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Elasticity

Balance of body B
— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
» Dirichlet

— (Small) Strain tensor ¢ — (Vou+ux V), or

b | —

— Hooke'slaw o =H:e ,or o;; = Hijk€r

with ’U)u fr,j(skl +‘ ?,L(sjl + 6116JA)

— Inverselaw ¢ —=g. o A=K-2u/73
- 1 +v /1 1 U
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Pure bending: linear elasticity summary

« General expression for unsymmetrical beams 2t
— Stress 0., = kEzcosa — kEysin a , \fg,
—1 . 1 I,
with (cosa \ _ M| I, -1, sin @ AN\ Y
sin «v rE —1,. L. — cos 6 S
: Lol M,
— Curvature U e

_uz_,:ra: o HM:I.’-I H Izz Iyz Siﬂg II
Wy za N E (Iy-yjzz — Iszyz) Iyz Iyy —cos 6 !

— In the principal axes I, =0

« Euler-Bernoulli equation in the principal axis

) 92
_ i (E]d u*’") = f(z) forxin[O L]

Ox? o2 f -
¢ AZ A 4 X —
) 8 (‘“)2(“2 .7 /TT h r () TIITZ MXX
- ox El a2 — Flor 4= T ( 11 TX
— BCs/ ' ’ 0,L du, /dx =0 —ivt=>H >
0. _ 3 X .
B 022 |, , - ﬂ"'[ifif}o,L L

— Similar equations for u,
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Beam shearing: linear elasticity summary

« General relationships

oL (%) I ] T, —
fz (T) — _8:17Tz — _8;1::{?]\'/[1; u, =0 ﬂT g \?\T 4 TXD X
_ - _ [ nasAn D
du, /dx =0 NG >
f’y (T) - _arTy — 833;1:]\"12 3 K =
L
« Two problems considered L
— Thick symmetrical section () “ h )
» Shear stresses are small compared to bending stresses if h/L << 1
— Thin-walled (unsymmetrical) sections L R
» Shear stresses are not small compared to bending stresses N
» Deflection mainly results from bending stresses h
—»>
e 2 cases

— Open thin-walled sections v
» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
— Stress 0., = _M B H(Z) - Ah A
Iyyb(z) N ” y T
+ With g, (z) / ~dA 6 . = >
* =
* Accurate onlyif h>D w v Y
— Energetically consistent averaged shear strain 2 ‘
°® ’?’ prm— ,‘z W|th A/ 1
A e ﬂdA
« Shear center on symmetry axes T
— Timoshenko equations
~ Ou ou o)
« N =28, T =h,+0,u. & =4 2
e R P
0 (Elai) pA (0, + d,u,) =0
« On[OL]: O O
0
o (WA (0, + D)) = — f
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams Tz
ZA
— Shear flow ¢ =tr =N
L.T. - 1,.T, [° /
cq(s) = ———= y22 Y / tzds' — C: Y,
Iyylzz - Iyz 0 S q Ty
LyyTy — Iyzgz /8 tyds' Z4 4{
I!LUIZZ o Iyz 0 y
* In the principal axes T4 T
1. [° , Ty 7 / |
q(s) = —— tzds — — / tyds T
(5) L,y Jo L. J, y
— Shear center S T
z
* On symmetry axes A
« At walls intersection z
« Determined by momentum balance ) c
— Shear loads correspond to A P
t
» Shear loads passing through the shear center & vitl
P g g —
- Torque b
% 2013-2014 Aircraft Structures - Aircraft Components — Part || 6 wugg



Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams

— Shear flow g =tr7

- q(s) =¢qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

1.7, —1,.T, [°

0o (8) = ——— y‘ﬂ‘”/t(s’)z(s’)ds’
LyI.. =12, [y
1,,T, —I,.T.

» Constant twist part
_ yT’Tz — Z'T'Ty — iﬁp (g) 9o (9) dS
2A,

« The g(0) is related to the closed part of the section,

v

: : . T

but there is a q,(s) in the open part which should be ;
: £/ -,
considered for the shear torque ¢ p(s) ¢, (s) ds dA, 7

[
S
B
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams 7 4 Z
— Warping around twist center R ‘
*u, (s) = u, (0 —ds— —ds < Acy (:
u, (S) =u ()+/0 uts Ahf{ut 9{ cp (8) + =
zr Y (s) —y(0)] —yr|z(s) — z(0)] }
2
A -,
. § tu, (s)ds A 77—
- With u, (0) = h S -
th e (0) =y s N\ P
— u,(0)=0 for symmetrical section if origin on q

the symmetry axis
— Shear center S

« Compute g for shear passing thought S

« Use
t(s—0) = YL =Ty = §p(9) g (s) ds
| 24,
With point S=T
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Beam torsion: linear elasticity summary

« Torsion of symmetrical thick-section beams

A VA A Z
— Circular section
o T=py =1, N
T
M., . — h
) C - 9,.1? a Lur dA Tl y Tmax" 4 vfﬂlle y
— Rectangular section @
M, —
* Thmhax — 55
ahb? < >
M, b
- O =2 =3hb*u
0 » hib | 1 1.5 2 4 00
e Ifh>>h o 0.208 [ 0.231 | 0.246 |0.282 |1/3
— Tay =0 & Tpr =2y, B |0.141 |0.196 | 0.229 |0.281 | 1/3
3M,
— Tmax — ;
hb?
M,  hb?
i Lol
6 . 3
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Beam torsion: linear elasticity summary

« Torsion of open thin-walled section beams
— Approximated solution for twist rate

* Thin curved section

= Tps = 2100,
M 1
- (O=""== ds
0. 3 / :
» Rectangles s, N
& =
— Tmax; — ﬂtég_._;r * 13
/ 3 >« b
B j\f’[z B Z llt%u |
0., “— 3 2
t1|+ l,
I:* |

— Warping of s-axis

Cul (s) = ul (0) — 0, / prds' = (0) - 2A4p, ()6.,
0
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Beam torsion: linear elasticity summary

« Torsion of closed thin-walled section beams 7 4
— Shear flow due to torsion M, = 2A,q

— Rate of twist

M, 1
’ 9_.33 — - 2 f ds
« Torsion rigidity for constant / <\ )
- >
414? 5 N dA, 5
Ip=—-+=<1,= [ rdA \ A
?ds A q 5, L
— Warping due to torsion A
M T ] A R ( S) 1
¢ xz\S) — Wy 0 : — g — —2 > 7 —d.
u, (s) u‘()+2AF1[0ﬂt9 m %}utg

A, from twist center
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Structure idealization summary

 Panel idealization
— Booms’ area depending on loading
* For linear direct stress distribution

( tpb o2
Ali<2+ ff)

6 o

€T
<
t D b 0'1, .
g 6 Ua?a:
b,
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Structure idealization summary

« Consequence on bending

— The position of the neutral axis, and thus the second moments of area

* Refer to the direct stress carrying area only

* Depend on the loading case only
« Consequence on shearing

— Open part of the shear flux
« Shear flux for open sections

Go (8) =

I..7. - 1,.T,

Tl — 12,

Iy’yTy B IZUZTZ

Lyyl.. — I2.

i:8;<s

i 8;<s

- Consequence on torsion

— If no axial constraint

» Torsion analysis does not involve axial stress

» So torsion is unaffected by the structural idealization

s
tdirect O'st + Zi Ai
/ >

/ tdirect O'yds + Z y?lAi },//,
0

2013-2014
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Deflection of open and closed section beams summary

