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Elasticity

« Balance of body B
— Momenta balance

* Linear — U

« Angular \u\_u
— Boundary conditions OB —

* Neumann )

. Dirichlet o-n OpB

« Small deformations with linear elastic, homogeneous & isotropic material

1/ 0 N 9

Eij =35\ an U, T U
J 2 (956,5 / )

1

Eij = (’Uw + wi ;)

— (Small) Strain tensor ¢ — % (Vou+u V), or

— Hooke'slaw o =H:e ,or o;; = Hijker

with ’U'u fr,jfskl +‘ ’.',ké‘jf + 6?,l5jk>

— Inverselaw ¢ —=g. o A=K-2u/73

. 1+v /1 1 1%
with QUM 5 (Eézk(sﬂ + §5i16jk> — E(sg'jékl
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Pure bending of symmetrical beams

e Assumptions
— Symmetrical beams z | z
— Cross-section remains plane and My

perpendicular to fibers
» Bernoulli or Kirchhoff-Love theory
* Only for thin structures (h/L << 1)
« Limited bending: «L << 1
— Linear elasticity
« Small deformations

« Homogeneous material

= | =

« Hooke ‘s law

— For pure bending

« Vertical axis of symmetry

« Constant curvature of the
0%u.

neutral plane . — _
Ox?
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Pure bending of symmetrical beams

(% + z) Sin KT —

; 4 v+ Rz A+ O (ﬁ-zx?’ + 211-31:3)
® u&j —_— K:{:Z = ELI::.E — RZ '_H

« Kinematics

« Linear elasticity
— Hooke’s law & stress-free edges

Orx = kb~

Oyy =0 = (

zZZ
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Pure bending of symmetrical beams

 Resultant forces

— Tension Z

M
N, = f O, dydz = H,E/ zdydz
A A
« Should be equal to zero

(pure bending)
e So the neutral axis is defined

such that the first moment of

area/ zdydz = 0
A

— The neutral axis passes through

the centroid of area of the cross-
section Z4
— As, here, Oz is a symmetry axis | | | |

the neutral axis passes through

v <

v <<

the centroid of the cross-section

2024-2025 Aircraft Structures - Beams - Bending & Shearing 5 v AL



Pure bending of symmetrical beams

» Resultant forces (2)

— Bending moment Z

M, = / kE2*dyd> = kEI,,
A

* With IU’U /ZQdde the
A

second moment of area
17\"':{:1?332

Iy'y

 As O,p0p — ﬁ:'EZ = Ogpp —

= | =
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Pure bending of symmetrical beams

ZA =2
- Example |\ l|tf 0 mm
— I-beam subjected to a bending moment \ 30: $
¢ 100 kN'm \
— o \ M
» Applied in a 30°- inclined plane \ / y
— Distribution of stress? h=300 mmf™| g
— Neutral axis? t,= 25mm*®,
7 '_\‘l t.=20 mm
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Pure bending of symmetrical beams
Second moments of area

|\ Z4 i|tf: 20 mm
— Doubly symmetrical cross-section \ 30: 1
— origin of the axes is the centroid A \ M
K \
——ff 2 2 // \ / y
= I, = 4/ / dzdy + 4/ [ dzdy “ 1= 300 mm ‘ >
jiff /,’ \
/ \
3 . = 25|mm
(h—2te)*t, bh* 7SS D
= ]| = — V=20 mm
vy 12 ST 3 g \{[
3 3 9 A
= [y = T +2 |75 {0y b= 200 mm
Transport theorem
0.26°0.025 0.2 0.02° : ,
=Ly = —— 2 [T +0.20.02 0.1402] =1.9410"* m*

‘ teb? (b= 2tp)t
S 2dud> = 94 17w

0.02 0.2  0.26 0.025° .
= [, =2 ~92710° m*
TEE 12 H

2024-2025

Aircraft Structures - Beams - Bending & Shearing



Pure bending of symmetrical beams

. Z4A =
+  Bending moment components |\ ¢|tf 20 mm
~ M,, - E, = 10° cos 30 = 50000v/3 Nm ‘ol !
— M, - E. = 10" sin30 = 50000 Nm \ M
o WAy
« Stress distribution » .
: . . h=300 mm{ ~,
— Linear elasticity == superposition ‘\
t,/= 25[mm
\
— Oy = Ma.‘:r ) Eyz _ M;m: ' Ezy — ‘_\‘ltf: 20 mm
I?J"_U Iz;_: | A\ 4 “}‘|
o 50000/3% .500003{ AP
194107 27100

