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Elasticity

Balance of body B
— Momenta balance
* Linear
« Angular
— Boundary conditions
« Neumann
» Dirichlet

— (Small) Strain tensor ¢ — (Vou+ux V), or

b | —

— Hooke'slaw o =H:e ,or o;; = Hijk€r

with ’U)u fr,j(skl +‘ ?,L(sjl + 6116JA)

— Inverselaw ¢ —=g. o A=K-2u/73
- 1 +v /1 1 U
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Pure bending: linear elasticity summary

« General expression for unsymmetrical beams 2t
— Stress 0., = kEzcosa — kEysin a , \fg,
—1 . 1 I,
with (cosa \ _ M| I, -1, sin @ AN\ Y
sin «v rE —1,. L. — cos 6 S
: Lol M,
— Curvature U e

_uz_,:ra: o HM:I.’-I H Izz Iyz Siﬂg II
Wy za N E (Iy-yjzz — Iszyz) Iyz Iyy —cos 6 !

— In the principal axes I, =0

« Euler-Bernoulli equation in the principal axis

) 92
_ i (E]d u*’") = f(z) forxin[O L]

Ox? o2 f -
¢ AZ A 4 X —
) 8 (‘“)2(“2 .7 /TT h r () TIITZ MXX
- ox El a2 — Flor 4= T ( 11 TX
— BCs/ ' ’ 0,L du, /dx =0 —ivt=>H >
0. _ 3 X .
B 022 |, , - ﬂ"'[ifif}o,L L

— Similar equations for u,
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Beam shearing: linear elasticity summary

General relationships 227 f(X)
fz (T) — _8:17Tz — _83737]\'{y u, =0 ﬂT g \?\T 4
- du, fdx =0 >
fy (T) — _8:I:Ty — 833:1:]\”{2 3 K
L
Two problems considered ) L
— Thick symmetrical section O “ h >

» Shear stresses are small compared to bending stresses if h/L << 1

— Thin-walled (unsymmetrical) sections «

<

» Shear stresses are not small compared to bending stresses

v

» Deflection mainly results from bending stresses h

e 2 cases

— Open thin-walled sections v

» Shear = shearing through the shear center + torque
— Closed thin-walled sections

» Twist due to shear has the same expression as torsion
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Beam shearing: linear elasticity summary

« Shearing of symmetrical thick-section beams ZT 7
— Stress o., = _ LS (2) ) bi(2) R Ah A
Iyyb(z) N ” y T
= With 5 (2) = / ~dA 6 . = >
* =
* Accurate onlyif h>D w v Y
— Energetically consistent averaged shear strain 2 ‘
°® ’?’ prm— ,‘z W|th A/ 1
A e ﬂdA
« Shear center on symmetry axes T
— Timoshenko equations
~ Ou ou o)
e N =2, r 2 _ 0 0. & )
e R P
0 (Elai) pA (0, + d,u,) =0
« On[OL]: O O
0
o (WA (0, + D)) = — f
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Beam shearing: linear elasticity summary

« Shearing of open thin-walled section beams Tz
ZA
— Shear flow ¢ =tr =N
L.T.-I,.T, [° /
Cq(s) = ———F / tzds' — C: Y,
Iyylzz - Iyz 0 S q Ty
LyyTy — Iyzgz /8 tyds' Z4 4{
I!LUIZZ o Iyz 0 y
* In the principal axes T4 T
1. [° , Ty 7 / ‘
q(s) = —— tzds — — / tyds T
(5) L,y Jo L. J, y
— Shear center S T
z
* On symmetry axes A
« At walls intersection A
« Determined by momentum balance ) c
— Shear loads correspond to A P
t
» Shear loads passing through the shear center & vitl
P g g -
- Torque b
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams

— Shear flow g =tr7

- q(s) =¢qo(s) +¢(0)

» Open part (for anticlockwise of g, s)

1.7, —1,.T, [°

0o (8) = ——— y‘ﬂ‘”/t(s’)z(s’)ds’
LyI.. =12, [y
1,,T, —I,.T.

» Constant twist part
_ yT’Tz — Z'T'Ty — iﬁp (g) 9o (9) dS
2A,

« The g(0) is related to the closed part of the section,
but there is a q,(s) in the open part which should be
considered for the shear torque ¢ p(s) ¢, (s) ds

[

1

v

\
v
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Beam shearing: linear elasticity summary

Shearing of closed thin-walled section beams 7 4 Z
— Warping around twist center R ‘
*u, (s) = u, (0 —ds— —ds < Acy (:
u, (S) =u ()+/0 uts Ahf{ut 9{ cp (8) + =
zr Y (s) —y(0)] —yr|z(s) — z(0)] }
2
A -,
. § tu, (s)ds A 77—
- With u, (0) = h S -
th e (0) =y s N\ P
— u,(0)=0 for symmetrical section if origin on q

the symmetry axis
— Shear center S

« Compute g for shear passing thought S

* Use
t(s—0) = YL =Ty = §p(9) g (s) ds
| 24y,
With point S=T
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Beam torsion: linear elasticity summary

Torsion of symmetrical thick-section beams

4L al
— Circular section
e T = /‘Lﬁf — ry’g_«}f A
R
M, ) l - h
° C — 9‘:{: — /:4/1/}” dA T Tmax" I "fﬂl\qu )i
— Rectangular section @
. ﬂx"jx — !
Tmax — ()5}?,52 ) N
M, b
- O =2 =3hb*u
0.« hib |1 15 |2 4 0
e Ifh>>b a |0.208 |0.231|0.246 |0.282 | 1/3
— Ty =0 & 7oz =2py0 , B |0.141 |0.196 | 0.229 |0.281 | 1/3
3M,
— Tmax — :
hb?
_ o M., _ hb3
0.«
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Beam torsion: linear elasticity summary

« Torsion of open thin-walled section beams
— Approximated solution for twist rate

* Thin curved section

= Tps = 2100,
M 1
- (O=""== ds
0. 3 / :
» Rectangles s, N
& =
— Tmax; — ﬂtég_._;r * 13
/ 3 >« b
B j\f’[z B Z llt%u |
0., “— 3 2
t1|+ l,
I:* |

— Warping of s-axis

Cul (s) = ul (0) — 0, / prds' = (0) - 2A4p, ()6.,
0
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Beam torsion: linear elasticity summary

« Torsion of closed thin-walled section beams 7 4
— Shear flow due to torsion M, = 2A,q

— Rate of twist

M, 1
’ 9_.33 — - 2 f ds
- Torsion rigidity for constant u A )
- >
414? 5 N dA, 5
Ip=—-+=<1,= [ rdA \ A
?ds A q 5, L
— Warping due to torsion A
M T ] A R ( S)
° 2 — . O ’ _de . ya
s () u‘()+2Ah[Mt9 At

A, from twist center
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Structure idealization summary

 Panel idealization
— Booms’ area depending on loading
* For linear direct stress distribution

( tpb o2
Ali<2+ ff)

6 o

€T
) tpb .
D g -
Ay = — (2 + —5 )
N\ 6 Ua?a:
b |
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Structure idealization summary

« Consequence on bending

— The position of the neutral axis, and thus the second moments of area
* Refer to the direct stress carrying area only