« Virtual displacement
— In linear elasticity the general formula of virtual displacement reads

L
/ / o :edAdr = PWYWAp
0 Ja

« oM s the stress distribution corresponding to a (unit) load P®

« Apis the energetically conjugated displacement to P in the direction of P() that
corresponds to the strain distribution &

— Example: bending of a semi cantilever beam $£ E
L u, =0 {/ \A TX
. (1) _ du,/dx =0 —ivt=>H >

/0 [403:3: E:B;BdAdx APU . N3 K R ‘

L
— In the principal axes
1 g 1 1
Apu = BT 1. /O {Izzz\.ffg )M, + 1,,,M! )]\ffz}d:z:

— Example: shearing of a semi-cantilever beam

L
. / /q(l)idsdﬂ? = T(l)A_’iL = ATU
0 S /,Lt

D 5
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Wings

Real structure
— One, two or more cells

— Usually
» Resistance of stringers to shear
stress is generally reduced
» Distance between stringers is small
— Shear can be considered constant
in the skin between 2 stringers

— ldealized section approximation holds

1. % 1 3 3 3
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Wings

* Wing loading
— Pressure distribution in airfoil can be substituted by
 Lift & drag acting through the AC, resulting into
— Bending
— Shearing (including twist if AC # Shear center)
* Pitching moment, resulting into
— Torsion around AC (unless CP is the shear center)

load

z

Wing lift

Pit¢hing 7
momen Tail load
Arust

y f '
B
| Drag
m Weight
Vv
—> A
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Wings

« Bending

_ psbefore o = TzeMy + 1y M) 2 — (Lo My + 1y M. ) y

Iyyjzz o I‘jz

— Still considering only direct stress carrying structures: i.e. the booms

AZ
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Wings

Torsion ,

— Assumptions
* No axial constraints (warping allowed)
— This is a severe restriction for wings
— No axial stresses

* Shape of the wing unchanged after torsion
" ’ ’ () (gn)_|(@"y
— Methodology 7 ¢l >

* No axial stresses ==> only shearing
==> pooms can be ignored

* The N cells carry the torque M,

* There is a constant shear flux g; in each

cell i of open area A,: M, = Z 2° Al

* To compute the fluxes
— Compatibility of displacements has to be ensured

qll
==> Same rate of twist in each cell —
— For constant u @ pata'(C g I g
. qll_qll
1 7
9.:13 — - j{q—ds q'l'l_’
| 244 J; 1

ga 2013-2014 Aircraft Structures - Aircraft Components — Part || 18 wiq



Wings

« Torsion
— Twist rate Compatibility

0. K
- QAEuL¢‘ ’

QA'L [q 12 q@'l—34 4 (q?; B qi_l) 23 4
. i+l g
« With the non dimensional length [iitl — / .
; t
] 1+ _
= () e ' ’& [’& + [’z, . ’H—lz'{;—i—l
v = gary, FE T T d =g

» With the non dimensional lengths <

ds

zij{ a5
\ cell’ét

— This formula has to be adapted

* |f a cell side is connected to more than one cell

-
l’z,—i—l o e
L t

cell iM cell 141

2 <Jd
ql_qH‘
3 T 4
(qé B q¢+1) [41]

ds

141
* If shear modulus is not constant == Ji:+1 _ / ds
0
¢ HREF
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Wings

« Example
— Three-cell section
— Shear stress ?

Wall Length (m) | Thickness (mm) | u« (GPa)
12 ( 1.650 1.22 24.2
12 | 0.508 2.03 27.6

13 & 24 0.775 1.22 24.2
34 0.380 1.63 27.6
35 & 46 0.508 0.92 20.7
56 0.254 0.92 20.7
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Wings

_ _ M, = 11.3 kN'm
Non dimensional lengths
3

=
S @ ©
( 1.65
120 — ___ — 1549
1.22 10-3222 . °

27.6 4
‘ 0.508
12 = = 250
2.03 103 _
A _ 0.775 . Wall Length (m) | Thickness (mm) | u« (GPa)
< 1.92 10—3% ' 12 ( 1.650 1.22 24.2
B _ 0.38 533 12 | 0.508 2.03 27.6
163103 T 13&24| 0.775 1.22 24.2
ps _pe_ 0508 o 34 0.380 1.63 27.6
09210322
0954 27.6 35&46 | 0.508 0.92 20.7
756 »&9°
\l = 00210 20T 368 56 0.254 0.92 20.7
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Wings

|v| = 11.3 kN'm
« Non dimensional lengths (2)
3
— Cell lengths
=22 = 1792 <;:>
SP=12 PP P = 1932 4

P=F 4+ % 7% = 2073

.

— Intersecting lengths

@

[} =12 =250
[; = 1** =233
| ‘é : 2013-2014 Aircraft Structures - Aircraft Components — Part ||
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0. =

Wings

_ |v| =11.3 kKN'm
Twist rates
— Cell | 5
1 1
o= g a1 = ¢"L] Q @
QA;IHREiF 6

[1792¢" — 2504""]

~ 20.258 27.6 10°
—0,=12610"° N '¢ —17610° N 14!t

— Cell 1l
1 1
Iy 2 — 3] = —250¢" + 1932411 — 233411
OATT ey i+ 1] = 5o assar g qon L2000 + 1932 7
=0, =-12810"" N '¢ +9861077 N '¢l —1191077 Nt/
— Cell lll
1 1
0, = —q3 + M| = —233¢"! 4 2073¢" 1
T 2A e | ’ | = 3561976107 | |
=0, =-26210"" N~ '¢/l +233107% N* 41
3 equations for 4 unknowns —. momentum equilibrium
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wings

Shear fluxes
— Applied torque

"M, =) 2q¢'Aj =2[0.258¢" + 0.355¢"" +0.161¢"""] m? = 11300 N-m
_ Equations

- 2[0.258¢" 4 0.355¢"! +0.161¢"""] m? = 11300 N-m

1261077 N7'¢f —17.6 107 Nt g/
_ —128 10—9 Nfl qI + 986 10—9 Nfl qII . 119 10—9 Nfl qIII

+ 1261072 N7t ¢! —17.6 1072 N1 4!
= -26.2107Y N 1¢ll 42331079 N1 gH!

— Resolution
98.6 + 17.6 11.9
= A o 1T — 0,837 — 0,086/
126 + 12.8 126 4+ 12.8
g ZBAN60086 iy
— 126 0.837 — 17.6 + 26.2

¢' = (0.837 2.138 — 0.086) ¢/ 1T = 1.74'!