— 447 10° Pa-m~'z — 1851 10° Pa- m 1y

2024-2025
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Pure bending of symmetrical beams

« Stress dlstrlbut_lon (2) |
— ., = 447 10° Pa-m~'2 — 1851 10° Pa-m™ 'y s
— Forz= £0.15m \\ /M y

\
T (7 = £0.15) = £67 10° Pa— 1851 10° Pa-m™y , _ . 0 44 >
—> € £ [-252; 118] MPa

— Fory=0
O.op (y=40.) =447 10° Pa-m™'2
==>¢c +|-67; 67] MPa

 Neutral axis

— Suchthatc,, =0

= 0= 0,, =447 10° Pa- m~ 'z — 1851 10° Pa-m~ly
z 1851

)~ T

= tan 76.4°
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Assumptions
— Same as for symmetrical bending

Pure bending of unsymmetrical beams

Let us assume

Bernoulli or Kirchhoff-Love theory
Only for thin structures (h/L << 1)
Limited bending: xL << 1
Linear elasticity

Bending moment in a
plane being éinclined

The existence of a neutral axis

— Being a-inclined
— Including the axes origin

¢ LIEGE
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Pure bending of unsymmetrical beams

« Bending moment components
— M,=M,, E,=|M,,|sind
- ]\[z — Ma:;r : Ez — HM:IT:I?H cos 6

« Pure bending
— Signed distance from neutral axis
0 = zcosa — ysin o

— Plane section remains plane

Opx = kEO

= O0,, = kEzcosa — kEysin o

— Pure bending

N, = / O, dydz = HJE/ [zcosa — ysina] dydz =0
A A

« As / ddydz = 0 the neutral axis still passes through the cross-section centroid
A

Aircraft Structures - Beams - Bending & Shearing 12 U e
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Pure bending of unsymmetrical beams

. Neutra[ axis
in[y — M:r;r ) Ey — HMII

~ AS{ M, =M,, E.=—||M,,| cosé |

O or = rEzcosa — kEysin o

sin @

— Ityields
« M, = / 20, dydz = I{E/ [22 cos v — Yz sin cﬂ dydz
A A
= rwFE1l,, cosa—rFEIl,.sina = ||M,,| sind

- M. = / YO dydz = I‘{E/ [—zy cos a + y? sin o—:} dydz
A A

= —rwlI,. cosa+rE], . sina =

= — ||M,.| cosf
_1 .
* Intensorial form [ €O5& | _ | M. | I, -1, sin f
sin o rE —1I,. I.. — cos f

— So position of the neutral axis depends on
 The geometry

* The loading

2024-2025
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Pure bending of unsymmetrical beams

* Principal axes
_pef cosa ) _ | M. || I, —I,. -1 sin @
sin o B H’E 7Iyz Izz — COS 9

— The referential can be changed such that / yzdydz = 0
A

« We are in the principal axes of the section
— This referential is load-independent
» The neutral axis is then obtained by

( CoS «v ) _ | M. || %

sin o xE —cosb 4

* And the stresses ¢, = k2 cos o — kEysin v are rewritten as

Z
sin @ + Y
Ly, L.

Ory = HM:[?.CUH |: COS 9:|

— So in the principal axes, everything happens as for symmetrical loading
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Pure bending of unsymmetrical beams

« Example Zy
— Beam subjected to a bending moment
« 1.5KkN'm
* In the vertical plane b, =40 mm b,=80 mm
— Neutral axis? et =)
. - A 1
— Maximum stress due to bending ? ; t t=8mm
§ M
i-ﬁ
h=8Q mnji
il
v i t=8mm
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Pure bending of unsymmetrical beams

 Position of centroid

Z4
— New frame Cyz linked to centroid C
f du' dz’ 7}th+t ZA
o Jaz Y dz _ 1=
o Jydy'dz" ht+ (b +by)t b, = 4p mm . b,= 80 mm
__—0080.0080.044 o e S
0.08 0.008 + 0.12 0.008 ' || Tt=8mm
|
—
h=8Q mnji
, LWydydy (b + bo) 1250
PO T Ay T e+ (by + bo) t Tl =8
0.12 0.008 0.02 |
= = 0.012 m
0.08 0.008 + 0.12 0.008
2024-2025 Aircraft Structures - Beams - Bending & Shearing 16 l: HE&E



