me (0N
\ v v 8uhb tb Tfh,

« Zerowarping ifbt,=ht,

=<

wn

—
———
=5 v <
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Torsion of thick section

 Torsion of a thick section

I\/IX
— The problem can be solved explicitly by O
recourse to a stress function

— Hydrodynamic analogy

« Shear stresses have the same expression L 4

than the velocity in a rotational flow in a box \

of same section \

y
A Al
X X
)
]
gl f ﬂmx ] % Y

-/

| ‘—‘—fé E 2013-2104 Aircraft Structures - Beam - Torsion & Section ldealization 20 wuﬂ



Torsion of thick section

« Torsion of a thick circular section
— Exact solution of the problem

* By symmetry there is no warping

— sections remain plane l
T

@ ﬂ}"’ — I‘rg,aj

— In linear elasticity

* Shear stresses 7 = uvy = ruf .

« Torque M, = /
A

* Torsion rigidity ~ — M, _ / H'T‘er‘l
A

, T

rrdA = / p-rszE)’x
A

— At constant shear modulus (required for symmetry): ¢ — nl,

— For circular cross sections (only) I,=I;

I\[ T max
Ip

| ——rg E 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 21 uweE
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Torsion of thick section

« Torsion of a rectangular section

A Z
— Exact solution of the problem with stress function
« Assumptions —1— |1
: . ] h
— Linear elasticity
: f N |y
— Constant shear modulus My vy >
« Maximum stress at mid position of larger edge w
M, —_
~ Tmax — v
Odth < B>
» Torsion rigidity (constant u) b
- (= Mo — 5}11)3# h/b | 1 1.5 2 4 00
0.0 3 a |0.208 |0.231 | 0.246 |0.282 | 1/3
== [p = [3hb
£ 10.141 | 0.196 | 0.229 [0.281 |1/3
» Approximation for h>>b
M, hbu I hb?
0. 3 3
= Tuy =10 & Ty = 2py0
3M,
Tmax — hb2
Aircraft Structures - Beam - Torsion & Section Idealization 29 wugs
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Torsion of thick section

« Torsion of a rectangular section (2)

: N
— Warping
T.’.ITZ
Yoz = u:l.’-?z + uz_._;z: — 1 A
* As N Tay 0 h
Yoy = Uy o T Uz y = —
p 1l y
 For arigid rotation (first order approximation) C
T, z T’_z 8
- Uy = - — U » = - __(Qy) v
H i Ox - .
T’.z < >
—_ uil.’-_._z —_— L — yg,il? b
M )
— T T O
Uzy — - WUy » — o (—92)
I L Ox
To
— Uy, = Y420,
¥ 7 :

» For a thin rectangular section

- Ta.’.y =0 & Tz = 2#199,1:
Tay

-+ 29,;1: = Uy = Zyg,a’- -+ Clz + 02

Uy,y =

— Doubly symmetrical section e u, = 2y6 ,

— 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 23 "*UB



Torsion of open thin-walled section beams

* Rectangle approximation of open thin-walleg section beams

— Thin rectangle
© Tey =0 & T..=2uyb, ((()
h
» For constant shear modulus l
, g3 © <M
M, ht*p ht NS
¢ Warping U, = Zye,:r
— Thin curved section —|
t
» If t << curvature an approximate solution is
- Tps = 2#”9,1:
M 1
- C="L=C_ [ utids
0. 3 / i
— Open section composed of thin rectangles z
t3+ A
« Same approximation E — I;i
— Tmax; — ﬂtég_._;r >|| |« t2 y
| >
M. Lt 2
0 . 3 vV ,

7 [«

|:* |
—Q - 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 24wl
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Torsion of open thin-walled section beams

« Warping
— Warping around s-axis
« Thin rectangle u, = 2yf , + C1z + Co
* Here C,; are not equal to O

« Part around s-axis ui = nsh ,

— Warping of the s-line (n=0)

ou ou.,
« Wefound ~v = 2¢,, = A ‘""
/ ' ox 0s
e If Ris the twist center
Ou
o — pRQ,:{?
ox
N L ey
rs — Y = H ds HPRY
— As 7, = 21“/719,;1: == 7,(N=0) =0
ou.
— T __ 0 .
0s PRY.

« Eventually s-axis warp (usually the larger)

u, (3) = u, (0) - 9,:1? / prds’ = u, (0) - QARp (8) 9,:17
0

| ‘—‘—fé - 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 25



Torsion of open thin-walled section beams

 Example a4z K= 115 mm
— U open section | i
— Constant shear modulus (25 GPa) M
X y" Y
— Torque of 10 N'm @ & —
: h =50 t,=2.5mm
— Maximum shear stress? Ll
t = 1.5lmm
- . . . . " - L
Warping distribution” B g

%2013_2104 Aircraft Structures - Beam - Torsion & Section ldealization 26 wg-q



Torsion of open thin-walled section beams

+  Maximum shear stress S e
— Torsion second moment of area 1 t
Lit? 2 ht?
Ir = LL— Ihts 4
T Z 3 3 f + 3 M, by
2 0.025 0.0015° + 0.05 0.0025° @ —
_ ; = 0.317 10~ ?m* C
: | h =50 mm t,=2.5mm
M, 10 '
f,=—-=——  —12rad-m " ) 1
’ pwlr  250.317 b=25mm

— Maximum shear stress reached in web

t..,
max — +2 UJQI
T ,LL2 :

— 425 10Y 0.00251.26 = +78.9 MPa

— 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 27 wpelf



Torsion of open thin-walled section beams

« Twist center . h Az tf=115mm
— Zero-warping point 2, 4 -

— Free ends so the shear center S corresponds
to twist center R M,
« See lecture on structural discontinuities @

— By symmetry, lies on Oy axis
— Apply Shear T, to obtained y’s

— Shear flow for symmetrical section v

1.

Coals) = /tzds’ - b=25mm
yy JO

h =50 mm t,=2.5mm

\ 4

t = 1.5lmm

t..h?3 h?
° 2Q—t¢b
o el

0.0025 0.05%  0.052
TR

« With [, =

0.0015 0.025 = 72.9 10~ m*

%@ . 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 28 wuﬂ



Torsion of open thin-walled section beams
« Twist center (2)

z A Az L= 1.5mm
. . T
— Shear flow for symmetrical section (2) ‘o4 f
T. [°
*q(s) / tzds'
Ly Jo M )
X y‘ Y
- On lower flange | @ o &
: 1. [* h /
—oqr(y) = tr(—=)(=dy’)  h=50mm| | t,=25mm
I'uu b 2 1
T t L ! t = l.5lmm
Yy b=25mm
« Momentum due to shear flow

S
— Zero web contribution around O’ m

— Top and lower flanges have the same contribution

—bgy (y' =0 T.t ph2?