== 2[0.258 1.7 + 0.355 2.138 + 0.161] m?¢’!! = 11300 N -m
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Wings

 Shear stress
i 11300

= " =4210° N.m™!
| 4 2.72 "
— Solution g IT — 4900 2.138 = 8.9 10° N - m ™
¢' =42001.7=7110° N.-m™*

M, =11.3 kN'm

Wall Length (m) | Thickness (mm) | u (GPa) v= 7.3 Mpa
12 ( 1.650 1.22 24.2
12 | 0.508 2.03 27.6
13 & 24 0.775 1.22 24.2
34 0.380 1.63 27.6
35 & 46 0.508 0.92 20.7
56 0.254 0.92 20.7
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Wings

« Shearing
— Assumptions t T
» Shear loads do not pass through shear center
 Booms carry direct stress only 4
« Skins carry shear stress LN q"'(0)
» Generally skins also carry direct stress 7(0)
— Methodology
« Cut each cell
— Cut on top so the correction is minimal

v

« Compute the open flux of the whole beam section

L..7T. —1,.T 5
o (8) - = L ( . / tdirect o2ds + Z,L'A,,; —
i 2 | 2

1 5; <5

IUUTU o I’Usz /S
— — t irect o d ?lAi
Ll 12| Jy foeerovle s 2 0

i: 8;<s

« Compute the missing ¢'(0) at the cuts using compatibility of twist rate

—*—g lg 2013-2014 Aircraft Structures - Aircraft Components — Part || 26 wuﬁg



Wings

« Shearing (2)

AZ
— Twist rate compatibility + T,
* For torsion we found T
1 L o L I I
9 L= . L z—ll@ 'z,lz o @Jrll'@:—l—l
’ 2A5 UREF [ ¢ ity ¢ b } T —i q''(0)
* Butg' =, + q'(0) q'(0) q'(0) y

v

— (, hot dependant on the
cell number (computed for
the whole section)
« So twist rate in each cell i is rewritten

1 ' 7 WA 0 i 7i

— s | O+ OF 4 s )T
2A; pREF cell i Uomor

- Section twist rate computed by momentum equilibrium (anticlockwise g, s)

M, =yl — 2T, =) / qpds
rall 2

rall @
)
qopds + Y j{ q'(0)pds
: cell @
T
= y-T-Tz — Z-TTy = E /
7 W
2013-2014 Aircraft Structures - Aircraft Components — Part Il 27 vyl

0.,

— y’TTz - Z‘TTy — Z/
- dopds + > 245,4'(0)




Wings

« Shear center

— Define successively shear loads t T

» T, to determine yq T

- T, to determine z S_—M
— Compute open shear fluxes P q"(0)

« As before q'(0) 9" ‘_:y
— To compute the fluxes at cut

« Twist rate is equal to zero

— As loads pass through shear center
 ('(0) are deduced from
0=10, = | 1 _qz’—l(o)l_z"il + g (0)] +j£ Qo 4o _ qi+1(0ﬂ_§'+1
2A), IRER cell § L7~

— Shear center position ys (z) is obtained from momentum equilibrium

yr1. (—27rTy) Z/ N qopd8+2j£ 0)pds

ell 7
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Wings

r 3
T,=86.8 kN
 Example ‘

— Idealized wing section 3
« Symmetrical booms distribution
 Booms carry direct stress only

« Skins carry shear stress only =0.28m
— Direct stress due to bending A
moment?
— Shear stress? ) l, =127 m
Wall Length | Thickness | u (GPa) Boom | Area (mm?)
(m) (mm) 1,6 2580
12 & 56 1.023 1.22 27.6 2 5 3830
23 1.274 1.63 27.6
3,4 3230
34 2.200 2.03 27.6
483 0.400 2.64 27.6 Cell | Area(m?)
572 0.460 2.64 27.6 I 0.265
61 0.330 1.63 27.6 1 0.213
78 1.270 1.22 82.8 " 0.413
- i
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Wings

« Bending
— As boom distribution is symmetric: z’c = 0.23 m

¢ Iy.y =2 (A3232 + A2222 -+ Alzlz)
= 2(0.003230 0.2° + 0.00388 0.23” + 0.00258 0.165°) = 0.000809 m*

[ ¢ M, , 30010° |
=gt =Yl 0165 =61.2 MP
Toe = =T = 7% 7 0.000809 “
‘ _ M, . 300 103
Lot =—0® =42 — (23 =2853 MP
Tor = 7T = 7 0.000809 *
M 300 10°
3 4 Yy 3 , .
=gt =Y 02=T742 MP
Toe = 7T = 77 0.000809 !
T,=86.8kN |
Boom | Area z' 12 1
(mm?) B 4 -
h = 0.4 7 m _
1,6 2580 | _ h,, =
2.5 | 3880 0.28 mI M,=300kNm | |h =0.33m
3,4 3230 0O
T L =12Tm . I,=1.02m
Aircraft Structures - Aircraft Components — Part Il 30 “Ugﬂ
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Wings

« Open-cells shearing

— As only booms are carrying direct stress ¢. (s) = —

[ uy

Z ZiAi

i 8;<s

fy h,={046m

: T, 86800
48 z 4 3 —1
. = ——2"Ay = — —0.2)0.00323 = 69 10° N -
%o 7.7 4= "G00 103 02 m
T. 86800
=) = = Ay = — 0.2 0.00323 = —69 10> N .m~!
I, 0.809 10— 3
c =BT 326910 N om = ¢37T =0
( ( T, . 86800
e —qt=qg T =2 A=~ 0.23 0.003880 = —96 10° N -m™!
I, 0.809 10— 3
=T+ T =T =-9610° N.m!
7.T,=86.8KkN |
Boom | Area 3 z' 12
(mm?) 0 —r ¢ ~0—1
_ — s ! o 1
1,6 | 2580 |M=04megknm|8 — " 'ogkNm? Il
| . ] C V:
2,5 3880 9 kN-mf h, = 0.28 mI T% KN o éhr 0.33m
3,4 3230 4 58 -
 h=127m ve =102 m .
2013-2014 Aircraft Structures - Aircraft Components — Part Il



Wings

« Open-cells shearing (2)

— As only booms are carrying direct stress (2)
86800

0.809 10—3

56 _ .7H
°4do — 4, —
e, 61 _ 56
qO _qo o

T. -
= 2P As = —96 10% —
Iy'y
. 4, 86300
Z _—
I,,” " 0.80910-3

(—0.23) 0.003880 = 0

(—0.165) 0.00258 = 45.7 N -m™!

« What remain to be determined are the ¢'(0) at the cuts

— Use of twist rate compatibility

1 . _ - ) , _
b = i |-a T OT O+ ds— g
2A; PREF cell i Vimar
7, T,=86.8kN |
Boom | Area 3
(mm?) 0 =
h =04 msgiemils |0
1,6 | 2580 |M=0-4MegkNm! —
2,5 | 3880 okNmt)  Ch ~ 028 I
3,4 | 3230 4
 h=127m

2013-2014
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Wings

* Non dimensional lengths Wall Length | Thickness | u (GPa)
— Side Iengths 12 & 56 1.023 1.22 27.6
N _ e _ 1.023 230 23 1.274 1.63 27.6
1 27_10.00122 o 34 2.200 2.03 27.6
R —— — 782 483 0.400 2.64 27.6
0.00163
99 572 0.460 2.64 27.6
[* = = 1084
0.00203 61 0.330 1.63 27.6
e 0.4
183 _ 10 78 1.270 1.22 82.8
= 0.00264 152 1
T,=86.8 kN
572 046 174 |
0.00264
| 0.33
[0 — — 202
0.00163
1.27
[ = 2.8 347
0.0012252=2
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Non dimensional lengths (2) T, =868 kN |

— Cell lengths
[l_l _ l‘34 4+ l_483

= 1084 + 152 = 1236

—
My: 300 k[\l-m

[P=P%+ P34+ P27 T L,=12rm L =102m
0.15 0.18
= 782+ 152—— 4 347 + 174—— = 1254
a0 T T e