* Depend on the loading case only
« Consequence on shearing
— Open part of the shear flux

« Shear flux for open sections

Izsz T I’uzTu i
— 5 t irec crvd v?ﬁAi
P |, et 3

i:8;<s

Go (8) =

Iy’yTy B IZJZTZ /S
0

‘ tirec dS—" iAi //,
Iy, I.. — I2. direct oY > vl

i 8;<s

« Consequence on torsion

— If no axial constraint
» Torsion analysis does not involve axial stress
» So torsion is unaffected by the structural idealization
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Deflection of open and closed section beams

« Virtual displacement (see annex of beams for demonstrations)
— In linear elasticity the general formula of virtual displacement reads

L
/ / o :edAdr = PWYWAp
0 Ja

« o Mis the stress distribution corresponding to a (unit) load P®

« Apis the energetically conjugated displacement to P in the direction of P() that
corresponds to the strain distribution &

— Example: bending of a semi cantilever beam $£ E
L U, =0 T TX
. (1) _ du,/dx =0 —ivt=>H >

/0 ]Aom €,..dAdr = Apu ; ¢ : ‘

L
— In the principal axes
1 . 1 1
Apu = m/ {I“ﬂjzg )J\"fy + Iyy]\"f:fg )ﬂ'{z} d

— Example: shearing of a semi-cantilever beam

/ / dsd:r — TW Ay = Aru
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Wing spars & box beams

« Real wing
— Complex sheet/stringer arrangements
— Highly hyperstatic
— Warping restraint
— Load discontinuities

« For high accuracy
— Requires FE simulations
« Can be slow
* Not well suited for defining the
structural arrangement (number
of stringers, spars, ...)
* In preliminary design

— A fastest method is required ),
* To select a structural configuration -
* To have a starting point for the FE .

« To getinsight on physical behaviors .
— This requires idealizations

* Reduce the accuracy

 All formula previously developed were assuming uniform section

« For low changes in section shapes, Saint-Venant principle holds
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Wing spars & box beams

« Tapered wing spar
— One web & 2 flanges

— Flanges loading
» If flanges are assumed to resist
all the direct stress

1 M, 5 M,
- P; e & P7 = —
« If web is effective in carrying direct stress
— P1—0' LA & P2—0'2 LA
(I..M,+1,.M,)z— (I,.M, + I,,M.)y
Lyyl.. — Igz
* These formula assume a low variation of the section (Saint-Venant) — low taper

- Wlth O.LITI —_—

« Assuming the direct load has the direction of the flanges

P! P;
P = s P = e
_ Pl o Pl 621 & PZ P2 672
z T (53“ T 6T
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Wing spars & box beams

« Tapered wing spar (2)
— Web loading
« 2 contributions to shearing
— Shear stress in the web
— z-component of flange loads
- T. =17+ P! + P?
52t 522

— 1 =1 - Pl - PR
T X

 Shear stress

— Flange contributions is removed leading to a new expression of shear flux
— As web in Oxz plane & as it corresponds to an open section

web

q (8) — / Ldirect O‘st + Z ZiAi
Iyy 0

ir8;<s
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Wing spars & box beams

- Example ‘4

— Tapered spar
* Simply symmetrical
» Web fully effective in resisting
direct stress
— Shear distribution at x =1 m?

= A, = 400 mm?
o[l t=2mm
o Y
I
e

A, = 400 mm?

= 2013-2014 Aircraft Structures - Aircraft Components - Part | 18 vy U



Wing spars & box beams

Direct stress Za
— Momentumatx=1m
* M, =2010° N-m

. . . A, = 400 mm?
_ o 1
As web is carrying direct stress ot § t=2mm
 Second moment of area fl’ .y
h2 h?  th? =
- Iy.y:Alz—}—AQI—Fﬁ A, = 400 mm?
( 0.002 0.3? _
— 20.0004 0.15% + T —925107°% m*

* Flange loads
. M,h  2010°0.3

- o =

9, 2225106
== P!=¢! A; =13310°0.0004 = 53.3310° N
5 M,h 2010°0.3
21, 2225106
= P?=0¢° A, =—13310°0.0004 = —53.3310° N

» Web direct stress

web M,z 2010°
e I,, 225107

= 133 MPa

= —133 MPa

— 0o » =888 MPa-m~! 2
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Wing spars & box beams

Shear stress

ZA
— Web shear load
« Tweb _ 1 pl: 1 p2; 2
I =T P02 — P, dﬂ-’-z_Ol 0.1 = LA, =400 mm?
= —20 10*—53.33 10" T+53‘3‘3 10° 7 oy t=2mm
= —14.6710° N g ]
— Shear flux - A, = 400 mm2
.T::&re) S
© q(s) =——= / tzds + Ang]
Iy-y L/ 0 ,
-ijeb z Tzﬁveb 22 _h®
= —— / t7'dz + Aozo| = —— t 4 + Ao 2o
Ly /-5 Lyy 2
—14.67 10 [0.002 , , ‘
== q(2) = — 2 —0.15%) — 0.15 0.0004
105) = =555 100 [ y (2 ) Z]
— 652 10° N-m222-53.79 N.m~! )
m

h h 1
= q (§> =q (§> =—-39.12 N-m

h;=0.4m
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Wing spars & box beams

Open & closed section beams
— Beam tapered in two directions
— Booms & skin panels
— Examples: fuselages & wings

— Assumption for open sections
« Shear loads pass through the
shear center (no torsion)

— Equations for i " boom

If o, is the direct stress due Za _ 74
to flexion in the i " boom T P
B Pa: - J;I:;I:A’i 5ZiI M TMZ
« Assuming the load follows y .
the boom’s direction C g C
. , 6yi : K
— T __ 2 & Pl — PZ
'P-y Pa: 69f z x (5$
, ,\/52”?2 +6y12 + da®
- [P =P

ox

e 2013-2014 Aircraft Structures - Aircraft Components - Part | 21 e U



Wing spars & box beams
Open & closed section beams (2)

— Shear flow
« Shear loads acting on the skin ~ Z4
. 1 _53/@'
Iy =1, - ZP&* S
< ‘ .o
02"
Vb =T, -% P!
» Shear flux
[zz-T:nfel) o qu-Tweb s
- q(s) — - — Y / tdirect o2ds + 2 A,
[y.yjzz o Isz O dlirec Z ¥ T

10 5; <

web mweb 8
! vy Ty —1 Yz Tz /
0

‘ tdirect d. ?,Az ()
Ll T2, discs oyl + 3, yiddi) +{a(0))
* q(0)? =

— Open section q(0) =0

— Closed section: correction of previously derived expression to account for the
moment induced by the booms’ loading

— 2013-2014 Aircraft Structures - Aircraft Components - Part |
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Wing spars & box beams

. z 4 T
Open & closed section beams (3) L
— g(0) for closed section
- Equation (g, s anticlockwise) L]
_ |
(s = 0) = yrl. — zrT, — $ p(s) qo (s) ds
ah 214}1 T
has to be modified to account for booms’ loading T/
C An 4 .
) 1
g S

V\<

« Moment around O (g, s anticlockwise)
yrT. — 21T, = 2A,q (s = 0) +j§ (5) o (s) ds + Zy"”Pl Z 2P