2 41,
0.0015 0.05% 0.025%
— z — _8.04 Tz
1720109 S

« Moment balance

Mo = =8.04mm T, =y, = ys = —8.04mm
» Be carefull: clockwise orientation of g, s
" 2013-2104
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Torsion of open thin-walled section beams

« Warping of s-axis z
— ol (s) =ul (0) — 24p, ()0, t

— Origin in O" as by symmetry u,(O’)=0 Aq

* On 0’4 branch M, y

— Area swept is positive Q%

w9 () = / prdst . = — |ys| 20, h=50 mm

= —0.00804 1.262" = —0.0101%" v

— At point A

r

* On AB branch
— Area swept is negative

u?mwvﬁﬂjﬁm@m; M
A

ut = —0.0101% = —0.0101 0.025 = —0.25 mm

AZ

v =
-

v <<

A

b=25mm

_— 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization



Torsion of open thin-walled section beams

Warping of s-axis (2)
- u?: (9) — u?: (0) o QARP (S) 9_._3:

— Origin in O" as by symmetry u,(O’)=0 (2)
 On AB branch

— Area swept is negative

us?,AB (yl) _ ui,A L / deSQJ

&€

A 1
““h
= —0.2b mm + _dy 9,;1? < >
0o 2 b=25mm
W

usAb (y') = —0.25 mm+—2' Y

T

— —0.25 mm+0.025 1.26 ' = —0.25 mm+0.0315 ¢/

— At point B
w>B = —0.25 mm + 0.0315 0.025 = 0.54 mm

x

» Branches for 2’<0 obtained by symmetry

—"-fg - 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 31



Torsion of open thin-walled section beams

« Warping of s-axis (3)
— On 0’4 branch

SO () = —0.0101%

ul?
Z
— On AB branch
u> 4P () = —0.25 mm+0.0315 o/
— Branches for z’<0 obtained by symmetry 7

" 2013-2104
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Combined open and closed section beams

« Wing section near an undercarriage bay
— Bending
* There was no assumption on section shape

 Use same formula
— Shearing

« Shear center has to be evaluated for
the complete section

« Shearing results into a shear load passing
through this center & a torque

« Shear flow has different expression in open
& closed parts of the section

— Torsion
 Rigidity of open section can be neglected most of the time
» But stress in open section can be high

ﬂ 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization
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Combined open and closed section beams

 Example -
— Simply symmetrical section
— Constant thickness s 42
=u.1lm
— Shear stress? f N
—> y
& O "
!
CIDI = 4 y
<5 S C
I
=
T, =100 kN L t=2mm

A
v

b,=0.2m

‘*5- “l 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 34wl



Combined open and closed section beams

 Centroid

— By symmetry, on O’,. axis

/ /
© 2ot (2hy 4 2bp + 2y, + 2hy,) = 2ht (%) + byt (—hy) + 2hst (%)

201+ byhy, + 2k 0.01 4 0.04 +0.04
2y A+ 2 - + = —0.075 m
2hs +2bs + 20, + 2k, 0.2+0.2+ 0.4+ 0.4
A Z)
42
b;=0.1m
' Y
S 0 >
—
? e 7'\ ¥
< g C >
[
I
Tz = 100 kN _»4_'[ =2 mm

v

&
<«

b,=0.2m

- 2013-2104
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Combined open and closed section beams

e Second moment of area
— Asz'-=-0.0/75m

th?c h’f / ’ 7 \2
-1, = 2§ + 2 —5 T thy 4+ (—2c) t(2by +by) +
thy hy, 2
(—hy — = ) thy, + 2 125 + 2 (? — 70) hyt
0.002 0.1° ( ‘
= Ly = 25— +2 0.025 0.002 0.1 + 0.075% 0.002 0.4 4
‘ 0.002 0.23 ‘
0.1252 0.002 0.2 + 2 5 2 0.0252 0.2 0.002 — 145 107°% m*
b;=0.1m
v
S 19 g
—
? E A }=/
<= g C
I
=
T,=100kN ] t=2mm
T b=o2m
% 2013-2104 Aircraft Structures - Beam - Torsion & Section |dealization 36 wugg



Combined open and closed section beams
« Shear flow

— Asl,, =0 & as shear center on Cz

A Z
©q(s) = g0 (s) + q(0) b= 0.1 m
T S ¢ —>
with ¢, (s) = — = / tzds IME C O E e
| ‘. :
« At A & H shear stress has to be zero qT TS E c >
— If origin on A, q(0) =0 A ﬁ :
— Corresponds to an open section < T, = 100 kN Jt=2mm
— Branch AB L2 i -
.T~ Z . bb = 02 m i
qAB (9) . z / t2" dz"
Iyy —hy—z[,

th ‘ 2
"2l 2= (=2’

100 10% 0.002 | . ‘ | |
(2) =~ (2% —0.025%] = 4310 N-m~*—6.9 10° N.m~?27
214.5 106

— ¢% = ¢*P (0.075) = 4310 — 6.9 10° 0.075% = —34.5 10° N - m™!
%2013-2104
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* Sh

D\

Combined open and closed section beams

ear flow (2)
Branch BC’
' T. [Y 1.tz b
. BC _ B z / " B bz b
¢ (s)=¢q / t(—20)dy" = ¢P + [ +b +—]
Ly, —byp— L ! Lyy ! ! 2
: 100 103 0.002 0.075
BC . 3 ~1
= —34.5 10" N- — 0.2
= —241.4 10° N-m~'—1.034 10° N-m ™y
o OB = ¢ BC(—0.1) = —241.4 10° + 103.4 10% = —138 10° N - m !
A Z
Branches FG & GH = by=0.1m
* By symmetry Vl BT J|C 0 F : G
E a o
7 |1
at TS a c =
A 1
ISy
T,=100kN _| t=2mm
v E I E
T b,=o2m
2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization - .



Combined open and closed section beams

« Shear flow (3)

— Closed part:  ¢(s) =q,(s) +¢q(0)

1

. Withqo(s)_—I /-tzds & q(s=0)
yy J0O

yrT. — 2Ty, — $p(s)qo (s)ds
N 24y,

— Let us fix the origin at O’

* By symmetry q(0) = O (if not the formula would have required anticlockwise s, Q)

= (= qo(S)

— Branch O’F
Al J—
! Tz Y thyzl
" =7 /t(ZE:)dy Y
yy JO Yy P— . —
B C O —=
OF () — 100 103 0.002 0.075 Vl $ F GI{]
W= 14.5 10-6 Y at E { y :
— —1.0310°y N.-m 2 S C y
I
g O'F _ qu(U.l) < T, =100 kN Jt=2mm
— —10310° N-m ! LD |

A
v

b,=0.2m

- 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 39 wuﬂ



Combined open and closed section beams
« Shear flow (4)

A —
— Branch FE — ="
- . S— —
» Shear flux should be conserved Vl B C o2 F G N
at point F > < = 4 T T
l CIT g C Sl H
: . O . A
F; FE F:O'F | F:GF
¢ =g g e
— —24110° N-m™* T,=100 kN T
« Shear flux on branch v i
_ Tz = < I >
e qFE:qF,FE_I / tZH(—dZ) bb:O.Zm
o !

. Tt , . ‘
_ P FE (22 = 22)

100 10° 0.002 , , s
RYNRTE (2* — 0.075%)

—6.910° 22 N-m—>-279.8 10> N.m ™!

— ¢''F (2) = —241 10°+

q¥ = q¢'F (—0.125) = —6.9 10° 0.125% — 279.8 10° = —17210* N . m~!
max ¢t ¥ (2) = ¢'F (0) = —279.8 10° N . m~!

=

- 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 3
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Combined open and closed section beams

« Shear flow (5)
— Branch El

T. [Y T.t(hy + =z b
c g () =q" - / ey = o) (—dy) - gf 4 L0 20 (B
Iy, Ju Iy, 2

2

— ¢ (y) = 172 10° +
— Other pranches by symmertry

100 102 0.002 0.125
14.5 10-6

d—-y)=-—1 m”
(0.1 —y) 1.72 10 y N-m~?

! T, =100 kN !
D !

4_ 1
T

1
r

= —

__,g E 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 41 wuﬂ




Combined open and closed section beams

« Shear flow (6)

— Remark, if symmetry had not been used, shear stress at O’ should be
computed (but require anticlockwise s and q for these signs of y; & z;)

T =Ty — fp(9) o ()ds 1

*q(s=0)= 0)=——— o (s)ds
q(s=0) A, 7(0") = —3 1 P (s)
o’ , F E 1
== ¢(0) Z—WIhb [/ quo dS-i—/ pngds—kf pqiEds-l-] qufd3-|-
F E 1 D
D , c’ o G F
f Pas Dd8+/ P430d8+/ prGds+/ pay " ds+
C’ ’ H a
B , A 7T
. / paS Bds + f palds - -
— With / B | : |
e pOF=pC0 & qOF =-qC0" & _ —— «— —
Vl B ¢ 03 F JA
dsOF = dsC0" ! | f :
N FO' = o qT ¢ Sl H
/ Pq, d8+/ p@ “ds =0 A
F oL
. etc TD T,= :100 kN T
«— 1 —>
~+=

% 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 42 wgﬂ




Combined open and closed section beams

« Example
— Closed nose cell

« 0.02 m? — area
* 0.9 m — outer length Lo

— Open bay
— Constant shear modulus

A, = 0.02 m?

y

A

u =25 GPa
— Torque 10 KN'm
— Twist rate?
— Shear stress?

2013-2104
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Combined open and closed section beams

A Z
« Twist rate A.=0.02 m?
— As an approximation the s Jo=2mm
2 torsion rigidities are added Ny A =
Cell ;%: 1.5 N y I
B ] m > ©
» Closed section with constant u |=0.9m bM - > ‘g
4A? J x oM
- IT, closed — j; ldlg bb =0.6m
- d.
4;LA2tC 4 0.022 0.0015 25 10? 3 5
- wlp. = < = =5010" N -m~
HiTe =y 1.2 H
— Bay
* Open section with constant u
l;t?
- Ir open — L
t? 25 10 0.002% 0.9 ‘
- HITb:%(bl)+}3): 3 = 60 N-Hl2
— Twist rate
- plp = 50060 N -m?
M., 10*

—0.1998 rad -m !

° 9{}3: —
Iy 50060

| —Q E 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 44 wuﬂ




Combined open and closed section beams

A Z
 Shear stress A, =0.02 m?
— Cell _
o t,=15 S | Hh=2mm
« Closed section (M, = 2A;q) ¢ N A _
4 t.=1.5 I
C g = M, _ 10 € <\ { o
24, 20.02 |=0.9m b | W
3 1 I\/lx t,=2mny3
=250 10° N-m~ . < .
; b,=0.6m
q. 250 10 |
C T = = = 166.7 MP
Tt T 0.0015 *
— Bay

. Opeﬂ section ( Tmax; = }Uztég_._a: )

* Thmax = Uipt » = 25 10” 0.002 0.1998 = 9.99 MPa
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Structural idealization

« Example 2-spar wing (one cell)
— Stringers to stiffen thin skins
— Angle section form spar flanges .

« Design stages
— Conceptual

» Define the plane configuration
— Span, airfoil profile, weights, ... @
« Analyses should be fast and simple
— Formula, statistics, ...
— Preliminary design
« Starting point: conceptual design
« Define more variables
— Number of stringers, stringer area, ...
* Analyses should remain fast and simple
— Use beam idealization
» See today
— FE model of thin structures
» See next lectures

— Detailed design
 All details should be considered (rivets, ...)
* Most accurate analyses (3D, non-linear, FE) = - WL T W |
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Wing section idealization

Principle of idealization

— Booms
« Stringers, spar flanges, ...

o

L

|

— Have small sections compared to airfoil
— Direct stress due to wing bending is
almost constant in each of these
— They are replaced by concentrated area
called booms
« Booms
— Have their centroid on the skin
— Are carrying most direct stress due
to beam bending
— SKkin
« Skin is essentially carrying shear stress
It can be assumed
— That skin is carrying only shear stress
— If direct stress carrying capacity of skin is
reported to booms by appropriate
modification of their area

ﬂ 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization
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Wing section idealization

« Panel idealization
— Skin panel
» Thickness t,, width b
» Carrying direct stress linearly distributed
— Replaced by
« Skin without thickness
« 2 booms of area A; and A,
— Booms’ area depending on loading
« Moment around boom 2

b (O-ala o O-aza) 20

2 .1
o-;ra.’.tDb§ + 9 tDb? — Gzr;rAlb < b >
2\ 2
tDb o-a?.:l‘.
6 G:{.‘:t Al A2
« Total axial loading
( 5\ tpb ( >
2 1 2 D 1 2
o-a?a?tDb + (Ga‘a? T U:r:r) 7 - Alo-:r:r + AQU&?;E
1 1 2
g tpb o X Oxx
'='>A2tDb+< :?233 1) ——Al :;a Gxxl
GLI?.’.I? 2 O-a::r
tph ol
6 0-.’1?(1?
—Q E 2013-2104 Aircraft Structures - Beam - Torsion & Section |dealization 48 wugs