P=1"2 PO PO 4 M5 =839 + 174 + 839 + 202 = 2054

— Intersecting lengths
0.15

-

=10 =152—"—" =57
) 0.4
. 0.18

B =12 —174—-—"— — 68
2 0.46

\
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Wings

Integration of open-cell flux on cells

Wall Length | Thickness | u (GPa)
- o 0.4 (m) (mm)
f§ To_ds =69 10
Lt 0.00264 12&56 | 1.023 1.22 27.6
=10.510° N-m™* 23 1.274 1.63 27.6
34 2.200 2.03 27.6
0 0.15
- jg b —ds = 69 10° + 483 | 0.400 264 | 276
)t 0.00264 - : :
., 0.18 ; | 572 0.460 2.64 27.6
V6 10" G 06y — 203 107 Nom 61 0.330 1.63 27.6
78 1.270 1.22 82.8
0o o 0.46
- ds = —96 10
}ét p_ e 0.00264 |
[REE 0.33
45.7 10° _
0.00163 24 T,=86.8 kN
=-7510° N.m™* 3 2’ Lo
— I
: k|8 9 7 losunmt y
' . C 45.7 kNJm-2
\WT‘ h,=0.28 m ,
c=127m 1,=102m
2013-2014 Aircraft Structures - Aircraft Components — Part || 35 “Ugﬂ




wings

Twist rate
. 1 4 ~
— Celll: 6, = WY qf(())l_l +% P ds — qff(())lf
2 £ HREF L% prer
1
— 0, = [1236¢* (0) + 10.5 10° — 574" (0)]

2 0.2652 27.6 109
= 0, = 0.00072 m~ ! +84.4 1072 N~ ¢/(0) — 3.89 107 N~ ¢/ (0)

_ 1 — - Qo ,
— Cellll: 9, = ST _qflf —FQH(U)P +%t o ds — qHI(O)l‘g
2 Ay" UREF 2 Y UREF
1
— (), = (57" + 1254¢*1(0) + 2.63 10° — 68¢*14(0)]

20.213 27.6 109
== §, =0.000224 m *-4.85107Y N~ ¢/ (0)+
106.7 1072 N~ ¢'1(0)—5.78 1072 N1 ¢11(0)

1 . D
— Celllll: g, = ; [ 17 +q”‘r(0)l3+j§ q; d.s]

2 AjM pREFR 3 U s
S5 |
20.413 27.6 10?

== (), = —0.000326 m~! —2.98 1072 N ¢’2(0) 4+ 90.1 1072 N '¢!ZL(0)

—68¢"" + 2054¢" "1 (0) — 7.5 10°]

[ ————p 9’&3 f—
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Wings

Momentum balance
— Equation

yrl, — zpT, = Z/ 'qud.s + Z 2A34'(0)

wall 2

— Balance around O’

/quO,dS _ (q48l48 + q8318‘3) Z0+q61Z612r
— —6910°041.274+45.710°0.33 1.02 = —19.7 10° N-m

== ()= —19700 N - m + 2 0.265 m? ¢’ (0) +2 0.213 m? ¢’ (0) + 2 0.413 m? ¢!*1(0)
== 0.53 m? ¢/ (0) + 0.426 m? ¢’1(0) 4+ 0.826 m? ¢'!1(0) = 19700 N - m

74 T, =86.8 kN
Cell Area (m?) 0 3 — 2 1

— o[ =
I 0.265 : kN-m'lT 8 'y T96 kKN'm® 1l y

| 0.213 ' o C 25 7 kNIm=
9 kNt h,=0.28 mI T% Nty @
Il 0.413 >0
N

|, =1.27 m |, =1.02m

»
Ll |

»
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wings

« Compatibility
(0.00072 m~* +84.4 107 N~ ¢7(0) — 3.80 10~ N~ 4'1(0)
= 0.000224 m~t—4.85 107 N~ ¢/ (0)+106.7 1072 N~ ! ¢!1(0)=5.78 107" N~ ¢!11(0)
0.00072 m~ ' +84.4 1079 N1 ¢/ (0) = 3.89 1077 N1 ¢1(0)
= —0.000326 m™* —2.98 1072 N ¢71(0) +90.1 107 N ¢ 21 (0)
0.53 m? ¢! (0) + 0.426 m? ¢'£(0) + 0.826 m? ¢/ (0) = 19700 N - m
0.000224 — 0.00072  106.7 + 3.89 5.78
) = S0 T 185 10 * 514 j48) U Twry
== ¢/ (0) = —5557 + 1.239¢'1 (0) — 0.065¢" !
0.00072—0.000474(104.6 — 3.89 +2.98) 1072 ¢! (0)—
(5.49 +90.1) 1072 ¢"1(0) = —0.000326
— ¢'1(0) = 0.92 ¢'1(0) — 5555 == ¢/ (0) = —12440 + 1.07¢***
—6593. + 0.57¢"1(0) — 2366 + 0.39 ¢**1(0) + 0.826 ¢"*1(0) = 19700
¢''1(0) =16 10° N.-m™!
—{ ¢''(0)=9.210° N.m!
¢ (0)=4.710° N-m™!

Il <

\
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Wings

 Shear fluxes

T45.7 KN'm-t

T,=86.8 kN

m-1 z’
> 4.7 KN'm- pl 16 kN'm*

9.2 kN'm? 189.2 kN-m't
—_—

T61.7 KN'm-t

t 80 kKN'm?

>
0’ 16 KN'm-!

2013-2014 Aircraft Structures - Aircraft Components — Part || 39 el



Wings

« Tapered wing
— Effect on a single cell beam: same as for wing spars & box beams
» Web shear modified by direct loads on adjacent booms

IzzT;Veb . quTweb s
do (8) - — . f tdirect zds + Z’:LA/L' -
Lyyl.. — 12, 0 7 2

i 8;<s

tdirect O'st + Z y'LA?,

1 8;<s

web web S
0

I, I?

b =T, — Plo, 2t — P?0,~?
TV =T, — Plo,y' — P20,y

Za
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Wings

« Tapered wing (2)
— Effect on ¢'(0)
» Direct loads on booms are modifying the momentum balance

- Soequation ypT, — 27T, = Z / qopds+22Ai ¢'(0) becomes

wall 7
yTTz—ZTTy:Z/WaH qopds + %: 245 q +bz yJ‘PJ bZ ‘ijg
i cell ¢ oom j oom j

Za Z A
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Wings

« Example
— Tapered 2-cell wing

— Idealized cross-sections
« Booms carry direct stresses only
» Skins carry shear stress only

— Singly symmetrical section
« Symmetrically tapered in the z-direction
« Booms 1 & 6in O’xz plane

— Loading in larger cross-section known
» Shear on wall 2-5
* Bending moment

— Stresses at larger Z,

cross-section?

»

y

Web | Thickness (mm) | « (GPa)
12 0.8 27.6
23 0.8 27.6
45 0.8 27.6
56 0.8 27.6
16 1 27.6
25 1 27.6
34 1 27.6

4 %3
~q 1507

* Direct?
- Shear flux? \
C
%
.2122
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Wings

* Bending

— Symmetrical with y-axis == 1, =0
hZ 2 0.0006 + 0.0009 ( ,
e I, = 2(Ay + Ay + As) ?_’f = ; 0.182 = 34 10~

Myt 1650 0.09
T, 31109
M, 22 1650 0.09

“P’= _P’=0° A= Ay = T 1gc 00009 = -3.93 10° N

0.0006 = —2.62 10 N

Iy,
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Wings

Booms loading
— As P!