CyrT =Ty =3y P+ Y ""Pt $p(s)
B 214}1
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Wing spars & box beams

 Open & closed section beams (4)
— Direct stress

e As before Oy = (IZZJ\[:U + Iyz Z\[Z) Z — (Iyz Z\[y + Iyyf\""jz) y

_J2
InyZZ Iyz

 Still considering only direct stress carrying structures
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Wing spars & box beams

- AN 0
— Uniformly tapered beam & =
— ldealized structure i
« Booms carry only - I 2
direct stress 0 3
« Walls carry only ﬁ
shear stress Zy =
— Shear load at free end
y >
VAR
\\ / < ].6
C 1
Z
— Shear difstribution at A, =900 mm2 A, =1200 mm2 A,=A,
mid section ? A =
] ]
L=3m o Y
Cl o
time 3
. v

A
v

LS 2013-2014 Aircraft Structures - Aircraft Components - Part | 25 v U



Wing spars & box beams

. Loads at mid section t T.=100kN
- T,=0
— T,=100 kN
— M, =-200 kN'm
- M,=0
— It is assumed that the shear
load is transmitted by the right
web: y; =-0.6 m y
« Second moment of area
— Only booms are carrying
direct stress
— Double symmetrical
- 1,=0

- Iyy =2 (2A1 + Ag) 21

A T
=20.0030.3* =0.54 107 m* ﬂ;_— 3m I
o Y
C |

hy=0.8m

[
»

Z

/%16

C ]

yA

5 A; =900 mm2 A, =1P00 mm? A;=A,

A
v

- 2013-2014 Aircraft Structures - Aircraft Components - Part | 26 wuﬁg



Wing spars & box beams

 Direct stress in booms 7
( M
- ol =02 =0} = 7 Yl A, =900 mm2 A, =1p00 mm? A, = A,
Yy
—9200 103 — t o
- 0.3 = —111 MPa L=3m N Sy
0.54 103 o
P VA t5 2 5
— Oy = o-;a: — O 0 — I_QZ 3 . v
200108 A=A T AZA ACA
— _ ~0.3)=111 MP N g

« Loading in booms
- Pl =P} = A0l =-0.0009 111. 10° = —100 10* N
— P2 = Ay0?, = —0.0012 111. 10° = —133 10° N
— P!=P’ = A,0! =0.0009 111. 10° = 100 10* N

— P’ = As0° = 0.0012 111. 10° = 133 10° N
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Wing spars & box beams

« Loading in booms (2)
‘ 0.4 5 24 9
- P} =P,y = —100 103T — —10* N, P?=P29,> =0

—0.4
— 3 3 3 3 4
P} = P}0,y* = -100 10°——= =10* N
—0.4
—P; = P;,y" =100 103T - —10* N, P) =P 9,y° =0
0.4
- P;=P’0,y° =100 10" — - =10* N

—0.2
~Pl=P)=P0,2 =—-100 IOST —=510° N
0.2
- P} =P’ =P20,2* =100 10° == i = 510°

_Pz2 = P;faa.’-z |
a —0.2 3
= —133 10 = 6.65 10° N
P P,
5 0.2 3
= 133 10 v 6.65 10° N
y

™~

2013-2014 Aircraft Structures - Aircraft Components - Part | 28 e
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Wing spars & box beams

Open shear flux

. A, =900 mm? A, =1P00 mm? A;=
— Loading in the web

-
o web __ T I
1, —Ty—E P, =0 ) <__Sm 5oy
I Zé ; t=52 rr?rrl g
° .TZ : — -Tz . PZ B 1 . -
7 A6 - Al T = 2 A4 - Al
— 100 10> —33.310° =66.6 10° N « .
h=1.2m
— Shear flux |
T‘Ne)
« As only booms are carrying direct stress ¢, (s) = — IZ g 2 A
* Origin between booms 1 & 6 Y9 4 s;<s
Twveb 66.6 103
65 6 3 —1
— g% — A 0.0009 (—0.3) =33.310° N .
o =4 = 7 4656 = T 54102 (=0.3) H
. . Tveb 66.6 103
°t = ¢° — E—Agz; = 33.3 10° — 0.0012 (—=0.3) =77.8 10° N-m™!
I, 0.54 103
Tweb 66.6 10°
43 4 z 3 3 —1
— gt — Ayzy = 77.8 10° — 0.0009 (—0.3) = 111.1 10° N.
o =@ =77 mH4% 0.54 103 (=0.3) H
‘ Tveb 66.6 10°
32 3 3 3 —1
— g — Aqzg = 111.1 10° 0.0009 0.3 = 77.8 10° N -
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Wing spars & box beams

Open shear flux (2)
— Shear flux (2)

f , Tweb 66.6 10°
=P — Ay = TT.810° - 0.0012 0.3 = 33.3 10> N.m™!
I, 0.54 10-3
Tyeb 66.6 103
10 1 Z 3
=q — Az = 33.310° — 0.0009 0.3 = 0
L 0.54 107
Z A

33.3 kN.m*Y 77.8 kN.m

14—24—

™ s gyt Y

L S tiZ ng:m ﬁl
y 6 .
333 kNt 778 kN
" h=12m ;

0.6 m

&
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Wing spars & box beams

q(0)

yrl. =35,y PL+ 30,2 Py — §p(s) o (s) ds

A, =1206=0.72 m?

7

j{ Pgods =
— j{

26

Pgods = 0.3 0.6 10° (233.3 +277.8)+

D Y P! =510° (—0.6) +510° 0.6 + 5 10° (—0.6) +5 10° 0.6 = 0

Y 2Py =-10"03 410" 0.3~ 10* (-0.3) + 10* (-0.3) =0

(qSSZGS + q24l’3—1 + qulgz 4 q§1l21) 4+ ‘y—l‘ qigl—l‘?)

0.6 0.6 111.1 10° = 80 10* N-m Z 4
33.3kN.m1 77.8 kN.rgl
N < 2 <
—0.6100 10° — 80 10°  E1 * §=—9
—als=0= 20.72 =g ol 1111
— _97210° N.m™} nys t:lZnS:m. ﬁ'
A\ 4 6
33.3 kNt 778 kNt
h=12m
2013-2014 Aircraft Structures - Aircraft Components - Part | 31
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Wing spars & box beams

« Shear flux
— As q(s=0)=-97210° N-m™!

Z Z A
33.3 kN.m | 77.8 kKN.m2 63.9 KN.mh 19.4 kN.m-!
s e 2a*— g3 — o —
5 t=3 mg W 13.9 KN.m'!
© 1y = m-
o -0 o, |:> 97.2 kN.m'lT . T .
e
\ 4 6
33.3 kNt 778 kLt 63.9TkN.m 194 kN.m!
“Th=12m “Th=1i2m
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Wing spars & box beams

Variable stringer areas

— Stringer areas may vary in the spanwise direction
— When establishing

Izsz - quTu °
* Qo (S) - 5 / Ldirect zds + Z?LA'L'
Lyl.. — 12, | Jo 7 Z<
I'uuTu o I'usz /S
— — Tdirect de + y'J,Az
Inyzz - Iﬁz 0 7 é:;s
* We have used ¢; 11 — q; = —0,0,..4;

which assumes a constant boom area

» If booms area change we have to consider

AP
qii1 q; — A.T

Oy T 8x Oxx 5)(

— 2013-2014
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Wing spars & box beams

 Example
— Uniformly tapered beam

— ldealized structure
 Booms carry only
direct stress
» Walls carry only
shear stress

— Shear load at free end y

— Shear distribution at
mid section by using
the method suitable for
variable stringer area
(even if this is not the case)?