Wing section idealization

Example ' e * .
— 2-cell box wing section - t,=2mm Yr ( I
— Simply symmetrical < g
— Angle section of 300 mm? z'— N t =3 mm tm;ZS o t=2 mrﬁ’*g’

I h _———5
|.=0.6m lp=0.6m

— ldealization of this section

to resist to bending moment?
« Bending moment along y-axis

* 6 direct-stress carrying =
booms <
» Shear-stress-only carrying ﬁ
skin panels =

ﬂ 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 49 el



Wing section idealization

« Booms’ area
— Bending moment
» Along y-axis
« Stress proportional to z
==> gstress distribution is
linear on each section edge

— Contributions
* Flange(s) area
Reported skin parts
— Use formula for linear distribution

0.003 0.4 —0.2 0.002 0.6 0.15
A; =300 107 04— — (2 + >+— (2 + —)

6 0.2 6
== Ag=A; = 1.05107° m?

0.002 0.6 0.2\ 0.0015 0.6 0.1
Ay = 23001004 ——— (2+ >+ <2+_>+

6 0.15 6 0.15
0.0025 0.3 - —0.15 Ay — Ay — 179 10-2 m?
6 0.15
0.0015 0.6 0.15\ 0.002 0.2 0.1
e A, =30010"° 04 )T T o T
’ T (+0.1)+ 6 (+0.1>

= A, = A3 = 0.802 1073 m?
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Section idealization consequences

« Consequence on bending
— ldealization depends on the loading case
 Booms area are dependent on the loading case

— Direct stress due to bending is carried by booms only
* For bending the axial load is equal to zero

= Na: — / o'a:;I:dA - ZO-;;;IA'L =0
A i

» But direct stress depends on the distance z from neutral axis
o.. = klz, = Z 2 A; =0
i

— It can be concluded that for open or closed sections, the position of the
neutral axis, and thus the second moments of area

* Refer to the direct stress carrying area only
* Depend on the loading case only
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Section idealization consequences

 Example

— ldealized fuselage section

* Simply symmetrical

» Direct stress carrying booms

» Shear stress carrying skin panels

— Subjected to a bending moment
» M, =100 kN'm
— Stress in each boom?

ZA

A, =640mm3 z;=12m
A, =600 mm z,=114m
A; = 600 mm? z’3=0.960 m
A, = 600 mm? z’,=0.768 m
As = 620 mm? M, z’5= 0565
cl ’
Ag = 640 mm? z4 z’6=0.336 m
A, = 640 mm? z’»=0.144 m
Ag = 850 mm? z3=0,038m
Ay = 640 mm2 O Y’

2013-2104

Aircraft Structures - Beam -
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52 vpmeUH



Section idealization consequences

« Centroid z1
— Of idealized section A, =640mm2 z;=12m
A, = 600 mm z»,=114m
A; = 600 mm?2 z’3=0.960 m
A, = 600 mm2 z’,=0.768 m
As = 620 mm? M, z’5= 0565
=) >
Ag = 640 mm? 26 =0.336 m
_ A; = 640 mm? z’7=0.144m
8 8
, , , A8 — 850 mm2 — 0038 m
ZC Al +22Ai+149 :A121+22Ai21 A9:640mm20 y’
=2 i=2
, 1
| e— z —
c 6 0.00064 + 6 0.0006 4 2 0.00062 + 2 0.00085
(1.2 0.00064 + 2 (1.14 4+ 0.96 + 0.768) 0.0006 4+ 2 0.565 0.00062+
2 (0.336 4+ 0.144) 0.00064 + 2 0.038 0.00085]
0.0055892
= 7 = = 0.54
¢ 7 7001038 o
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Section idealization consequences

Second moment of area
— Of idealized section

Iy = A1 (21— 26)2 +
8

23 " A, (2] — 26)" + Ao (2 — 20)
1=2

Z A
Aj=640mm% z;=12m
A, = 600 mm z,=114m
A; = 600 mm? 2’3 =0.960 m
A, = 600 mm? z’,=0.768 m
As = 620 mm? M, z’5= 0565
cl ’
Ag = 640 mm? z4 z’6=0.336 m
A, = 640 mm? z’7=0.144m
Ag = 850 mm? z3=0,038m
Ay = 640 mm2 O Y’

0.00064 0.66 + 2 0.0006 (0.6 + 0.42°% + 0.228%) +

2 0.00062 0.0252 + 2 0.00064 ((—0.204)2 + (—0.396)2) +

2.0.00085 (—0.502)" + 0.00064 (—0.54)

= [,, = 1.855 107% m*

Aircraft Structures - Beam - Torsion & Section Idealization
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Section idealization consequences

Stress distribution

— Stress assumed constant in each boom

ZA

Aj=640mm% z;=12m

— As we are in the principal axes A, = 600 mm z’,=114m
O-"i _ f\/’[yzi _ f\[y (7’ B 71 ) A3 = 600 mm? 2’3 =0.960m
o I, I, ' “ A, = 600 mm? z7,=0.768 m
As = 620 mm? M 2’ = 0.565
100 103 5 ) 5 ’
ol = 0.66 = 35.6 MPa > 2
o 1.855 103 Ag = 640 mm? 2’5 =0.336 m
‘ 100 10°
o, = 0.6 = 32.3 MPa A, = 640 mm? z,=0.144 m
T 1.855 103 _
100 10‘3 A8 = 850 mm?2 = 00?)8 m
o), = 0.42 = 22.6 MPa Ag = 640 mm2 O y
TE 1,855 1073
100 107
ot = 0.228 = 12.3 MPa
o 1.855 10— ) 100 107
_ 100 10° 7 | ,.
5 _ _ == 0.396 = —21.3 MP
_ 100 103 s 100 10° |
0l = Tarr 0204 = 110 MPa %o = ~Tgre 103_30-502 27.1 MPa
100 10
o) = — 0.54 = —29.1 MPa
o 1.855 103

- 2013-2104
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Section idealization consequences