Pure bending of unsymmetrical beams

« Second moments of area

‘ 0.12 0.0083 ‘
—1,, = / 22dydz = T +0.0176% 0.12 0.008+ ,
A A
0.08% 0.008 ‘ b,= 40 mm b,= 80
+(0.044 — 0.0176) 0.08 0.008 SR A
12 B e e e - 17.6.mm
—[,, = 1.09 107° m* ELZ MURSE my
| M
i-ﬁ
‘ 0.123 0.008 h= 80 mn;
—1I..= / y dydz = + i
B 12 e
( 0.08 0.0083 Vol =8 mm
(0.02 — 0.012)* 0.120.008+ + H

12
0.0122 0.08 0.008

=] . =13110"% m*
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Pure bending of unsymmetrical beams

« Second moments of area (2)

ba—0.012 0.0176+ %
—1,. = / yzdydz = / ydy/ zdz + zZ,
A —b;—0.012 0.0176— %
£-0.012 0.0136 b, = 40 mm b= 80 mm
> -
/ ydy] zdz S ey o s e |__ZLZL6_mm
J—£—-0.012 0.0136—h X $t=glm
;o (b2 —0.012)" - (b +0.012)° (0.0176 + L)% — (0.0176 ;)/‘ [2mm v, .
== ly. = B ”

-
-7 <
- <, |
N —=- mrr
- h_‘ 8C ll
- z
- -
- -
- -
-

, 9 2 ‘ 2 P 0
(£ —0.012)" — (£ +0.012)" 0.01362 — (0.0 ’—/h) .

— As each part is symmetrical, 1, with respect to C is equal to the sum of
» Area part times
 y-distance from C of section part to global section C times
« z-distance from C of section part to global section C

== [,. = 0.120 0.008 0.008 0.0176 + 0.08 0.008 0.012 0.0264 = 3.38 10~ " m*
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Pure bending of unsymmetrical beams

 Neutral axis

— As 7
cosar \  ||[M.| I, —1- ! sin 0
sihna /]  kE —1,. 1. — cos 6
_ B ’ S e s B -.1.2.6.mm
W|th 9— 7'5/2, SO A ! /’/,—"
cosa \  1.510° / 0.9972 12 mm-— 4'Zoy
sin o - kE 0.2573 v M
— Neutral axis in inclined by 14.7° as h= 80 mn};
0.2573 i
= tan o = = 0.258 = tan 14.7° N
0.9972 i t=8mm
« Stresses f

0., = kEzcosa—kEysina =
1.5 10 0.9972 z—1.5 10 0.2573 = 1500 MPam ' ~—386 MPa-m 'y

— By inspection the maximum stress is reached

= Max |0, | = 0., (—0.008; —0.0664) = |—96.5| MPa
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Pure bending of unsymmetrical beams

« Bending deflection

— Let us consider

« Unsymmetrical beam

» Frame origin at the
cross-section centroid

* A bending moment in

a planed being éinclined

« A resulting neutral-axis

being a-inclined

2024-2025 Aircraft Structures - Beams - Bending & Shearing 20 U AL




Pure bending of unsymmetrical beams

Bending deflection (2)

— Due to the bending moments

 There is a deflection normal

to the neutral-axis

- The centroid is deflected byg <

 The neutral surface has

a curvature x with x = %
oxr? & 7
— Deflection components ) ,“{_ _______
*u, =Esina
0%u, 0% . ,
— 83{‘2 = 8{{72 SN (v = A SII ¢
*u. = —£cosu
0. 0%¢
= 52 a2 COS x = —HK COS (¥

2024-2025
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Pure bending of unsymmetrical beams

Bending deflection (3)
— As

P?u,  0%€ ,
= = sina = Ksina

Ox? Ox?

. 0%u. %€
= — 2 CcOosQy = —HK COS (&
Ox? Ox2

— The neutral-axis is obtained by
. cosa \ || M| I, —1I,. ! sin 0
sinae /]  kE —1,. L. —cos

C
—_ _uz-‘ma',' — HM'TI H Izz Iyz SIHQ
’U..y,;r;r N E (Iyyjzz — Iyz[yz) [yz Iyy —cos b

M, = | M, ||sin 6 = — B (I,yue.o0 + Iyt 00)
iT\IZ — HM:ITCEH cost) = I (Iyzuz,ztzt + Izzuy,;rzr)

&

« An unsymmetrical beam

— Deflects both vertically & horizontally even for a loading in the vertical plane
— Excepted in the principal axes (l,,=0)