Z

T~

A; =900 mm? A, =1P00 mm? A;=A,

A T
t=3m I
Qs o Y
C | o
> time 3
. v
© h=12m
@ 2013-2014 Aircraft Structures - Aircraft Components - Part | 34 wgiq



Wing spars & box beams

Loads at mid section ’

— Values at mid section + Ax A; =900 mm2 A, =1P00 mm?= A;=A,

« Exampleatx=2.1m — N“ 7
—Ty:O,MZ:O Q :__ 3 R
— T,=100 kN S timgtml S
— My =-190 KN'm . v S
« Example atx=1.9m As=Ar 1 A=A s = A
- Ty,=0,M,=0 T h=118m
— T,=100 kN 7
~ My =-210km A, =900 mm? A, =1P00 mm2 A=A
= mm = mm =
Second moment of area ' ’ o
— Only boom are carrying L=3m I
direct stress -Q - - | —
: ¥t = 2 nim -
— Double symmetrical 1" o | 3
« Atx=2.1m =1
2
I,, =2(24; + As) 2™ =20.003 0.295% = 0.522 10~* m*

 Atx=19m
Iy = 2 (241 + As) 212 = 20.003 0.3052 = 0.558 10 3 m*

— 2013-2014 Aircraft Structures - Aircraft Components - Part | 35 v U



Wing spars & box beams

. . yA
Loading in booms
— AtXx=2.1m A; =900 mm?2 A, =1P00 mm? A;=A;
A T
. 0',?15;3 = —oﬁ;G = M, 21 J=3m N Il
€I 4 Iyy _Q - 3 .
~190 10° SHli=o & 3
= 07599 103 0.295 = —107.4 MPa 3 O v 3
: ARs=Ar 1 Aj=A, 2= A
“h=118m

—0.0009 107.4 10° = —96.7 10° N

— P’ = Ay0? = —0.0012107.410° = —128.910° N

2013-2014
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Wing spars & box beams

Loading in booms (2)

— AtX=19m A; =900 mm? A,=1 OOmm2 A=A

M A =

voyt =t = L=3m :
; Ly | ©

—210 10° _,.C =2

= 0.305 = —114.8 MPa 12 mi '§

0.558 103 _ @ W
Ag = A 4 A = A, 4= A

“h=122m

- Pl=pP'= _P'= _P’=A0!
— —0.0009 114.8 106 — —103.3 10° N

* PP=_P’=Ay0°, = —0.0012114.8 10° = —137.8 10° N
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Wing spars & box beams

« Change in compressive loads
1 3 4 6 —96.7+103.3
AP:{’. _ AP&’. . API: L AP}Z _ + 103 — 33 103 N .mil

Ax Ar Az Ax 0.2
A P? AP? —128.9 4+ 137.8
- L =——2 = i 10 =44.510° N -m™"
Az Az 0.2
— Remark: by trigonometry AP _ AP,
_ _ Al Ax ;4
« Shear flux relationships
AP!
— AS ¢;01 —q; = — z
q?/—|—]. q Afﬁ .
2
[ q23 + AAP:{’. _ q12 —_— q23 _ q12 445 103 N - m—l
€T
3 Iy
¢t + AAPw = ¢ = ¢ =¢*-T77510°N-m™!
T
4 Iy
< ¢ + _AAPaf — Pt = ¢ =¢?-44510°N-m™!
T
-« AP? . - ‘
vk Bl B GoctOy0i
6 f's
q61 4 AP{I’. _ q56 — q61 _ q12 4+ 33 103 N -m!
\ Ax
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Wing spars & box beams

4100 kN
« Shear flux .

— Momentatx=2m

A; =900 mm? A, =1R00 mm? A;=A
« We found ZytPt—O &Z7 P@—O ' ’ Y

A T
J=3m N I
. Direction of shear flux q'*lis posmve clockwise  _qQ lf_ . | o,
S tiZ rrcl:m ﬁ 3
i1 i1 9 v
— Z q +1 11l +1 _ =1T.yr As=A t A=A, A=A
—s —0.610010° = —¢'%(40.30.6+20.60.6) + h=12m

44.5 10 0.3 0.6 + 77.5 10° 0.6% + 44.5 10% 0.3 0.6 — 33 10> 0.6°
== _60 10° N -m = —1.44 m?¢'? +32.04 10°N - m ,

A

= ¢ =63.910°N.m™! 63.9 KN.mt* 19.4 kN.m-.

e — P
|:> 96.9kN.m'1T

J=3mm T13.6 kN.m-1
| >

tiZ rr%:m
@ -]
63.9lkN.mL 15.4 kN.m1

h=1.2m
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Fuselages

« Real fuselage

— Structure
» Longitudinal stringers (& longerons)
« Transverse frames

— Carries
* Bending
e Shear
« Torsion

« Simplification for section

— Usually
» Resistance of stringers to shear
stress is generally reduced
« Distance between stringers is small
— Shear can be considered constant
in the skin between 2 stringers

— ldealized section approximation holds
» Direct stress carried by booms only or
by booms and skin
* In the first case: boom area is increased
to account for skin direct stress carrying capacity
« Constant shear flow carried by skin only
%013_201 4 Aircraft Structures - Aircraft Components - Part | 40 “Qiq




Fuselages

« Bending

— As before o4, = (Izz]\[” + quﬂ[z) z = (Ifuzﬂfu + qu]\[z) Y

Iyyjzz o I‘jz

— Still considering only direct stress carrying structures: i.e. the booms

« Shearing

— Direct stress are carried out by the booms only
— Fuselages have closed sections

1.7, —1,.T L, 1, —1,.T.
q(s) =— e 7 Ap — S —— yiAi +q(0)

— Gives the shear flux value for shear loads not necessarily passing through

10 8;<s

the shear center (in which case the flux resulting from the torque is included)

 Torsion
— As before M, =2A;q
» Leads to constant g on the skin panels
— Booms are assumed not to carry shear stress
« Tapered fuselage
— Adapt formula as for the tapered wing
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Fuselages

« Example
— Small tourism aircraft
— Circular cross section
— Each stringer has a 100 mm?-area
— Direct stress distribution of the
idealized section?
— Shear flux of the idealized section?
— What is the torsion part of the shear flux?