=P'=_-P!=-P°'=-26210° N & P?>=—-P°=-39310° N

521 —0.05
1 3 4 6 1 _ .
L p3 =Pt = PS = PEM_ 2620—12 109 N
‘ 522 —0.05
2 2 — —
P2 = P’ = P- — 3930 = — 164 N
5y 0.15
P%LJﬂ P~ — 9620 —— = —328 N
Y Y 620 1.2 328
512 0.1
p2—_po = p2Y V" _ag30 %l L g0 N
T ha? 1.2
oy’
— P L= _26200=0
T oxl
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Wings

 Web loading

~ TYP=T.— Y P!/ =10000— 4109 — 2 164 = 9236 N

boom 1
. Z A
_ gweb __ - i
Ly =1, IZ'Py 0 T,= 10 kN
A=600mm?  A,=|900jmm?  A,;= 600 mm?
¥ o
+ Remark y " e
— g, s are anticlockwise (orientation of Qy) o) —
o
As = A, A=A, A,=A3
< > —»>
I|b =04m Irb =0.2m
q>0
| ‘é : 2013-2014 Aircraft Structures - Aircraft Components — Part || :
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Wings

Open cells shear flux Za
— Cutthecells == ¢>=0& ¢2* =0 T,= 10 kN
web
S TI A2 A=600 mm?  A;=900fmm?  Ag= 600 mm
Yy L '
9236 Y, It 22 kN.m7
25
. 3 —1
= —22l 10° N-m As = A, As=A, A,=A3
) T“ej - - > < . >
34 23 l. =04 m . =0.2m
A b rb
QO q(_‘) Iyu ‘37 q>0
0236
34 ) 3 —1
— 0.0006 0.09 = —14.7 10° N -
— 9% T 731106 H
45 , Tveb 45 o4 9236
— P =t > Ayt = > = -14.710° — 3270 0.0006 (—0.09) = 0
yy
mweb
— = gy A2
I,
y 9236
56 3
— = —22 10 0.0009 (—=0.09) =0
qo ‘34 10 6 ( )
_ y T“eb
61 56 09236
—q, =4, Ag2® . 61 _ 0.0006 (—0.06) = 14.710°> N-m~!
I, Qo = 7345100 ( ) m
g

2013-2014 Aircraft Structures - Aircraft Components — Part Il
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Wings

* Non dimensional lengths

ZA

— Side lengths A;= 600 mm?  A,={900jmm?  A,= 600 mm?
: 0.4 H H =
1?2 =1% = = 500 K ol
0.0008 ) — ] I
. . 0.2 '
{ PP =1 = = 250 &
0.18 ot 552 4
M =rF"=Pt= —— =180 ) I
0.001 hp=04m I, =02m
— Cell lengths g=>0
7L 712 725 756 761
=07+ 07+ 07+ 17 = 1360 Web | Thickness (mm) | u (GPa)
P =17+ 1P 4 1 4P = 860 12 0.8 27.6
— Intersecting length 23 0.8 216
. o 45 0.8 27.6
7 =1* =180
56 0.8 27.6
16 1 27.6
25 1 27.6
34 1 27.6
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Wings

« Integration of open shear flux on cells Za
— Cell | T,= 10 kN
o 14700 22000 _ , _ s ,
ds = — (.18 — 222--0.18 A,;=600mm2  A,=[900jmm2  A,= 600 mm
LT 0001 0.001 : T H=0 + —
_ 6 1 Y. ||t 22 KN.mg I
— -1.3110° N-m = a7 el &
— Cell Il 5
j£ T, 14700 o 22000 As = Ay As=A, A=AP
§ = ————0. — 0. ) T2
5 t—L 0.001 0.001 Q l, =0.4m l,=0.2m
HREF q>0
—1.3110° N.m™*
Aircraft Structures - Aircraft Components — Part Il 48 “Ugﬂ
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wings

Twist Rate
— Cell
0, = ! g (0)I' + j}g o gs - ¢ (0)3
a 2 Ai HREF 1 tz{% 1

1
T 90.40.18 27.6 109

:>9

(1360 ¢ (0) — 1.31 10° — 180 ¢ (0)]

= 0, = —0.0003296 m ' +34210 7 N~'¢'(0) - 453 10°? N~'¢'1(0)

— Cell 1l
| I ]
0. [q”(O)fz +j£ - b s - qI(U)lf]
7

- T1
2 Ah HREF

1
T — _ C [8
" 20.20.18 27.6 10

=

== @ _ = 0.000659 m~!—90.610"Y N1/ (0) +432. 107 N~ 1¢'{(0)
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Wings

Momentum balance Z
— Move origin to web 2-5

yr T, — Z/ qopds + 3 2454°(0) +  Ar= 600 mn? ”A =900jmm? A= 600 M
- wall ¢

T,= 10 kN

A =

i o cell Cj | T 22 KN m 1 T |
JPpI 1P N 1

> yPI - > P 14,7\ m Mo 147 @

boom j boom j (o]

- With As = Au As = u = A3

l, =0.4m l,, =0.2m
>0
Z/ Gopds = qo lwhy +q; ph :
wall 7

= 14700 (0.4 0.18 — 0.2 0.18) = 529.2 N-m

S WP/ =210904+2109 (~0.2) = 438 N-m

boom j

> ZP] =2 (-328) 0.09+2328 (-0.09) = —118 N-m
\_ boom j

=0 =529.2 +20.40.18 ¢! (0) +20.20.18 ¢"1(0) + 43.8 + 118

—= 0 =691 N.-m+0.144 m? ¢/ (0) +0.072 m? ¢"! (0)
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wings

Compatibility

/ -

—0.0003296 m~! 4342107 N~ 147 (0) — 45.3 1072 N~ 14" (0)

— < =0.000659 m~'—90.6 107 N"'¢'(0) +432. 1077 N~ '¢'(0)

_0=691 N-m+0.144 m? ¢’ (0) + 0.072 m? ¢'*(0)

_ 0.000659 +0.0008206 432 1 45.3 0
T 31210 9+490610-° 34219062

—> ¢'(0) = 2285 N-m™' + 1.03¢'/(0)

— ¢! (0)

== 0 = 691 + 329 + (0.072 + 0.159) ¢** (0)

—> ¢ (0)=-4410° N - m™!
—¢q'(0) = —-2310° N.-m™!
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Wings

« Shear fluxes

T,= 10 kN
H H
T 22 kN.m} T
14.7'N.mT Mo 14.7kN.m
YA

- N 2.3 kKN.m
¢ (0) = -2310° N -m~! AR
¢! (0) = —4.410° N.m™! > 12.41KNmT

23kN.m? 44 KN.m?

G>0
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Exercise 1. Wing

Symmetric wing section
— 2 closed cells

— 1 open cell

Idealized section

— Walls carry shear stress
* Constant shear modulus
12 & 56 are assumed

straight

304

— Booms carry direct stress

Shear center?

Wall Length | Thickness
(mm) (mm)
12, 56 510 0.559
23, 45 765 0.915
34( 1015 0.559
34 304 2.030
25 304 1.625

Boom | Area (mm?)
1,6 645
2,5 1290
3,4 1935
Cell Area (mm?)
I 93 000

I 258 000

2013-2014
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Exercise 2: Tapered wing

Tapered three-cell wing
— Idealized symmetrical
Cross-sections

At larger cross-section

— Load in booms?
— Shear flow in walls?