2024-2025 Aircraft Structures - Beams - Bending & Shearing 22 u AL



Bending of unsymmetrical beams

« Shearing-bending relationship ) £ (x)
— Linear balance equation z T T T TLT T T T T.+0,T, &

T. = T. + 0,162 + f.ou Pha— N T X
= f. () = -0,T. I \} ‘/ | >

M, M,f+ 8,M, &

— Momentum balance equation
0.
M, + 0,.M,éx = M, + f. 51:? + (1. + 0,1.0,) ox
—> T, = 0, M, assecond order terms vanish
fy(x)
— Eventually y HHHHV y
Ty X ' Ty+ aXTy OX -M

¢ fz (1)) — _8:1?.Tz — _837:1:17\"Iy

* fu (z) = —83:Ty = Oa M. i \

[
»
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Bending of unsymmetrical beams

« Bending approximation: deflection equations
fz (ZZ’) — _8$Tz — _8:{:3?17\'/[3;& ir\[y — HMLT,‘;E = —F (Iy-yuz.;r;?: + Iyzuy,a?a:)
fy (ZI‘) - _8;E'Ty — 8;3;31“"12 ir\fz - HMa.’.a:H cost) = E (Iyzuz,_;r;r + Izzu'y,_;r:r)

— As

— Deflection equations read

« Euler-Bernoulli equations for x in [0; L] 42 T +4 m T, I\/I_
u, =0 ﬂ i \T\ TX

fo (1) = Ope (Bl gr + E1 2ty o) du, /dx =0 {\ A4

XX
>0 :)
» Low order boundary conditions a

v

— Either on displacements 4|, | = wu.|, , & @yl, , = uyl,
— Or on shearing T’y’& L — —0; (Ejyzuz,:m + Ejzzu’y,mr)‘o? L
Ty p = =00 (Blyyue v + Elyouy o)l

» High order boundary conditions
— Either on rotations ...l ; = Uzalg 1& Tyuly 1 = Wyl 1

— Or on couple A’Iylo. L — (Elyyuz,m + Ejyzuy,:cw)‘o: L

M| 0.1 = (Bl o + BLouy o0l
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Bending of unsymmetrical beams

« Bending approximation: deflection equations with energy method

— Same results can be obtained with an energy method

— Let us assume we are in the principal axes and M, =0

e As <

XX

v X N—I
<

 Internal energy variation

L L
OF: . = / / G0 dAdr = / / Erdrz>dAdr =
0 A 0 A

L 2 L
/ ¢ J_Z\_[:rr ]
/ /E&izszdx 5/ LA
0 A 2 0 2

 Work variation of external forces

(SII ext / f (S’LL~de’ + T’véu'*} * 17\"_{;17;1:

82’“*2 L = L
'=>/ E[(&E2> dm/o f(:r,)uqu:+Tzuz}0—

, L
dou -

C)xo

)
M,, = / kE22dydz = kET 42 T 7 f(X) TH
¢ QA u, = ﬂ [ \T\ T
o Ous du, /dx =0 —M=0
| 8132 b K =
L

ou. |*
iT\"jﬁ': x ;—’O

d:z:o

2024-2025
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Bending of unsymmetrical beams

« Bending approximation: deflection equations with energy method (2)
— Energy conservation

f(x) T —
Ly () Al
[ 55 () o DAl
0 2 Dx* du, /dx =0 M=) >
L X R
L

L ‘
] _ ou. >
/ f (@) uode + Tou. ]y — Moot
0

ox

»

 Integration by parts of the internal energy variation

L 2 L L . 02
92u. 20u. 02w, Dou. ) (9% dou.
6Emt/ prote 20U ) [EI u: Jou ] / = (EIC‘ 9‘*) T
0 0 0

Oxr? Ox? oxr? Ox Ox Ox2 Ox
L L L
i )2 N2 )2
SE., — El)u dou O (12 su | + / Y (12 su.da
dx? Oz |, o (‘):r o Jo D22 (‘):r

 Work variation of external forces

" L dou. 1"
MWoa= [ F(a) Susde+ Toou.] - w_]
U 0

ox
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Bending of unsymmetrical beams

« Bending approximation: deflection equations with energy method (3)
— Energy conservation (2)

« As du, is arbitrary: “Z/H T T ] T, M.
==> Euler-Bernoulli equations u, =0 T LA Tx