« Consequence on open-thin-walled section shearing
— Classical formula Oyt 0,0, q+ 00 %

r..7. —1,.T, °
cq(s)=— y‘y/tzds’
Loyl . —Iﬁz 0

L, T,—1,.T. [°
yyty — Ly . / tyds’
LyI.. —I7. ]y

* Results from integration of balance

z

equation td, ., + 0,q = 0

(Izzj\ffy -+ Iyzj\[z) z— (Iyzﬂfy + Iyyﬂ[z) Y
IEJIJIZZ o Ifgz

— With ., =

— SO0 consequences are

S

S
. Terms/ t(s)z(s)ds & / t(s")y(s")ds" should account for the direct
0 0 . :
stress-carrying parts onty (which is not the case of shear-carrying-only skin

panels)

* Expression of the shear flux should be modified to account for discontinuities

encountered between booms and shear-carrying-only skin panels
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Section idealization consequences

« Consequence on open-thin-walled section shearing (2)
— Equilibrium of a boom of an idealized section

(Uzr;r + 8;130'3333533) A?, - o'a:;?:A?L + q¢+16$ - Q?,(ST =0

== (i1 — G = — 020, 4A;
— Lecture on beam shearing
» Direct stress reads
(..M, + L,.M,)z— (I,.M, +I,,M.)y
Lyyl.. — I,gz

Opp —

e With Tz = 833 ]\[U & Ty — _837 ]\[z

v

— Eventually
yytzz — Lyz
T A
. yy-zz Yz
(no sum on i)
GXX+8X0-XX
| —‘—f% - 2013-2104 Aircraft Structures - Beam - Torsion & Section Idealization 57
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Section idealization consequences

« Consequence on open-thin-walled section shearing (3)

— Shear flow ] )
Izz'Tz T qu'Tu ’
q (9) - fu-uIzz _ Ig~ /(; direct O'st + Z Z@'Aa’ -
7 = 1:5;<s 4
- - T

! vy T’y — Iszz i
[ ] — ]2 /0 tdirect crde + Z yZA%

i 5;<s
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Section idealization consequences

Example ZI 7

- Id

- S
- S

ealized U shape ‘
« Booms of 300 mm2- area each T,=4.8kN
 Booms are carrying all the direct stress

« Skin panels are carrying all the shear flow

hear load passes through the shear center S
hear flow?

>
w
> @
X

1<
V<

h=04m
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Section idealization consequences

» Shear flow
— Simple symmetry == principal axes

Z’I AZ E
q\s) = — direc Zas ZiA5 | T.=4.8 kN
Iyy 0 e i 5; <58 ‘ ’ ’ :
— Only booms are carrying direct stress ,
T vl
—=q(s)=—7— ) uA S ¢ =
vY ;. 5;<s ©
- 1
— Second moment of area A, 0| A
O —O
Iy, =Y Az =430010"°02°=4810"% m* R —
— Shear flow
T 4.8 103 _
2(6)= =2 A12 = — 30010 9(-0.2) =610° N-m !
() = —=An =~ (=02) H
( T 4.8 103
23 z —6 3 —1
= — Aiz1 + Aozo) = — 300107 (—-0.4) =12 10° N
q (S) Iyy ( 171 + 272) 48 10_6 ( ) m
1. 4.8 103
** (s) = -7 (Ayz + Agzg + Azzg) = — 13 705300 107°(-0.2) =6 10> N-m™!
yy
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Section idealization consequences

« Comparison with uniform U section
— We are actually capturing the average value in each branch

\
Zi AZ | 7 A AZ l t
[ 5 1 ® A > -
Ay A q 1
T, 4 T,
1
vy ; vy
S ¢ slh p1 ¢
h
t
A 1 t
A, 9 | A ! |
@ | ——
< > « a L
b b «—
S
7
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Section idealization consequences

« Consequence on closed-thin-walled section shearing
— Classical formula

+ q(s) =qo(s) +q(0)

« With ¢ (5)

—E T ety [y (s ds' —
Tyul.. — 12 /0

for anticlockwise g and s

— S0 consequences are the same as for open section

L.T. —1,.T s
° . zz4 z yzdy
o (8) - I 12 tdirect o'ZdS + E 2151415
yy-zz Yz 0 et
_ _ .
L1 72 direct o YdS + i A
yytzz yz 0 N Sigs
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Section idealization consequences

 Example
— ldealized wing section
* Simply symmetrical
 Booms are carrying all the direct stress
« Skin panels are carrying all the shear flow

— Shear load passes through booms 3 & 6
— Shear flow?

T,=10 kN
Z

T1A; = 4(]0 mmZ2A, = 250 mm?

(% 1 OO mm2 Al = 200 mm2
o = > —
: h,I— 7 Ihr_ 0.06 m
v A6 — A3 A7 = A2
+—r < >

b=0.12m b,=0.24m b, =0.24m
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Section idealization consequences

e Open part of shear flow

— Symmetrical section
» Shear center & centroid on Cy axis
l,, = 0 (we are in the principal axes)
* Only booms are carrying direct stress

1.
¢ (8) = _I_ Z 2 A
— Second moment of area

8
Iy = Az =210"% (200 0.03% + 250 0.1* + 400 0.1° + 100 0.05%)
=1

T,=10 kN
Z

—13.86 107 m*

T1A; = 4JO mmZ2A, = 250 mm?

A; =200 mm?

[h,=0.06m
Ag= A,

O
,\<V

+—> <

b=0.12m b,=0.24m b, =0.24m

»
»
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Section idealization consequences

T, =10 kN
Z

Open part of shear flow (2)

— Choose (arbitrarily) the origin 24, = 440 mm2A, = 250 mm?

Ny betoween boom 2 and 3 £ A 00 mm?2 4:0 A, = 200 mm?
q," = :
T S A {h,=0.06m
q24 = — I.U; Aqzg £ Ag = A
o 104 ‘ - A=A
__ 0.0004 0.1 fe=hy T
13.86 106 e O g
— 989 103 N - m—l b| =0.12m bm =0.24 m br =0.24 m
510 (0.0004 0.1 + 0.0001 0.05) = —32.5 10> N-m™'
To = 71386 106 G U5) = =52
¢ = — 10° (0.0004 0.1 4+ 0.0001 (0.05 — 0.05)] = —28.9 10° N.m *
0 13.86 10-6 " ' ' ‘ ' )
¢ =— 10° 0.0004 (0.1 —0.1) 4+ 0.0001 (0.05 — 0.05)] = 0
© 13.86 106
. 104 ) B
q'® = — ... —0.00025 0.1] = 18 10° N -m
13.86 106
¢Sl = — 10° ... — 0.00025 0.1 — 0.0002 0.03] =22.410° N-m™!
s Scig 0 . . . .
%2013_2104 Aircraft Structures - Beam - Torsion & Section Idealization 3
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Section idealization consequences

* Open part of shear flow (3)
— Choose (arbitrarily) the origin between boom 2 and 3 (2)