— Dimensions here below

 Constant shear w

modulus

o

Wall Length | Thickness
(mm) (mm)
12, 56 600 1.0
23, 45 800 1.0
34( 1200 0.6 Boom | Area (mm?) | | Cell | Area (mm?)
34 320 2.0 1,6 600 | 100 000
25 320 2.0 2,5 800 I 260 000
16 210 1.5 3,4 800 1 180 000
% 2013-2014 Aircraft Structures - Aircraft Components — Part Il 54
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Exercise 1. Wing

¢ Symmetric wing section

— Shear center lies on Oy \3394 .
« Consider T, only I A
- =0 204mm
— ldealized section /6 J
T. 2 5|
=4l =—p- 3 wadita(0) 508 mm
vy 1:8;<s
« With
6 Boom | Area (mm?)
Ly =Y At 1,6 645
i=1
=2 x 645 x 1022 + 2 x 1290 x 1522 + 2,3 1290
2 x 1935 x 1522 = 162.4 x 10° mm* 3, 4 1935

— Open shear flow

Qo (s):—f"‘ Yo ouA ) o (s)= 616 x 1077 Y A

i 8;<s i85, <s
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* Open shear flow

o (S) =
— Cutcells | &I
(
. q‘24 _ ng _
e
| e— {

Exercise 1. Wing

* From symmetry q23

—6.16 x 10777, Z Az

i:5;<s

0

N

304 nm O

Y

4
>0
:q§5:O

— —6.16 x 10777, x 1935 x 152 = —1.81 x 10 *T. N/mm
¢%° = —6.16 x 10777, x 645 x (—102) = 0.41 x 10 T, N/mm

1T ,
H -0.41 x 103 T,
S 13&4 mm
AN -1.621>< 03T, 4
> | 204mm |
Sy v
— 6
-0.41x 10T,
762 mm 508 mm

22 =041 x 107°7T, — 6.16 x 10777, x 1290 x (—152) = 1.62 x 107*T. N/mm

« From symmetry ¢% — 42! =041 x 10727, N
y Y 4, =4q; = N/mm Boom | Area (mm?)
1,6 645
2,5 1290
3,4 1935
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Exercise 1. Wing

Compatibility
— Rate of twist in 7

each cell

e Should be the same
304 i

N\

(by compatibility)

e Should be zero

(no torsion)

— Use formula
1 : 7 (N T 0 i 7i
b = i |0 O O + s gt
2A; pREF cell i Ui

* Requires non dimensional lengths and integration of open shear flux
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Exercise 1. Wing

Non dimensional lengths

2
— Constant shear modulus ) \%@M -
— Sides length 204/mm
/6 V2
(s s _ 16 2 5|
- 0915 508 mm
734! 304
[ = — = 149.8
\ TM( B 218%5 1815 Wall Length | Thickness
ps o S04 oo 12,56 | 510 0.559
\ 1.625
23, 45 765 0.915
— Intercepting length 34( 1015 0.559
2= B _ 498 34l 304 2.030
_ Cells length 25 304 1.625
o= PP = 1965.5
Po= PP p = 2000.1
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Exercise 1. Wing

« Integration of open shear flux
Wall Length | Thickness A
(mm) (mm)
12, 56 510 0.559 B Y At
23, 45 765 0.915 304 mm
34! 1015 0.559 ~
34l 304 2.030
25 304 1.625
— Cell |
43 43| —3
o x [ 1.81 x 10727, x 304
% qu ds = 1o 131 — = 0.2717T.
TR Gy t+ 2.03
— Cell Il
34! 34! 52 52
o x [ x {
q’[ ds — do X qo
L t34| $52
2 HREF

—1.81 x 10737, x 304 1.62 x 107 3T, x 304
_ z z = 319.64 x 1077
2.03 + 1.625 %
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Exercise 1. Wing

Twist rates
Cell Area (mm?)
| 93 000
1l 258 000 304
— Cell | 762 mm 508 mm
1 Go _
0. = ¢t (01 +j§ ° _ds — ¢'1(0)?
; 2 Aﬂ UREF [ 1 tﬂ—;‘E—F 1
1
T 1965.5¢ (0) — 149.8¢™1 (0) + 0.2717.
’ 2><93000p,( 4 (0) ¢ () + )
— Cell ll
6., = 1 —qf(O)Z?Jrq”(O)FJrjé do
’ 2 A{TJI HUREF D) t,u;EF

1
2 % 2580004

0. (—149.8¢" (0) +2009.1¢"" (0) +319.64 x 107*1%)
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Exercise 1. Wing

 Constant shear flows

2
] \%@4 m
— As there is no torsion twist AL had B R
rates should be equalto 0 3g4 “omm
\ /6 v
N
508 mm
1965.5¢1 (0) — 149.8¢' (0) +0.271T. = 0
T - 149.8¢7 (0) +2000.1¢"7 (0) + 319.64 x 10472 = 0

<:> 1965.5 —149.8\ . [0 —0.2717,
—149.8  2009.1 ¢g1(0)] | —319.64 x 10T,

<:> q' (0)  [-0.139 x 10737,
g 1) |=0.026 x 10737,
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Exercise 1. Wing

Z A
« Shear center [ ,
H -0.41x 103 T,
M S A
Cell | Area (mm?) ! ~_ 1 304 thr
| 93 000 181k 109 e—s -1.621><10'3 T, °F
_____________________ S vy 204 mm
, 258 000 304 mm O y Vo
v — 6 J
4 04TX 05T,
q¢' (0) —0.139 x 107°T.] (", < S| N
q" (0) —0.026 x 1073T., 762 mm 508 mm

— Moment about the mid-point of web 43 2 508 x50/2

* Open shear flows in the wall 12 and 65 +762 X 152/2 ||||||| “““H“ll e
assumed straight) are accounted for ]

by computing the swept areas O-(762+508) x 102 /2 +508 x 152

yrl., = Z/ qop ds + z 2A7q.(0) < >

wall ¢ cell ¢ 762 mm 508 mm

&

yrT. = —2x g2 x508x 152—2x 2L x 50x 7624-¢°2 x 304 x 76242 258000 ¢4 (0)4+2x93000 ¢* (0)

<:> yr = 241.4 mm
7
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Exercise 2: Tapered wing

Bending
— By symmetry
» Centroid on Oy
-« 1,=0
— Only idealized booms

320 mm

mm

are carrying direct

stress M, =18kNm  4l< >( >
G 790 mm 590 mm
Ly =Y Aizl =2 x 600 x 1057 + 4 x 800 x 160 Boom | Area (mm?)
i=1
— 95.2 x 10° mm?* 1.6 600
 Loading in r' boom 2,5 800
P =0 xA, = Myy Az, 3, 4 800

Iyy
. —1800 x 10°
D P = A
' 95.2 x 106

) P =189 x 10724, 2,
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Exercise 2: Tapered wing

320 mm

mm

Bending (2)
Boom | Area (mm?)
1,6 600
2,5 800
3,4 800
: -M, =1.8 KN m < > >
— Booms loading y 200 mm 590 mm
P’ = —1.89 x 10 %A, 2,
P! = —189x107%x600x 105 = —1190.7 N
DX P2o= —1.89 % 1072 x 800 x 160 ~2419.2 N
P, = P} — 24192 N
P! = P} = 24192 N
{H P = P, = 24192N
P’ = P! = 11907N
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Exercise 2: Tapered wing