? XX
; ; du, /dx =0 — =0 74>
0 0w, D Yl ¢ ;
. (’)TQ (EI 52 ) e f (Q’:) on [O, L] & L
e
9] ( 821&2) _
EI— =T,
. ) - Ox : D2 0.1, |O=L
D*u _
0 PN R v
\ 022 | 1 x: |0,L

« Remark: if displacement or rotation constrained at x=0 or x=L

— du, =0 is no longer arbitrary at this point
— The boundary condition
» Becomes u, = value or/and u,, = value

» Instead of being on shear or/and couple
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Bending of unsymmetrical beams

« Bending approximation: shearing

— AS

¢ fz ('T) — _8:13Tz — _8a:a:ﬂ"fy

¢ fy (‘T) — _arTy — 8;?:3:]\'{2
— There are no shearing loads only if the bending moment is constant

» Cross section remains plane only if constant bending moments

« Beam with cross-section dimensions << L

— If bending variation is reduced (Saint-Venant)
— Shear stress O(T/bh) ~ bending stress x h/L
— Shear stress can be neglected

» For thin-walled cross sections (as plates/shells)
— Shear stress O(T/th) cannot be neglected

— If bending variation is reduced (Saint-Venant)
==> Deflection is primarily due to bending strain

v

0

A
v

2024-2025
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Bending for thin-walled sections

« Second moments of area for thin-walled sections T
— Thin walled section !

* Thickness t << cross-section dimensions

|
|
|
|
|
* Example I, of a U-thin walled cross-section ;
|
|
|
|
|
|

12 2 4 12 < It
bth®  th? , L 1-
I, = Tl + 1—?’2 + 0O (bt°) + O (ht?) + O (t*) + O (h*t?) |
I~ bth? N th? ,
W 12 |
 This result is obtained directly if the section is 1 t
represented as a single line
‘ h? A3 h? bth?  th? y
L,=1t[2dl=t(b—+—+b— )= >
vy /f (4+12+ 4) > T
th? 6b
=, = — |1+ — Jo !
vy 12 [ - h] 1 lt
b
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Bending for thin-walled sections

« Second moments of area for thin-walled sections (2) .
ﬁ z A A

—zt 2 — b & Z,C: 0 A

2t +th 24k i

— Second moments of area

th? 60 (
-@w—111+—1 & @w{/fﬂ
z "

— Centroid y&:

\ 4 \<¥
v <<

12

T~
bo
S
(S
W]
+ |
o=
S—
w
S
]
¥l
o=
SN—
L
=
R
<
\_/
o
\ 4
A
—_
—

 Bad

2
2b3  2th3 2th3 b
2ty (2+5) g

3 2 2 2
o2 tb(b b b

_|_
12 4 2+% (2_|_%)2

2 2
2th bob b
— [, =" +2th —| +ht ;
12 2 24l 24 b

* I, = t/yzdl null as Cy is a symmetry axis

Aircraft Structures - Beams - Bending & Shearing 30 u u"n'.vEer(si.E
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Shearing of beams

Z
 Shear stress S L
— A naive solution is a uniform stress T, ! - T,
1. ! h X
. TIUMIZ —ssss=sss=2 e —

* By reciprocity this would lead to o, = 7

* Impossible as the surface is stress-free tr
y
— So the shear stress has to be tangent to the contour X
For thick cross section For thin-walled section
T
Z A
41 L . 7 T4 Z, .
' . AT
T, | A Z
o o — L I =N Ly
, > >
7 =
< |

¥ LIEGE
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Shearing of symmetrical beams

e Assumptions

— Thick section z | T T T T T T T TfZ(X) ]

_ T, X T,1 0,T, &
— Symmetrical beam > T \
¢ M, =Myl o X Y,
, .
C M. =0 AN M+ oM,
SR\ undii A+
« Shear stress : N+ O,N",

— From equilibrium (previous slide): T, = 9, M,
— Let us consider the lower part of the beam (cross section A”)

* Normal force acting on this lower part extremities

p
N* / odA = £ zdA
A*

X

{
M, + 0, M, da
N+ 0Nz = [ (o dnaie)aa = SO g
) A Ly, A
M T. X
Lyy * Lyy J A L,

* With the reduced moment of area S, (2) / zdA
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Shearing of symmetrical beams

« Shear stress (2)