- o
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Fuselages

« Section idealization
— Elementary geometry
Z

71=0.381m
 22=0.352m
2 22=0.269 m

A

I z4=0.146 m

A

—¥ 2=015m

— ldealized booms area
» As bending results in z-linear stress distribution
» Let us approximate the skin between booms as being flat (ok if enough booms)

§ ol

€T

2
* So one can use the idealized formula 4, — @ (2 + 0.:13.:1:)
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Fuselages

Section idealization (2)

— Idealized booms area (2)
« Oy principal & bending axis
« A; and A,; are meaningless
« Other ones

71 =0.381m
4 22=0.352m
4+22=0.269m

I z4=0.146 m

tl 22 tl 216
A, =S+ (24 = (2
1 +6<+21>+6<+21)
= A; = Ay = 100 107% +

0.0008 0.15 0.352
2 24+ ———
6 0.331

=217107° m?
Ay = Ayg = Ag = A9 = 100 106+0'000§ 015 (4 - gzg; — 83?3) =21710°% m?
Ay = As = Ar = Ay =100 1004202 (4 F o2y g;ég) 271070 m?
Ay = Ay = Ag = Ao =100 10_6+0'OOO§ 0.15 (4 + giiz + 0(1]46) = 21% 16_6 m?
2013-2014 Aircraft Structures - Aircraft Components - Part | 5
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Fuselages

« Bending 7120381 m
— Second moment of area 4 22=0.352m
: : 4 22=0.269 m
* Doubly symmetrical section
e 1.=0 z4=0.146 m
yz
* Only idealized booms are I

carrying direct stress

I,y = ZAE-::“'Q

== [ =217107% (2.0.381% +40.352° + 4 0.269%2 + 4 0.146°) = 252 10~ % m
yy

Aircraft Structures - Aircraft Components - Part | 45 v U
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Fuselages

Bending (2) 7120381 m
— Direct stress e - 9-8522630
« As we are in the principal axes 2 =0eo9m
74 =0.146 m
il
: M
o-:iz:r _ yzt
Iyy
; % =0.15m
200 10
: ol =0 = ———— 0381 =302 MPa
o 0 25210-F ;
( : 200 10
2 16 8 10 /
- D =—0, =—-0o,, =——0.352=279 MP
Ua..a. O-JZJE Ua.-a.- O-JZ.’,I- 2 52 10_6 a
200 10°
3 5 7 11 -
= =—0,. =—-0,,=———0.269 =213 MP
— < Ja..a.. 0-1‘3?3 o-.’.l..’l- O-JZCL- 252 10_6 a
( 200 103
o =ot= -0 = -0l2=_""——10.146 = 116 MPa
0y, =0 =0
\
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Fuselages

« Shearing S 120381 m
— Open shear flux 7 A A 4 22=0.352m
P | A 1 A2 2 2 320260 M
q\s) = Iim | Zi A4 q A A A4 z4=0.146 m
T4 5;<s r 14 Tz =100 kIN I
 Origin between 1 & 16 A Ag y
- A
g, =0 \ ;\3 C A
o T, | = 0.8 mm 6
Iyy Ay A =A f
100 10° : 10 |Ag
T 9217107%0.352 =
252 10—6
~30.310° N.-m!

< gto 14 = _ 100 10% 107% (217 0.352 + 217 0.268) = —53.5 10* N
0 252 106 | ' |

100 10° _
= ~ o5 108 107° (217 0.352 + 217 0.268 + 217 0.146) = —66.0 10> N-m™*
‘ 100 10° _
gt 12 = ~ 55 08 107° (217 0.352 4+ ... + 217 0) = —66.0 10° N-m~*
( 100 10° .
i ORI 107°% (217 0.352 + ... + 217 (—0.146)) = —53.510° N.m™"
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Fuselages

» Shearing (2) s 1=0381m
— Open shear flux (2 7 A A 22=0.352m
" @) AL A 23=0.269 m
/ i1 1o — 100 10 106 77 AR =0381m" 3
252 10-° A4 =100 kN As z¢=0.146m
(217 0.352 + ... I A I
+217(—0.269)) = A c 5
3 —1
~30.310° N-m \ A Y/
3 t=0.8mm| _ 6
109 _ 10010 10-6 Y1 = O.lgm/
o = 7959100 Au SRy
(217 0.352 4 ... + 217 (—0.352)) R0 1A
=
. 100 10?
98 _ - -7 6 o — 39 3 |
< 4" = ~5r5 g5 107" (2170.352 4 ... + 217(-0.381)) = 32.8 10° N-m
o7 100 103
87 6 3 —1
— ———— 107°(2170.352 + ... + 217(—0.352)) = 63.1 10° N
0o 100 103 1076 (217 0.352 + ... + 217(—0.269)) = 86.3 10° N.m™*
= —_— —U. 20! = o -1
G = 7252106 |
65 _ 100107 1079 (217 0.352 + ... + 217(—0.146)) = 98.9 10> N-m ™'
QD T 252 10 36 . — J0..
100 10 _
107° (217 0.352 4 ... 4217 0.) = 98.910° N-m™!
\ © = 55100 0 e+ 2170 m
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Fuselages

« Shearing (3) s
4~
— Open shear flux (3) 2 AT
[ 4o 10010° 7/°ANR = 0,381 m N
o 952100 A R=lookn
(217 0.352 + ... + 217 0.146) [ A
— 86.310% N-m~! \Als c ;
32 10010° N2 08 mm Ag )
< o 252 10— N yr=05m)
(217 0.352 + ... + 217 0.269) LA A LB
9
—63.110° N-m™! —7
‘ 100 103
21 —6 .
- 1075(217 0.352 + ...
o 252 10~ ( *

1+92170.352) = 32.110° N-m~!
\

z1 =0.381 m
z2=0.352m
z23=0.269m

I z4=0.146 m

- 2013-2014
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Fuselages

Shearing (4)
— Shear flux
- A, = 70.381% = 0.456 m*
~ yrT. — $ pgods  0.15100 10° — 0.381 0.15 3, ¢it1 "

9(0) 94, 2 0.456
0.15 100 10° — 0.381 0.15 262.8 103
_ — 20 N-m!

2 0.456
0, = 32.8 kKN.m.

-0, = 0 KN.m! - )
-q, = 30.3 kN. , = 63.1 kN.m!

= q(0)

« Constant part

IS negligeable

0~0,

-0, = 30.3 kKN.m- ) ///‘ ,=63.1 kN.m-1
-Go = 0. kN.m g, = 32.8 kN.m'™
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Fuselages

e Torsion

— Shear center corresponds to the centroid
— Twist part of the shear load is M, = T.yr = 100 10° 0.15 = 1510® N-m

. M.
— Twist part of the shear flux (constant) gwist = 5 A‘” —16.4 kN .m™!
— Another method "
—66000 + 98900
« Because of the section symmetry  ¢iwist = ; — 164 kN .-m™!
=328 KN.m-1

-9 =0. kN.m' g =32.8 kN.m

@ 2013-2014 Aircraft Structures - Aircraft Components - Part | 51 “QE



Fuselages

« Shear load components
Shearing Twist
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Stiffener/web construction

« Thin metal skins
— Resist in-plane tension
— Subject to buckling for in-plane
compressive loads
e Sftringers
— Resist in plane compression
— Resist low loadings normal
to the skin

,”--4 -
W’J . . ".?

w‘-'

Dove Wlng
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Stiffener/web construction

* Fuselage
— Effective length of stringers
» Reduced by the frames (or by bulkheads)
* Wings
— Effective length of stringers
* Reduced by the ribs
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Stiffener/web construction