* Bending (3)
— Due to taper

' 0y v 1
P’ — P~ $X
Y Tox <210
\ 60 mm
T T(SZ O -
PT =P =
\ ox
(P! = P> = 24192 N590mm
{ P2 = —P2 = 24192 N
| P = P! = 11907N
’ 1m
_ i 4
Booms loading (2) ‘\M‘: 18KkNM
( 1 _45
Pl = —1190.7 x o0 = 536N
S P2 o= —2419.2 x 1_088 — 1452 N
P? = —24192x — = 1452 N, 60
. 1000 P! = 2419.2 X 5 80 — 1452 N
¢ P2 = 2419.2 x oog = 52N
PY = 1190.7 x 0 = 536N
U © 1000
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Exercise 2: Tapered wing

* Bending (4)

— Due to taper (2)

P, = PZ:_y w )
Y ox <210
) 60 mm
; 02 O h
PT =P =
\ 533
( 4 3
P, = —P, = 2419.2 N 590 mm
{ P2 = —P2 = 24192 N
| P = P! = 11907N
1m
B - 4
Booms loading (3) ‘\M‘: 1.8kNmM
o —120
P = —1190.7 x = 1429 N
Yy 1%00
|:> { P2 = 24192 x — ON
Yy 1108000
| Py 92X 1000 305
pz _ _P§ — 4355 N
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Exercise 2: Tapered wing

Web shearing
— Due to taper

6
web 7
T; —Ty—ZPy—O
1=1

6

T =T, — ) PL =12000 — 2 x (53.6 + 145.2 + 145.2) = 11312 N

Open shear flow

— AsT " =0

web

o = 7
vy 1:8;

=1

T,=12kN

320 mm

mm

M, =18kNm %<

< < rd
= 790mm ' 590 mm
11312
ol\8) = — Az
& =55 1w Z;
<:> Go(5) = 1188 x 1074 Y~ Az
1:5;<s
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Exercise 2: Tapered wing

Open shear flow (2)
— Cut each cell

(
= =q¢" =0

320 mm

mm

_ Use M,=18kNm 4l 2 >|
790 mm 590 mm
Go(s) = —1188 x 107* ) Az
i:5;<s Boom | Area (mm?)

|
2t = —1.188 x 107* x 800 x 160 = —15.21 N/mm |1,6 600
Symmetry: ¢ — ¢* = 2,5 800

5 3,4 800
qg" — —1.188 x 107* x 800 x 160 = —15.21 N/mm
Symmetry: ¢}? = ¢°% =0
gof = —1.188 x 107 x 600 x 105 = —7.48 N/mm
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Exercise 2: Tapered wing

Compatibility T.=gd2 kN
— Rate of twist in A A
each cell 320 m (320 mm
. Shouldbethesame | N\ P2l 1521l 7.481] | élCmm
(by compatibility) A
— Use formula -M, =1.8kNm He 5|2 >|
| 790 mm 590 mm

A

i—1 /N7 i (AT o i+1 0\ 7i+1
oA () Ol+j§ ds —q' " (0)(;
2A}, HRER Ofizy+a'0) cell i Ui )

» Requires non dimensional lengths and integration of open shear flux
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Exercise 2: Tapered wing

« Non dimensional lengths
— Constant shear modulus

— Sides length
e [°°
223 l_45
po— 2
61 2%_0
A 1.5

— Intercepting length

|

= 160
= 140 1

600

= = 600

d

= = 800

1

= 160
= 2000

32(

Wall Length | Thickness
(mm) (mm)
12, 56 600 1.0
23, 45 800 1.0
34( 1200 0.6
34 320 2.0
25 320 2.0
16 210 1.5

320 mm

mm

I
Ik P = 160 41_
i 2 = 160 -M,=18kNm 4« SE >|
790 mm 590 mm
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Exercise 2: Tapered wing

Non dimensional lengths (2) Wall Length | Thickness
— Cells length (mm) (mm)
l—l _ 334( 4 Z_B4| — 92160 12, 56 600 1.0
2 o— R3opal s B2 0 990 23, 45 800 1.0
Po= PP P = 1500 | 340 1200 0.6
34 320 2.0
25 320 2.0
16 210 1.5

320 mm

mm

-M,=18kNm %<

Vv

2013-2014
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Exercise 2: Tapered wing

« Integration of open shear flux wall Length | Thickness
T,= 12 kN (mm) (mm)
12, 56 600 1.0
320 mm | 23, 45 800 1.0
! 34( 1200 0.6
mm- | 34 320 2.0
. 25 320 2.0
‘M, =1.8kNm  4< SE
' 790mm ' 590 mm | 16 210 15
— Cell I, 1 &1
43! 43|
o x | 15.21 x 320
}{ fo_go—20 21 — 9433.6
1 tﬂREF ¢4
Go BY ) @2 P2 (15.21) x 320 15.21 x 320
i 5= T 2 2 > =0
2 HREF
% do o qa° x 1%° N gor x I°0 (=15.21) x 320 7.48 x 210 13848
g t—L£ ¢ £61 B 2 1.5 '
HREF
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Exercise 2: Tapered wing

Twist rate Cell | Area (mm?)
— Il 1
ce ) | 100 000
0, =— ¢ (O + ¢ —L—ds — ¢ (0)2 ] 260 000
2 Ah HREF 1 t#-REF
) 1l 180 000
0, = 2160¢’ (0) — 160! (0) + 2433.6
=) 6 2><100000u( 7 (0) (0 )
— Cell ll
1 o :
0.0 = 5 —¢" (0)F + ¢"(0) 7 +§£T — ¢ (0) 13
h MREF 2 tHREF
1
[ —160¢* (0) +1920¢* (0) — 16041 (0
=D 0 = 5550000, (160" (0) +19200'7 (0) — 16041 (0))
— Cell lll
0.2 = IIIl —qH (0) l_g + Q”I (0) r? +% qﬁ
; 2 Ah .UREF 3 t#REF

1
0., = —160¢™ (0) + 15004711 (0) — 1384.8
= ¢, 2><180000pt( ¢ (0) + 15004 (0) )

— Three equations and 4 unknowns |:> momentum equilibrium
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Exercise 2: Tapered wing

« Momentum equilibrium

Cell Area (mm?2) 320 mm
I 100 000 !
mm
[l 260 000
1l 180 000
M, =18kNm 4« >[2 |

— Equation for tapered wing

w3 [ adst Y 2410+ 3 vPIS Y R

cell ¢ boom j boom j
« With

> YPL=y'PL+¢’Pl +y'Pl +y°PS
boom j

=590 x 53.6 + (—790) x 145.2 + (—790) x 145.2 + 590 x 53.6 = —166170 N.mm
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Exercise 2: Tapered wing

«  Momentum equilibrium (2)

/
Cell Area (mm?2) 324 320 mm
I 100 000 I
mm
[ 260 000
[ 180 000 A
M, =18kNm 4« >[2 >|

— Equation for tapered wing (2)

yrT. = Zf qopds + Y 2454°(0) + Y WP/ — Y 2P
i wall i cell ¢ boom j boom j
« With
2/ gop ds = ¢°1 x 1°1 x 590 — qﬁg‘ w148 5 790
wall ¢

= 7.48 x 210 x 590 — 15.21 x 320 x 790 = —2918000 N.mm
» Leading to

0 = —2918000+2x 100000g" (0)+2x260000¢"" (0)+2x180000¢" " (0)+(—166170)—(—109351)
{0 ' (0) +2.6¢M (0) + 1.8¢"1 (0) —14.88 = 0
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Exercise 2: Tapered wing