1,(x)
_ We found arN:;—w z ] TTTTTTTT

1
l

TZ
O D

— But lower part of the beam is at equilibrium l Y ROX M\/I + aZMy X

D

— So the upper part should apply N‘rk\\\\\\\\\\\\‘—'
X N* + O,N", oX
* On the lower part x ' OxN x
« A force Rox
: 1.5, (2
© With Réxr = 9,N6, = ———= (2) ox 21
7.8 o
_ R = L(Z) b(z) \
Lyy — - y
— Shear stress N ~ >
* On the cut surface, assuming uniform shear stress on b(z) X- X
Rox T.S, (2)
Op: =0 =T = — = —-———
‘ b(z)dx I,,0(2)
T.S, (2)
= O.; —
L,,b(2)
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Shearing of symmetrical beams

« Deformation

— Section shear strain in linear elasticity
o, T
[ f'}f f— 28:1?2 p— Lt — Z
“ . “ .
» But shear stress is not uniform
. 1.5, (2)
zxr — 1 1 7 N
Iyyb (2)
Z
— v =0 on top and bottom surfaces
Tma :
— Vmax = H;X at neutral axis
- The average shear strain vy is defined as

— The angle of the deformed neutral axis

with its original direction
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Shearing of symmetrical beams

« Deformation (2)
— Average ¥y obtained by energy method
» Work of external forces ‘
— 0 Wy = 1070

— |If the shear stress was uniform T,
1.

one would have

-2

— To account for the non-uniformity, a

corrected area A’ is used 7 = 1z
A
1. T2
= Wy = 1.0—0x = §——0x
Al 2A' 1
* Internal energy variation
. 1
o 62Eint — / (o'a:z(sezrz + 0:{:265.:172) dAdx = / _o':cz(so';rszéx
A AH
pso,, = L5 (2)
L,,b(2)
‘ 1 ‘ 1 7252
— 62Eim = —60@&4&{: = —5/ =" dAdx
A 2,& 2 A “Ig%be
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Shearing of symmetrical beams

« Deformation (3)
— Average vy obtained by energy method (2)

« Work of external forces = Internal energy variation

1 17252 T?
Rl A— 2T JASy = 6 dr = 0°Wo,
tT2 /A ,u[z p2 0T T O L e '

S2 1
= dA =
/2;1[2 b? 2A' 1

— Eventually

« Average shear strain v =

1
fA—g—gdA

* Under the assumption of a constant shear stress on b(z)

« With A’ =
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Shearing of symmetrical beams

Deformation (4)

— Shearing equations 7
» Shearing is the difference between
— Neutral fiber deflection

— Orientation of the cross section

» Angle 6,
_ _ ou, Ou
= = 26, = 8; + 85{32 = Qy + O, u,
« Curvature is then computed from the variation in cross-section direction
09,
=R = — _
8557 A A3 f(X) TI TZ IVI_
 Timoshenko equations on [0, L] u, =0 {N g L TX XX
L Y A
— As 8:1:]‘"{3:;1: - Tz =0 /e =0 \\‘IVI A/v >
L

O, O
— As 8;I:Tz — 7.](

0
—> — (A (0, + O,2)) = —

'=>2 (EI%) — H,A[ (Q’U + 83:“2) =0
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Shear effect

Bernoulli assumption
— Timoshenko beam equations

o
— (A (0, + D)) = — f

— Euler-Bernoulli equations

i (Efag'“”’) — f(2) - Z{H} T THTIDM_

Ox? _ [ j\r\
du,/dx =0 =y

K

L

Ox2

— It has been assumed that

the cross-section remains planar
and perpendicular to the neutral axis
u,, = -6

B ' y
— Validity: < 1
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Shearing of symmetrical beams

Example: shear stress for a rectangular section

— Using o¢,, = —

T.S, (2)

Ly, b (2)

* Reduced moment of area

* Shear stress

O.Z a

bh2

8

z

Sn(z)/*szb/
x

h
2

2z
h

2dy

;

»2
—b
2

127,

b2 h3

h
4

37
2bh

bh?

8

« Maximum shear stress reached at z=0: Typax =

— Exact solution (elasticity theory):

« Maximum shear stress reached at y=z=0

Tmax —

37,

“Son

h/b

2

1

1/2

a

1.033

1.126

1.396

37
2bh

o) /\h
 — y‘
BN\
z) B 1] R
h
z
i 2 A
) ] h .