 Frames & ribs
— Resist concentrated loads
and transmit them to stringers
— Also fabricated from thin sheets

of metal
* Require stiffeners to transmit loads
» Stiffener/web construction
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Stiffener/web construction

« Example
— Sitiffener/web construction

— Web panels
» Active only in shearing
« Constant shear flow

— Stiffener JK required as
a load is applied horizontally
at K TF=5kN
« Better than using HD in bending I—025ml1=025m I=025m
— Stiffener loads? M
— Shear flow in webs?
— Load distribution in flanges?
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Stiffener/web construction

 Shear flow in webs
— Stiffener JK % B C D

(1 — q2) | = T* sin 60 deg
4000 sin60 deg

== (q1 — q2) = 0.5 -Q-TK:MN
. J 4_K _
—13.8610% N. m ! 0.1m
— Stiffener HKD 7E H G H
GQ1+—bq2::1ﬂ(cos6Odeg . '1¢=:5k§ X
4000 cos 60 deg |=025m|1=0.25m l|=0.25m
= ZQ1 —+ o = v
0.1 |
—92010° N- m~!
a=0.2m
{ql =11.310° N m~! Il -
go = —2.6100 N- m J _’< K= 2
: - < 0.1m
t % 3| ¥ve00
|=0.25m
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Stiffener/web construction

« Shear flow in webs (2)
— Stiffener CJG % B C D
(a+b)gs=aq +bg = Tr cos 60 deg

4000 cos 60 deg

= B3 = 03 mlly T = 4 kN
—6.710° N. m ! NS 0.1 m
— Stiffener BF 7E H G H
(a+b)qu=(a+b)gy+T" ) T =5kN X
5000 |=0.25m]1=025m I=0.25m
—> q1 = 6.710° + v

0.3
—923310° N. m~!
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Stiffener/web construction

Load distribution in flanges
— Top flange (>0 in traction) %
o w\\
PA=lqg+1lqg+1q ~
= P4 = (0.25(23.3+ 6.7+ 11.3) 10° A B C D
—10.310° N
PY =1lg3 + g |
=0.2
—= PB — .25 (6.7 + 11.3) 10° AT e
—4510° N (T4 =4kN
<0.1m
PY =1q  60°

= pY _ 0.2511.310°

TF=5kN

—92810° N

y

1=025m 1=0.25m
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Stiffener/web construction

Load distribution in flanges (2)
— Lower flange (>0 in traction)

PE:—ZCM—[%—ZQQ

== PE =0.25(-23.3—-6.7+2.6) 103

— —6.910° N

P* — —lgs —lgo

= P —0.25(-6.7 + 2.6) 10
——110° N

P = —lqo

== P% — (0.252.610°
—0.710° N

TF =5kN
1=025m|1=025m 1=0.25m

Y

>__ lension
Compression

- 2013-2014

Aircraft Structures - Aircraft Components - Part | 60 v U



Stiffener/web construction

« Load distribution in stiffeners
— Stiffener BF (>0 traction)
- PEPEBE =0 &
- PBEE — (g —q3) (a+b) = (23.3—6.7) 10° (0.240.1)=510° N
— Stiffener CJG (>0 traction)
. PCG;C:PCG;G:O &
« PCYY = (g3 —q)a=(6.7—-11.3) 10° 0.2 = —0.9210° N
— Stiffener DKH (>0 traction)
. PDK;DZO &PKH;H:O

- PPEIR — 0a=11.310°0.2=2.2610° N
« pRER — b= —(-2.6) 10° 0.1 =0.2610° N

. B
— =
()
= T G
TF =5 kN
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Stiffener/web construction

* |n practice
— Out of plane loading
— Stiffener/web constructions should be modified
— First construction
« Two out of plane webs meeting
at the load application point
* Not always possible
— Second construction
« Add a web
— Between adjacent frames/ribs
— In plane with the loading
— Design rule
» Avoid loading normal to a web
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Stiffener/web construction

« Fuselage frames

— Purpose

» Transfer loads to fuselage shell

» Provide column support for stringers
— Structure

* Openring
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Stiffener/web construction

Fuselage frames (2)

— Consider a frame
« Z-Symmetrical

* In equilibrium
— Loading
— Shearing
from shells
 |dealized

shells/stringers
— Shells effective

in shearing
only
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Stiffener/web construction

Fuselage frames (3)

— Shear force in fuselage
» Shear force in fuselage
at the left of the frame is T,
« Shear force in fuselage
at the right of the frame is T
- T W =T
— Shear flow in shells
» Varies on the fuselage circumference
but constant between 2 stringers
« Obtained from shear force
— See previous slides
» Shear flow in the frame can be
obtained from the shell shear flows

a5 =q—q
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Stiffener/web construction

Fuselage frames (4)

— As
« Shear flow on either side of the frame (g' & g") are obtained using linear forms as
I..T7T. - 1,.7T, §
do (9) - -u-uIzz _ 1,5,, fo tdirect O'st + Z Z'.iA?; -
7 g= 1 5;<s
L, T, —1,.T. /S
— - K: - tdirect crde + yiAi
yylzz — Ijz 0 fi:;s

with appropriate shear loads (T,! & T,")
- Andas T —W =17
— The shear flux at the periphery of the frame gy = ¢ —q"is also obtained

. Izz'Tz o I 24 ’
yytzz = Lyz 0 i 5;<s
Ly Ly — 1.1, /S
— — Ldirect ade + yiAl
Lyyl:- — Iéz 0 é:;s

With T, and T, the loads applied on the frame itself (W here)
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Stiffener/web construction

* Wing ribs
— Purposes
« Maintain the shape of airfoil
« Transfer loads to wing skin
* Provide column support
for stringers

— Structure
» Unsymmetrical
» Continuous webs
(except holes for control runs)
— Shear loads in the ribs
* Periphery shear flow is
obtained from the loading
discontinuity
» As for fuselage frame

2013-2014
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Exercise 1: Single cell

« Cross-section of a single cell

— Thin walled cell

e Cell area 135 000 mm?

— Horizontal axis of symmetry
» Direct stress carrying booms 1 to 4
— A; = A, =450 mm?
— A, = A; =550 mm?
» Panels which are assumed to carry only shear stresses

* Constant shear modulus Wall

— Shear centre?

v 0.8mm 1
/1\ 4 N
1.2 mm < [ 100 mm
______________________________________________________________________________ No_._.
N
v 0.8mm 4 V100 mm
A S 4
500 mm

Length (m) | Thickness (mm)
12, 34 0.5 0.8
23 0.58 1.0
41 0.2 1.2

— 2013-2014
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Exercise 2: Wing spar

 Spar
— Distributed load
e 15 N/m

— Upper & lower flanges
« Area 500 mm?

_ 50
* Resist all the direct loads
— Spar web
- Effective only in shear —

— Atsection 1 and 2
* Flange loads?
e Shear flows in web?
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Exercise 3: Wing spar

« Spar?2

— Distributed load
« 15 N/m

— Upper & lower flanges
« Area 500 mm? 50f
» Resist direct loads only

— Spar web
» Effective in shear -
» Resist direct load
» Thickness of 2 mm

— At section
* Flange loads?
» Shear flows in web?
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Exercise 4: Fuselage

« |dealized fuselage section

— Direct stress carrying booms
« Area of each boom 150 mm?
* Direct load?