« System of equations

( 1 1
21.60¢" (0) — 1.60¢'! (0) +24.34) = —0.615¢% (0
2><1000u( ¢ (0) ¢ (0) +24.34) > % 1000, \0615¢" (0)
+7.385¢"" (0) — 0.615¢""" (0))
< ! 21.60¢% (0) — 1.60¢"% (0) + 24.34) = ! —0.889¢™ (0
QXIOOO[L( 60g° (0) —1.60¢° (0) + 24.34) 2><1000#( 889¢° (0)
+8.333¢" 1 (0) — 7.691)
\ q' (0) +2.6¢'7 (0) +1.8¢"1 (0) —14.88 = 0
22.215¢" (0) — 8.985¢" (0) + 0.615¢"1 (0) +-24.34 = 0
21.60¢7 (0) — 0.711¢™ (0) — 8.333¢"11 (0) +32.031 = 0
q' (0) +2.6¢** (0) + 1.8¢"*1 (0) —14.88 = 0
« Constant shear flows (in N/mm)
22.215 —8.985  0.615 q' (0) —24.34
21.6 —0.711 —-8333 ] * |¢'1(0) = |-32.031
1 2.6 1.8 ¢ (0) 14.88
q' (0) 0.06
JdLo | = [311
¢ (0) 3.74
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Exercise 2: Tapered wing

 Total shear flow

320 mm

mm

M, =18kNm 4

N
320 mm
¢’ (0) 0.06 )21 mm
qIIIII(O) B 7
(0] 514 M,=18kNm  4l< >[&—|

790 mm 590 mm
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Annex 1: Deflection of wing

« Example
— Straight wing box

— Idealized cross-sections
« Booms carry direct stresses only
» Skins carry shear stress only
— 2-mm thick
— E =69 GPa, u=25.9 GPa
« Singly symmetrical section
— Load T,= 445KkN

* At the free surface
» Through shear center
— Deflection

 Due to direct stress?
* Due to shear flux?
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Annex 1: Deflection of wing

* Bending
— As boom distribution is symmetric

s Ly =) 4,7 = 40.00065 0.125% + 2 0.0013 0.1252 = 81.25 10~ m*
— Moment

« ForT,=445kN: M, = —44.510° (2 —2) =44510° 2 N—-8910° N-m
« ForT,=1N: ]\Jﬁl)——l (2—2)=2 N—2 N-m
— Deflection due to bending

L 1, r(1) _
. M, M T,=445kN
» As M, =0: Apu/ gly da

0 Yy

/2 445 10% (z —2)°
0

69 109 81.25 106

2013-2014
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Annex 1: Deflection of wing

« Shearing
— As the wing is not tapered, the shear flux is constant with respect to x

1..7. — 1,.7),

,(8) = ‘ 't rect o 2ds + 2 A —
qo (8) Iy-yjzz_[jz [} direct o i.;s

I'uuTu o quTz /S
— — Tdirect o d iA?l
Inyzz - Ijz 0 ‘ Loy " Z y

i:8;<s

T,= 44.5 kN

2013-2014 Aircraft Structures - Aircraft Components — Part Il 81 wmelUg



Annex 1: Deflection of wing

Za
* Open cell shear flux | N
— As skins carry only shear stress o
T. , A,= 650 mm? 1300 mm? A,= 650 mm?
G ()= —7 > 24, l H=9 s =
I’U"U , y [
I 8, <8
— ForT,=44.5kN 44 51N.m’* iy
(2 =g =0 A=Ay A7
_ ‘ 44.5 103 , =05 ,=0.25m
g6 = ¢! - 0.125 0.000650 1=
81.25 10—°6

= —44510° N-m™*
45— g 44.5 10°
< o 40 8125106

(—0.125) 0.000650 = 0

( 44.5 103
34 23 . E) — _AA 3 -1
= q o 10?3 0.125 0.000650 44510° N-m
, 44.5 10
45 34
— — —0.125) 0.000650 = 0
1o 1o 81.25 10-6 ( )
- 44.5 103

25 12 : 3 —1
— 0.125 0.0013 = —89 10°> N .
\q"”' Go” + o 81.25 10-6 m
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Annex 1: Deflection of wing

I i Za
Non dimensional lengths N
i 1300 mm2  A,= 650 mm?
— Sides length m 3 mm
0.5
712 756 _
== Gom =Y
AE 0.25
{ PP =1 = —— =125
0.002
[_16:[_25:?’4:%:125 ,=0.5m ,=0.25m
0.002
— Cells length

=12 25 P P = 750
P =01 P 11?5 =500

— Intersecting length

[} =17 =125
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Annex 1: Deflection of wing

Integration of open shear flux on cells

— Cell
0 89000 44500 |
j{ qﬂ- ds = ———0.25 + ———0.25 = —5.56 10°N - m~!
1L 0.002 0.002
HMREF
— Cell Il
do 44500 89000 " .
ds = —————0.25 + ———0.25 = 5.56 10°N -
i "= 0002 7 T 0002 m
HREF
Za
1 T,=445kN
A1: 650 mm2 A2: 1300 mmz A3: 650 mm2

H H -

y 89 kNI.m'T | T T
44 51KN.m1 S 44 51N ipt

(&)

A6:Al A5:A2 A4:A13

< > ——»

>0 || =05m |Ir =0.25m
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Annex 1: Deflection of wing

Twist rate

— Is equal to zero as the loading passes through the shear center
— Celll

1 o IT /72
0=0, = g (01! +j£ ds — ¢'1(0)1
| 2 Ai HREF [ 1 tM:E]F :

— ¢l (0)I* + 5{ - q;j_ ds — ¢ (0)[3 =0
HREF

== 750 ¢ (0) — 5.56 10° N - m~! — 125 ¢'1(0) = 0

— Cell Il
1 p q
0=0, = 10y +j§ o _ds— ¢ (0)
2 43" piner [ 2t :

= 500 ¢/ (0) + 5.56 10° N - m~! — 125 ¢/ (0) = 0
— Solution
3556 10° N -m~" + (4750 — 125) ¢'(0) = 0 = ¢'(0) = 5.8 10> N-m™!
~125¢'(0) — 5.56 10°
B 500
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Annex 1: Deflection of wing

 Shear flux

— For T,=44.5kN
¢! (0)=5810°N-m~!

¢'"'(0) =-9.710° N - m~!

ZA Z
[ T.=445kN i T,= 445 kN
Al [ | A2 [ | A3 Al |

5.8 kN.m Q E).; k .!!l_
ii

—_
Ll |
y 89 KNm% :t; y 73.5kN m"T
44.5'KN.m* sT 44.5T N.m? 50.3'kN.m1 S 54.2T N.m*

& As As As 58 kN.mLAs 9.7 kN A
q>0 >0
— ForT,=1kN

By linearity, q® = q/ 44500
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Annex 1: Deflection of wing

Deflection due to shearing

b gy ? ¢
Agu = dsdz = dsda
r /0 / ut o /0 /445 10% 0.002 25.9 109~

Z
= 0.8676 10~ ' /qzds i T = 445 kN

'f; ‘ 5.8 kN.m’ 7 kN gt

— Agu = 0.8676 10 ' 10° [5.8% 0.5 2+ A, P A, TN _
2 2 2 ‘

9.7 0.25 2 4 50.3% 0.25 + 73.5° 0.25+ 735 kNl ' I
54.22 0.25] = 0.00243 m s Te I se2ltnmiS
o1
A S —_— A 3

6 58KkN.m1As 9.7 kN.MmA

g>0) 1,=0.5m ,=0.25m

Total deflection
— As displacement components are both oriented toward z

Au = Aru+ Ap = 0.002 4+ 0.021 = 0.023 m
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