« Shear stress is not uniform on b, but this is a correct approximation for h>b

2024-2025
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Shearing of symmetrical beams

« Example: shear strain for a rectangular section 21
) bh? 22\ ° b(z T
— Reduced moment of area S, (2) < [( - ) _ 1] (2) S h y
1 - ™ 'X
— Corrected area A’ = ] m m «\A
AT 2 bg *
1 52 144 (3 144 (72 - h’T)Q
1 14 o 14 , ; .
[ A’ / Iz b2 dA b3hG /_121 bndz bShG / b 4 dZ

L 36/’5 a2 W 36 [k R 36 66
A bhS A i 2 16 bht |80 24 16| 30bh  Hbh HA

— So if shear stress is uniform on b (ok for h>b) A’ = %4
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Shearing of unsymmetrical beams

« Extending these equations to unsymmetrical beams

— The equations remain valid 127 f(X) T,
u, =0 ﬂT [ T\T\ T M
z — II>G )é)
['¢
L

* If we are in principal axes as l,, = 0
du,/dx =0 VI

as everything happens as if uncoupled S

* In linear elasticity, as superposition
principle holds, the same equations
can be derived for u,
— But if the loads do not pass through a point called the shear center S there
will be a twist of the beam
« This point is difficult to obtained for unsymmetrical non-thin-walled sections
— This problem is not relevant for light aeronautic structures based on thin-
walled sections

* Only thin-walled sections will be considered

¢ LIEGE
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Shearing of thin-walled cross section beams

» General relationships Z4
— Consider thin-walled sections y

A
4

« Symmetrical or not wa «
» Closed or open ‘ h G —

— Assumption v
« Shear is uniform on the thickness t
==> Definition of the shear flow ¢ = tr

— Balance equations

’ (O':r;?: + 8;?30':{::1:633) tds — O';m:t(SS + Os * aSGS 5 g T asq 8
(g + 0sq08) 5, — qox = 0

= ta;ro';r;r + 89q =0

* (05 + 0s040s) toxr — ostdx +
(q + arqéx) 05 — qos =0

== t0,0, + J,.q =0
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Shearing of thin-walled cross section beams

« Shear flow Zy ,
— Assumption y

* No twisting of the beam T4 T

==> Shear loads pass through T s\l T

a particular point called

shear center S T,
 If this is not the case there is
a torsion combined to the shearing
— Equation t0,0,., + 0,¢ =0
» Direct bending stress obtained from

» | We use pure bending theory: section assumed to remain planar (not true)

p
O.. = kEzcosa— kEysin o

cosa \  ||[M,.| 1, —1I,. ! sin 6
sinav ) kE —1,. L. —cos
&

B cosa | 1 L. Iy. M,
_&E( © Y )( sin o ) Iy’yIzz_Igz ( oY ) ( Iyz IUU ) ( J\[z )
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Shearing of thin-walled cross section beams

Shear flow (2) Z
-~
— Equations (2) .
! L. Iy M
Oy — 5 ( z =y ) ( zZz Yz ) ( ,y ) y
Iyyjzz - Ifﬁz Iyz Iyy j\,.[z : C| ;Ty R
—_— O, = (Izzf\[fu + quf\[z) Z — ([uzj\jv + quj\[z) y q {

Iy 1.. — I,gz
— Assuming the variation of moment is larger than the variation of section
(Izzﬂ"/ Y, xr + [yz ir\jz,a:) z (Iyzﬂ-'jy,m + Iy'yﬂ”jz,;t) Y
Iyyl.. — I,gz
* But ta&-‘o-lfif + 8bq =0 J .Tz — ‘C);rir\"/[y & Ty - _(‘ﬂ)a?j\»’jz

83: Oy —

D — _Izsz — 1.7, o 1,1, —1,.T. ty
yylzz — Ijz Lyl Igz
« Eventually
I[..7.-1,.7T, /b , o, LT, — 1T, /b , o
q(s)—q(0) = — - t(s)z(s)ds ——— s )y (s )ds
(s)=4q(0) =12 ), (s7) 2 (s) Il =12 ), (s)y(s)
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Shearing of thin-walled open section beams

« Shear flow for an open section beam
— For an open section q(s) = 0 as

on the boundary ¢,,(0) = &,,(0) =0

A

4
v

o I sz i
v / tyds’ ! e
0 S

— o) =~ [y Lol
Lyyle = T3 Jo Iy I.. — I2.