‘ 10°
2 _ B B B e
= —T3ac i -+ = 000025 0.1+ 0.0002 (0.03 — 0.03)] = 1§ 10° N-m !
‘ 10
20
= — .+ 0.00025 (0.1 —0.1) + 0.0002 (0.03 — 0.03)] = 0
o 386100 ( )+ ( )]

-0,=28.9 kN'Jn-!
x 2 0,=18 kN'm!
& 1
1m &l y _ ;
-q,=32.5 kN-m'lI ci[y M =006 my Lt 0,=22.4 kNm?
IS
8
5 cv /
— m-1
q,=28.9 kKNmi> 6 7 0,=18 kN'm
+—r < > < >

b=0.12m b,=0.24m b,=0.24m
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Section idealization consequences

« Constant part of shear flow

~ 4 (0) = yrd- QASg Po s (anticlockwise s, q)
h

o . 1qod
— If origin is chosen at point O’ == ¢ (0) = 55p§)Aq °
h
« With
P + I o + ho
Ay = b;%+b,,,,nhm+Z),,.,T+ = 0.12 0.15+0.24 0.24-0.24 0.13 = 0.0972 m*
&

j{ Pordods = a4, Py 1™ +4,"pEd " + 42 POl + 45 ol ™ + 4o por T + 457 porl

yA
_qO: 1 A
2 -
* q,=18 KN'm 1
& 1
1m &l y B ]
-0,=32.5 kN-m'lT clily M =°0.06 mI t 0,=22.4 KN'm?
S
8
5 sv /
— m-l
-0,=28.9 kN-mv'l\ 6 7 0,=18 kN'm
+—r < > < >

b;=0.12m b, =0.24m b,=0.24m
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Section idealization consequences

« Constant part of shear flow (2)

— fp()’qus q34 34[34+Q§J 4Jl4j+q;6 361J6+qz8 78(78+q(§1 81l81+q})2 12112

0.05
fporfj?ﬂjd.s — 28900 cos (atanm> 0.1 v/0.122 4+ 0.052 — 32500 0.12 0.1 —
0.05 ( ‘
28900 cos (atanm> 0.1 v/0.122 +0.052 +
0.07 ( ‘
18000 cos { atanz=- ) (0.1 +0.07) V0.242 4+ 0.072 +
0.07 ( ‘
22400 0.48 0.06 + 18000 cos { atan= | (0.1 +0.07) V/0.242 4 0.072
ZA
-9, =28.9 kN2
= fpofq@dS = 1030 N -m o 2 18 KN
% 0o= m
; —= 1
Im &
-0,=32.5 kN-m'lT chly M =0.06 m [t 05=22.4 kN
5 <} 8
-0,=28.9 kN: mvl\ 6 7 0,=18 KN'm
+—r < > < >

b=0.12m b,=0.24m b, =0.24m
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Section idealization consequences

 Total shear flow

$ porqods 1030 . .
- 0) = — - ———— = -5310° N-m
4(0) 24, 20.0972
ZA
-9,=28.9 kN-n?
e 2 q =18 kN'm_l
F 1
1m_ & y +q = 1
-q,=32.5 kN-m'1T chly =006 mI ,=22.4 KN'm-
=
8
5 cv /
3,=28.9 kKNmi™> 6 77 Q=18 kNm
+—r < > < >
b=0.12m b,=0.24m b, =0.24m
3 kN-mt
q=12.7 KN'm-
V\ 1
t g=17.1 kNm?
/ °
— .m-1
-q=34.2 KNmL ™ 6 7 g=12.7kN-m
-0=5.3 kKN'm!
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Section idealization consequences

« Consequence on torsion

— If no axial constraint
« Torsion analysis does not involve axial stress
« So torsion is unaffected by the structural idealization
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Exercise: Structural idealization

« Box section

— Arrangement of
» Direct stress carrying booms positioned at the four corners and
« Panels which are assumed to carry only shear stresses
« Constant shear modulus

— Shear centre?

10 mm l,

10 mm

N

Angles
60 x 50 x 10 mm

—> <—-/
_LI 10 mm

T /J

\ 2

8 mm

Angles
50 x40 x 8 mm

N

I_'_

300 mm

N

500 mm

v
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Exercise: Structural idealization

* As shear center lies on Oy by symmetry we consider T,
— Section is required to resist bending moments in a vertical plane

— Direct stress at any point is directly proportional to the distance from the
horizontal axis of symmetry, i.e. axis y

— The distribution of direct stress in all the panels will be linear so that we can
use the relation below

?be 0';1273:
A1T<2+01) N Z /TZ
xTT 1 \ 5
tpb ol A ¢ g
AQ = — | 2+ — « YT o
6 O.C%C{T
) b, 300 mm >
O O S y
A\
@ 9
A2 4/ 500 mm 3
o GXXZ
* — In addition to contributions from adjacent panels, booms areas include the

existing spar flanges
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Exercise: Structural idealization

° tpb o2,
Booms area Ay = DY (g Tow
6 O.ZZII:Z
& ’ E
10 mm 1
— y o A 1‘ ‘2
Nangles t -7 ampr —fr—
60 x 50 x 10 mm — 300
10 m mm
—> <_/ Angles 300(mm o S
\Llomm 50x40x 8
V4 ® o
4 500 mm
< * 500 mm S
Al = 60 x 10440 x 10+ 102300 (5 Zee ) 4 L0300 (5 e )
= 60 x 10+ 40 x 10 4 192300 (2 — 1) 4 206500 (9 4 ) = 4000 mm*
Ay = 50x8+32x 84530 (54 Z) 4 10300 (34 Zpe )
= 50x8+32x8+%(2—1)+10><500(2+1) = 3656 mm*
— By symmetry
« A;=A, =3656 mm?
« A,=A; =4000 mm?
Aircraft Structures - Beam - Torsion & Section |dealization 74 “";:izz“:'li;E
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Exercise: Structural idealization

Shear flow N T
4
Booms area 1. o’
« A;=A, =3656 mm? d\ y
« A,=A;=4000 mm?
B 300 mm >
— By symmetry |, =0 a S
T Vv
= =--= A 0 ¢ ®
1(s) =7~ Z; sdi a0 al. 500 mm X

As only booms resist direct stress

4
Ly =Y Az} =2x4000 x 150 + 2 x 3656 x 150° = 344.5 x 10° mm*
1=1
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Exercise: Structural idealization