— Shear stress carrying skin panels
* Shear flow?
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Exercise 1: Single cell

As shear center lies on Oy, by symmetry we consider only T,

J Tep y 0.8 mm 1
AN A ®
100 mm < l 5 y1.2 mm |l 1100 mm
\4 2
e OSSN R A
>0 S I
100 mm 100 mm
R v 0.8 mm
3|< ! > 4
500 mm

— Compute shear flux: cut a wall

T,
1(s)=—7— > xdi+q(0)
vy 1:8;<s

— Section already idealized as only booms resist direct stress

* By symmetry, centroid on Oy

4

© Iy =) Azt =2 x 450 x 1007 + 2 x 550 x 100* = 20 x 10® mm*
1=1
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Exercise 1: Single cell

Open shear flow

a0 =0

T. B
got = === x 550 x (—100) = 2.75 x 1073 T,

n < Iy’y

T, -
gat = gt — 7— X450 x (=100) =5 x 10 3T

Yy

t g5> = 2.75 x 107° 1. (by symmetry)
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Exercise 1: Single cell

Constant shear flow
— Load through the shear center
== NO torsion

)
— f{ids _ o4,

ox
S 0
Q%gdgﬁ o (5) +q ( )ds:O
pt
35 90(8) g
== ¢(0) = P lds 2.75x 10T,
My 0.8mm 1
AN A —$
100 mm . S y12mm < | 100 mm
R N Vo
B A N s 5 X[1p-3 7
100 mm
100 mmv v 0.8mm !
* 4
500 mm .
2.75%x 103 T,
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Exercise 1: Single cell

Constant shear flow (2) 2.75x 103 T,
ZA <
My 0.8 mm 1
* o
y1.2 mm < 100 mm
S o Sx[ApT™
¢ 0.8 mm 100 mm
3| r 4
ﬁ qo(s) ds 500 mm R
— q(0) == —— 2.75x 1027,
j; 7 dS
,
1 530 500 200
—ds = — +2x — 1996.7
jtgt S e

3

34 l4l

%QO(S) ds =2 % qg* x — +q5" x —

t t34 ta1

‘ 500 200

=2 x 2. 10737, x — 10737, x —— = 4.2708T.
x 2.75 x 10 XO.8+5X 0 X 5 708

— ¢(0)=—-2.14x10°T,
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Exercise 1: Single cell

» Total shear flow 2.75x 103 T,

¢ 0.8 mm
100 mm
A4
IRy
100 mm
4 0.61x103T,
q(0)=-2.14 x 107" T, =
My 0.8mm 1
/ 4\ N
100 mm p 5 y1.2 mm Té 100 mm
_N O S |V
-2.14 x 1031 s  286K10°F,
100 mm ¢ 0.8 mm 4 100 mm
A S| 4
500 mm
0.61x 103 T,
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Exercise 1: Single cell

Shear center , 0.61x 10T,
A <
Ty 0.8mm 1
T Lomm )
100 mm -+ mm < | 100 mm
_N S L. Voo
214 x 1031 S 2.86 XJL037F,
100 100 mm
mm v 0.8 mm L !
r 4
— Moment around O S00mm
« Due to shear flow 0.61x103T,
« Should be balanced by the external load
T.yr = 2x0.61 x1073T, x 500 x 100 + 2.86 x 1072 T, x 200 x 500
—2.14 x 1073 7%, x 2 (135000 — 500 x 200)
AZS

== ypr = 197.2 mm
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Exercise 2: Wing spar

e Cutatsectionl1

/
- 200 mm
/
/
1
500 mm _~
7 i
7 ! i y
v i i
; | i
! | Z
— 1m : 1m :
< > , < > '
— Right part equilibrium
NT 0 N'= 0 Ni= 0
Ty+P =0 =) T" = —15 kN Tl —15 kN
Yy Y
MT — P x0.5=0 M!I=7.5kN m Ml =7.5kN m
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Exercise 2: Wing spar

Section 1

j I 2 [ pU
15kN/m|-|-w N‘E 0

e =" { -
500 E U TL :‘,\P T! = —15 kN

I\IZ =7.5kN m

=
/
7
=
500 mm~
/
/
/
/

— Flanges in section 1
* Flanges carry all the direct stress

Pl+PV=0 Pl=_25kN
{ 300 « PY =M & { PU 25 kN
* No shearing in flanges

pL=pL 0 Pr=—25kN
':>{ 0 ':>{ PU= 0N

P— O
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Exercise 2: Wing spar

Section 1 (2)

I 2 1 pU
A I l
E i ‘ 15 kN/m .| W . N.= 0
500mme | U o | N D Ti= 15 kN
| !| M. Ml —7.5kN m
l
i |

=
/
7
=
500 mm~
/
/
/
/

< > | < > yA
— Flanges in section 1 (2)
* Resultant loading
PL=_25 kN
U 2 2
PZ 25 kN Py= \/(PZU) + (PZEJ)
P,gf: 0 kN

<:> Pr= 25 kKN tension
Pr=—25.1 kN compression
]
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Exercise 2: Wing spar

Section 1 (3)

j I 2 [ pU
15kN/m|-|-w N‘E 0

I
I

500 mm?2 E U T
! !|
i .
|

=
/
7
=
500 mm~
/
/
/
/

— Web
« Carry shear load only

web L ol web __ _
Ty + Py =T, =) T"=-154+25=—-125kN

Ty" 12,5107

: — 417N
) gl = I = 300 /mm

« This is an average value

M!=7.5kN m

= T;P {Tz N
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Exercise 2: Wing spar

« Section 2
— Similar developments
— Section loading
Ni= 0
T" —30 kN
Ml =30 kN m

— Flanges
PL —75 kN
PU 75 kN

PL=—75kN
PU 0 kN

Py 75 kN tension
Pr,=—75.4 kN compression

— Web
T;‘eb — 304+75=—-225kN

Tye® 22,5 % 10°

_56.3N
Lo 400 /mm

lq] =
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Exercise 3: Wing spar

Section 1 with web resisting direct load
| 2 11 pu

Ni= 0
<:> T ']) Tl 15 kN
|\/||

I\IZ =7.5kN m

15 kN/m | T

I
I
500 mm2 :: U 7. 1TL
i
| !

=
/
7
=
500 mm~
/
/
/
/

— Flanges in section 1

| . My
* Direct stress obtained from o, =

I:c:c
» As flanges and web carry direct stress

web

2 x 3007
) Ly = 2 % 500 x 1502 + X12 = 27 x 10° mm*
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Exercise 3: Wing spar

Section 1 with web resisting direct load (2)

j I 2 [ pU
15kN/m|-|-w N‘E 0

I
I
500 mm? :: U 7. lT/[
i
i ﬁ

7
-
= M!=7.5kN m
504 mm—~ pL
/ | z
= !
— i ‘
!
!
! Z
— Flanges in section 1 (2) E
M.y

« Direct stress obtained from o, = —= & I, =927 % 10° mm?