* In the principal axes

Tz s T 5
q(s)=— / tzds' — -2 / tyds'
I’y:u 0 L. 0

Z A
« To be compared to the thick cross section approximation A
7.8, (%) b(z) h
Oz = 7  S— y
Iy.yb (Z) 7 >
— Has been obtained for symmetrical beam \:\ X
and assuming constant stress on b &\\ﬂ\\* V\‘

A

— For unsymmetrical beams, the same approximation leads to

1..17. -1,.7,

b(s)T(s) =— / bzds' —
Lyyl.. — ]yz 0
— Accurate only for h/b > 1

Ly, T, — I’yZ‘Tz /S byds'
Lyyl.. — [ﬁz 0
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Shearing of thin-walled open section beams

« Shear center .z
ZA
— Definition:
* No twisting of the beam if shear loads pass through y
a particular point called shear center S s! \Cl 'Ty
— Practically q —
S

« Shear loads are represented by loads passing
through S and by a torque
— Location
« If axis of symmetry: S lies on it
« If cruciform or angle sections, as q is along these section, S is at the intersection

2
A _f A 1 A N
Z
4 Y
] R I BN,
—t><—t _L<_t —t»<—t
\ 4 ‘t \Iy it v t. i
<+b> 4ﬁs_> S<b+>

« Generally speaking: obtained by considering the moment equilibrium
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Shearing of thin-walled open section beams

 Example PESY. t
— U-thin walled cross section T 1 #
« From previous exercise Z
( yé? = 5 j I3 h g y; Z
th? ; 6b S K t )
[+ IO

— Location of the shear center S?

IIIIIIII

Aircraft Structures - Beams - Bending & Shearing 47 U i)

2024-2025



Shearing of thin-walled open section beams

e Location of the shear center

Z A AZ lt
— By symmetry: - i q |
e OnCy ‘
: : 1
— Horizontal location? q vy
* Consider a shearing T, (T, is useless Sih 14 ¢
as we know the vertical location) A t
* Ensure moment equilibrium ] o lt
— Shear flow a1
b <+
L..17. - 1,.T, [° L, o, —1,.T. [° S
° q(s):_ yzy/ tzdsf_ yy-y y2 / tydsf
Iy l.. =15, Jy Iy l.. =17, J

T,
.ASIyz().:»q(S)_/
0
. With | _th? 1+6b

Y2 h

127 :
s) = — - zds’
— 10 i |
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Shearing of thin-walled open section beams

 Shear flow

— Shear flow on bottom flange

127, ? ,
© As q(s) = - )/ zds' zh AZ
0 .

— t
}?’3 (1 + %b A > #
" 127, ( h)w ) T, !
= s) = — —— —
! P31+ %)\ 2 ! i
q oy
671", Y
N — < b— - . >
|t
- 1 t
« Maximum shear flow q(y’ =0) = — 6szsb v - !
W2 (1+ ) — a1
b s

« Moment around O’ induced by the shearing of bottom flange

/ "= 0)b 3702
Wilp)— ey =0b 3T
2 2 2h (1+ 52)
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Shearing of thin-walled open section beams

» Shear flow (2)

— Shear flow on the web

127, ?
}?’3 (1 + W) 0 A > >
z’ T q T
(7,) 671.b 127, f T z
e Z _— — 7 7
! RO+ R (1+2) ) . t,
‘ vy
- ! 6Tz b 6Tz 72 }?,2 h O - >
1(7) = 2 6b) 3 6b) |~ e S 1 C
h (1+7) h (1+T) 4 t
« “Boundary” shear flow ! 1 lt
, h , h 6710 . q 1
2 2 hz (1 —+ ?) S
« Maximum shear flow —
671.b 37T,
q(z'=0)= - -

+
2 6b 6b
h2 (1+82)  2n(1+5)
 Moment around O’ induced by the shearing of the web
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Shearing of thin-walled open section beams

« Shear flow (3)

P~
— Shear flow on top flange
127 0
© As g(s) = — = / zds’ zt gL t
hS (1 -+ %b) 0 A > ng #
( l) 6sz 12Tz /yf hdyf/ TZ !
=>q(y )= — by 6b 2 ‘
P2(L+3) P (1+3) Jo 2 E vy
6Tz >- >
— q() = 5 (b— ) sth 01 ¢
h? (14 52) t
 Moment around O’ induced by the il 1 lt
shearing of the top flange <;—hﬂ
W aly=0)b 310’ s
Mor)J= = | — = = Gh
2 2 2h (1 + 52) =
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Shearing of thin-walled open section beams

« Shear center

— Moment due to the shear flow:

37.0° :
+@ o o Z A AZ lt
h (1 + T) A > ng
T, a
— It has to be balanced by the shearing |
3T, b° :
— Ly =~ — ,q Y
h(l+3) sih P ¢
y 3b° .
= /g — — 5h =
h(l+52) | J!
91
; s
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