* Open shear flow

Z T,
.Tz 1 N S I 2
— 4o (9) — _I Z Z’iA?l A L ¢ < |= 9
YY 4. 5, <s %l'r%
——
300 mm /
O ( S -0
/ qgl _ O \4 . .
4 500 mm
T
gt = ——= % 4000 x 150 = —1.74 x 1073 T},
—_— < Ly,
qég =0 (by symmetry)
T
g2 = —== % 3656 x —150 = 1.59 x 107> T,
Ly,
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Exercise: Structural idealization

« Constant shear flow

— Load through the shear center ANz NE
— No torsion LS < 9>
—_ f{ s — QA;I‘C)_Q "L74x 1T, T~ 159x10 %II'Z
dx 300 mm - >
@fﬂdgj{ o(8)+q0) >0
pt O ®
jg 20(3) g 4 500 mm . 3
= 0 g

14 32
« With G (3) ds = l_ l—
?g t =’ Xt14+qo Xtaz

300 300
= —1.74 x 10~ T><1—0+159><1() TX?—7425><10 ST,

500 300 300
and}( d5_2><— 10+ 3 = 167.5

== ¢(0) = —0.044 x 107° T},
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Exercise: Structural idealization

Total shear flow

2013-2104

NZ T,
1 A
e - ' Z
- -3
L7ax10~T, 1~ 159X 10-1‘|rz
300 m S >
4 CEsx |
@ L
4 500 mm 3
= —0.044 x 1073 T,
Z Az -0.044x103T,
]b - ' Z
« Y1
-1.784 x 103 T, T 1.546 % 103 T,
300 m S
4 & v
O - O
4, 500 mm 5 3
-0.044 x 103 T,
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Exercise: Structural idealization

« Shear center

— Moment around O
* Due to shear flow
« Should be balanced by the external loads

(i Az -0.044x103T,
. 2
— o
1>
-1.784 x 103 T, T 1.546 % 10° T,
300 mm S >
4 & |
\% ® _ ®
4|, 500 mm 3

-0.044 x 103 T,

yrT, = 1.546 x 107> T, x 300 x 500 — 2 x 0.044 x 1073 T, x 500 x 150

== Y = 225 mm
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Annex 1: Deflection of open and closed section beams

Twist due to torsion z 1
— As torsion analysis remains valid for idealized section,
one could use the twist rate
9 M, jg 1 g
: v = : S
* Closed section 414}21 [t v
M, = 244 (N
C M, 1/ /3 \é‘p
;= = —= S
« Open section 0. 3 H q X
Trs = 21“/719,;1:
— In general
L y
M,
° Af / —dx
s C
c 7 ox M,
T
) f":r’ _— —
7

— How can we compute deflection for other loading cases?
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Annex 1: Deflection of open and closed section beams

« Symmetrical bending
— For pure bending we found o, = KEE
— Therefore the virtual work reads

L L
. / / O.p0€, dAdr = / / .0 (O.am:)dAdx
0 JA 0 JA E
L
/ /o'm?(s (K)—Eﬁ-) dAdx
0 JA L

— Let us assume Cz symmetrical axis, M,= 0 & pure bending (M, constant)

. N
= j\[y(S/ (_uz,&?;r) da = _]\/{yéAuZ:I
0

« Consider a unit applied moment, and o the corresponding stress distribution

L
/ / U:g?%r)egrzpdAdx — / / (1) O.aa dAdT = Auz,x
0 A

» The energetically conjugated displacement (angle for bending) can be found by
integrating the strain distribution multiplied by the unit-loading stress distribution
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Annex 1: Deflection of open and closed section beams

Virtual displacement
— Expression for pure bending

[

— In linear elasticity the general formula of virtual

O.(ICI

displacements reads

L
/ / o)
0 A

cedAdr = PYAp

dAdr = —Au.

« oM is the stress distribution corresponding to a (unit) load P®

« Apis

— The energetically conjugated displacement to P
— In the direction of P

— Corresponds to the strain distribution &

2013-2104
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Annex 1: Deflection of open and closed section beams

« Symmetrical bending due to extremity loading $£ TTZ
_ : B u, =0 [N\ X
— Example Cz symmetrical axis, M,= 0 & U, Jdx =0 {\ v >(,\ A
bending due to extremity load 3K >
L

L
//omésmd}ld:r/ /O'm;?dA(S —U, ) dv = Mo (—u, ;) dx
0

Case of a semi-cantilever beam

L L
/ / O':r;r(sea::{:dAdx — / Tz (T o L) 6 (_uz,;?:ﬂ:) dil“
0 A 0

L
= T. (L —=ydu. .| +T. / Su. dr = T.6Au.
0

Eventually

L
= / / O':St) €. dAdx
0 A

o M is the stress distribution corresponding to a (unit) load T,

AU, is the energetically conjugated displacement to T, in the direction of T, that
corresponds to the strain distribution &
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Annex 1: Deflection of open and closed section beams

* General pure bending £ M,
— If neutral axis is a-inclined N
L L / \
D) :
* / / G;}:;}:(S‘ga:a?d‘Adx — / / 03?3:6 ( g) dAdx Eéx |
0 Ja 0 Ja L R M,
. ) R4 /
© With ¢ = zcosa — ysina S 4
( (‘“)2?1,1’, 825 ) . Z 19
— = o5 sina = Ksina R I
» It has been shown that ] Jx= D= RN
82u2 825‘ :: II 7/ A\ y
—— — ——— COS(¥ = —K COS ] Z\Z Y
\ dﬂ:z C)sz ! //[ :
== K{ = RKZCOSQ — RYSINQ = — U, 107 — Uy 22y ‘}/ ;) My
AR R A— -
— Eventually, as M is constant with x )

/
. foL J 4 226 (%) dAdr = foL [ 4 Caal (s g2 — Uy 22 l) dAdr =
~M,6Au. , + M.5Aw, , = M,0A0, + M.SAG.

4 7 § k,w I\/IZ
Z ’ _/\

7
Myg_\ y M, A6, > Uy, (L)
TSN JA8S U, (L) C_/ -

~LZ— ~ 5
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading
— Bending moment depends on x

T
. IOL fA 0'33;735(0;%9:) dAdr = fOL IA Opa0 (— Uy p0? — Uy 0y) dAdr = ‘

foL (=M, 0Aw, o + M.0OAU, ,...)dry ‘/\>
 Integration by parts Aui/x
[ o0 1 —

TZ

A

/ L—2x)|T.0Au, ., +T1T,0Au, ..]de= 1 ‘/\j\/
0
[(L — [[’) ('Tg(sAuz,a? + Tyc?Auyrﬂg + _/

L
/ 1.6Au. , + 1,0Au, ] dr
0

>X

 Semi-cantilever beam

L
/ / T (") dAdr = T.6Aw. + T,6Au, =T - 5Au
0 JA L “ ‘
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading (2)
— Virtual displacement method

L
: / / oWe, . dAdz = Apu
0 A

« With o™ due to the (unit) moments M® resulting from the unit extremity loading

Ty L. — I2.

« With 4cu displacement in the direction of the unit extremity loading
and corresponding to the strain distribution

1 (Izzj\"fu + quf\zfz) Z — ([uz]\,,{u + quﬂ"’jz) y
Exax — 0/ - = - £ Yyt

E I, I.. — I2

o) =
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Annex 1: Deflection of open and closed section beams

« General bending due to extremity loading (3)
— Virtual displacement method (2)
« After developments, and if A.u is the displacement in the direction of T = 1

Apu = / / stAd:r

- ( - / / (LMD 1, M) = = (1, MO 4 1, MY )y
[(L..A +12M,, »— (I,.M, + I,,M.) y] dAdz
! " (1) 1)
— Apu = ( / {(IM I, M ) (1M, +1,.M.)I,,+
E(I,I. —I2.)" v v "
(Iyzﬂ,.{él) +Iyyf\j§1)) (I,-M, + I,,M.)I.. ( M ) 4 qui”( ))

(I,. M, + I, M.)T,. — (L,.,M(l v I, MU ) (I.M, + I,.M.) 1, } dz
* Inthe principal axes I, = 0

1 L
Apu — {L,,M(UM I, Ju(l)M,,}d,
PU El,, L. / Ty
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Annex 1: Deflection of open and closed section beams

« Shearing
— Internal energy variation

L L - L q
. / /T(ﬁ’}fdAda?/ /Té—dAd:t:/ /qé—dsdaﬁ
0 JaA 0o Ja M 0 Js  HE

— Variation of the work of external forces

L L
. / / TOvdAdr = / /tré (O, + Oy, dsda
0 JaA o /.

« Defining the average deformation of a section
— See use of A’ for thick beams
— Vectorial value

L L L
—/ / TovdAdr = / /t'ré‘d:rus dsdx = / (/ t’rds> 00w dx
0 A 0 s 0 3

— Applied shear loading 7T — /tfrds

L L
SRS / / TovdAdr = / T -50,udr =T - 5Au
0 JA 0
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Annex 1: Deflection of open and closed section beams

« Shearing (2) L
— Virtual work / /q(l)%dsdm = TW Ay = Apu
0 S K

« With 4;u the average deflection of the section in the direction of the applied unit
shear load

« With g the shear flux distribution resulting from this applied unit shear load

Izz' ;1) o IUzTZ’("l) /S
Il —I2. .

q(l) (9) - Ldirect chdS + Z Z?lA?L

ir5;<s

['u'u'ngl) B IUZ_T:EI) s
— — tcirec o d. ’.iA’i { (1) 0 }
Tl IZ. /0 lirect o YdS + Z Y + 94" (0)

i 8; <5

« With g the shear flux distribution corresponding to the deflection 4.u

1..7T. —1,.T y
zZ z yz (7
q (9) - 7. ]2 tdirect O'ZdS + E ZiAi -
yy=zz Y= 0 i 8;<s
i

T s
" yb‘ - tdirect o Yd: i A; 0
Lyyl.. — I, /0 lirect o5 Z Y +{q(0)}

10 8; <8

* {g(0)} meaning only for closed sections
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Annex 1: Deflection of open and closed section beams

Example b Az
— ldealized U shape N l @
« Booms of 300-mm2- area each T,=4.8kN Ag A
 Booms are carrying all the direct stress =
« Skin panels are carrying all the shear flow - oy
« Actual skin thickness is 1 mm . < —
— Beam length of 2 m - ¢
» Shear load passes through the shear center
at one beam extremity LA Ay
 Other extremity is clamped .4 f
— Material properties " b=02m
« E=70GPa sz T,
« u=30GPa 0, =0 N IX
— Deflection ? du, /dx =0 — =0 >
3 |
L
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Annex 1: Deflection of open and closed section beams

« Shear flow (already solved)
— Simple symmetry == principal axes

Z’i AZ
T. . I @
= ( (8) — Ji Ldirect O‘st + Z Z?LA?L Tz = 4.8 kN A3' A4
vy 0 i 5; <58
— Only booms are carrying direct stress ,
T L
—=q(s)=—7— ) uA S ¢ =
vy ;. 5;<s ©
— 1
— Second moment of area A, 0| A
© ‘o
I, =Y Az} =4300107602% =48 107° m’ “S=ozm
— Shear flow
T 4.8 103 :
26y = ——Z Ay = — 300107 %(-02)=610> N.m!
7" () I, ' Ta810°¢ (=02) H
‘ T 4.8 103
23 z —6 3 —1
— _ Aqz Aozo) = — 300 10 —04) =1210° N-
q (8) Iyy ( 171 + 272) 48 10_6 ( ) m
T 4.8 103
34 z —6 3 —1
— Aqz Aoz Aqza) = — 300 10 —0.2) =6 10° N-
q°" (s) I, (A2 + Agzo + Az2s) 13 106 ( ) m
%2013_2104 Aircraft Structures - Beam - Torsion & Section ldealization i
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Annex 1: Deflection of open and closed section beams

* Unit shear flow
— Same argumentation as before but with T, =1 N

‘ I N
g 12 (s)

— A 300 107° (—0.2
I, YT 4810~ (=02)
=125 N-m™!
‘ 1N
gV 2 (5) = — (Ay21 + Agz)
yul
_ 3001079 (—0.4) =25 N-m™~!
48106 (=0-4) -
1IN
g (s) = — T (A1z1 + Agzo + Azzs)
Yy
1 300 107°(-0.2) = 1.25 N-m™*
48 10-6 ' '

« Displacement due to shearing

—ATU/ / dsdx?/q( )‘30 109q[) 001ds

- 30 1090.001 |

AZ

z

041 =

h=

P
<
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6000 1.25 0.2 4+ 12000 2.5 0.4 4+ 6000 1.25 0.2] = 107% m
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Annex 1: Deflection of open and closed section beams

« Bending
. AZ T
— Moment due to extremity load
u, =0 / N TX
M, =(x—L)T. du, /dx =0 — =0 >
] 3 X S
M@ = (- L) ) L >

— Deflection due to extremity load

* In the principal axes

1 LW T E ( T L3
EJ, 1, ; YA

4.8 10% 23
e Ay — — 0.00381
P = 38106 70 109 m

« Total deflection
— No torsion as shear load passes through the shear center

— du. = Apu+ Apu=0.00481 m
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