_ 7.5%x10%%150
02,U= ~ 95 7x107

0. 7 — 15X 10% % —150
z,L—="" 2 7x107

o, u= 41.7 N/mm2

: : { UZ;L:—41.7 N/mm”

= T;P {Tz N
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Exercise 3: Wing spar

Section 1 with web resisting direct load (3)

2 2 11 pU
15kN/m|-|-w N‘E 0

500mm2:| U ZFlTL<:> I’T\? {Tl —15kN

M!=7.5kN m

=
/
7
=
500 mm~
/
/
/
/

— Loading in flanges
PL—=_20.850

[ 0.0=41.7N/mm" PLl=0. 1 x 500 . :
{ 0.1 =—41.7 N/mm” & PY=0. 17 x 500 & PY= 20.850
pL=pf_1 PL=-2.085 kN
. y z 1x103 <":>
{ PV= 0 { PU 0 kN

Py=\/(PV)? + (PV) { Py=  20.85kN tension
- Pr,=—20.954 kN compression
PL:_\/(F;L)2 + (PL)?
3
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Exercise 3: Wing spar

Section 1 with web resisting direct load (4)

2 ' 2 11 pU
15kN/m|-|-w N‘E 0

500mm2:| U ZFlTL<:> I’T\? {Tl —15kN

M!=7.5kN m

=
/
7
=
500 mm~
/
/
/
/

— Shear force in web
[ PL=—2.085 kN |
{ PU ORN Ly b - 15 42,085 = —12.915 kN
© Ty 4+ PF=T,
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Exercise 3: Wing spar

Section 1 with web resisting direct load (5)
— Shear flow in web

 As T“’eb —15 4+ 2.085 = —12.915 kN & as web carries direct stress

500 mm?2
Tu S S
:> q (S) — _I_ / Ldirect ol ds + Z y'e,Az 300 mm > X
== 0 10 5;<s C
v > 2 mm
E— o

12915

— 9 (150 — 1
) g = 2”107[/ (150 — s) ds + 500 x 50]

() g =4.8 x 107* (3005 — 52 + 75000)

«  Maximum value of g occurs when s = 150 mm, i.e. Q¢max = 46.8 N/mm
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Exercise 3: Wing spar

Comparison without/with web resisting direct load
— Section 1 without web resisting direct load

Prr= 25 kN tension b
. T 125 % 10°
{ Pr,=—25.1 kKN compression =Y —41.7TN
— Section 1 with web resisting direct load
Py=  20.85kN tension ¢=4.8x10"" (3005 — 5% + 75000)
Pr=—20.954 kN compression (max = 46.8 N/mm
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Exercise 4: Fuselage

Bending
— Second moment of area
* Doubly symmetrical section
« 1,=0
* Only idealized booms are
carrying direct stress

— The z-coordinates of the booms are T
z1 = —26 = (90 mm l
23 = 29 = —24 = —z8 = 250 mm -
29 = Z10 = —Z5 = —Z&7

= 250 + 500sin (45°) = 603.6 mm

— The second moment of area is
10

Ty, =) Az} =2x (2 x 150 x 250 + 2 x 150 x 603.6> + 150 x 750?)
1=1
= 425 x 10° mm*
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Exercise 4: Fuselage

Bending (2)
— Direct stress in the principal axes
M,

g = A
TT
I TT

2

100 x 10°

=) 0o = o5 1087
:> O’ix = 0.24,2?"

Boom 1 2&10 |[3&9 |4 & 8 |5 &7 |6
o,, (N/mm?2) 180 | 1449 |60 -60 -144.9 | -180
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Exercise 4: Fuselage

e Shear flow
— Shear centre S lies on both axes
of symmetry

— Shear flow reads

q(S)Z—TZ > zAi+q(0)

I
YY i s;<s

7

— Open shear flux

Go (8) = _I% Z zi Aj

* As all booms have the same area 4

50 x 107 x 150
0 (8) =~ p s 2 7 ! 5

108, <s

g (s) = —0.018 3 0

108, <s

e Cut between booms 8 and 9

dy> =0
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Exercise 4: Fuselage

Open shear flow

— Cut between booms 8 and 9
do- =0
¢37 = —0.018 x (—250) = 4.5 N/mm
g% = 4.5 —0.018 x (—603.6) = 15.4 N/mm l

_
¢% = 15.4 — 0.018 x (—750) = 28.9 N/mm __ © A
¢>' = 28.9 — 0.018 x (—603.6) = 39.8 N/mm
¢ = 39.8 — 0.018 x (—250) = 44.3 N/mm ! 5
— By symmetry 6

¢ =a
@ = q5

" =q’

0" =5
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Exercise 4: Fuselage

« Constant part of shear flow
— Anticlockwise s, q

yrl. — 20T, — $p(s)q, (s)ds
. s §p(5),(5)
2A),

— As g is constant between 2 booms
« By defining A, ., the area swept
from boom i to i+1

_ T.yr —2 % Z?:1 Aijri T =2 x Ay1o gt t?

2Ap

q(0)
. With

= 116474.8 mm~

1
Aot = 5 X 250 x 500608(%) + 0

— 142374.8 mm?
 Remaining areas by symmetry
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Exercise 4: Fuselage

« Constant part of shear flow (2)
— As

1 2
Agz = 2 X 5 x 500 x 250 = 125000 mm

A3y = 116474.8 mm?

Aoy = 142374.8 mm?
5002

Ap =500 x 1000 + 2 x 7 X
— 1285398.2 mm?

— Constant flux becomes

 Tyr —2X Z?zl Ajprigi™ ! =

|:>q (O) B 50 x 107 x (—250) — 2 X (2 X 28.9A491 +2 x 39.8A430 +44.3A43 + ...

24,
.2 X 4.514109 + 2 X 154A1 10)
24,
) ¢(0) = —27 N/mm
2013-2014 Aircraft Structures - Aircraft Components - Part | T
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Exercise 4: Fuselage

Total shear flow (in N/mm)

D

q(0) = =27 N/mm
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Annex 1. Cut outs in fuselages

) PRy B 11 L DA . J
FiG. 7. VIEW FROM INSIDE OF FAILURE AT THE FORWARD ESCAPE HATCH ON THE I
 Cuts outs _ " oA SEComET Gy
OGRS T T 3 $1 Egpitve s T o ’
BR saampess e

— There are opening in
 Doors, windows, ...

— This leads to discontinuities on

the otherwise closed stiffened shells
» This affects loading
— In stringers
— In skin, ...
* These regions have to be heavily
reinforced
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Annex 1. Cut outs in fuselages

* Windows cut outs approximation > > >
— Windows spaced a distance |
— Panel subjected to an average

shear flux q,,
» Shear value in the panel without
cut outs
— Consider shear flux balance on
» An horizontal line through the cut outs

— Average shear q;: g, = ¢1[4
« A vertical line through the cut outs

— Average shear 0, ¢,.d = ¢2d;

» An horizontal line on top of the cut outs |
— Average shear fluxes 0, & 43! ¢, I = gol,, + g3lh
» A vertical line beside of the cut outs
— Average shear fluxes q; & 03. g.vd = gad1 + q1d.

[ d

. dul.
== ({1 = ch’w {2 = d_lqa\f 43 = (av 1 — dlll
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Annex 2: Stiffener/web construction

 Example

Three-cell symmetrical section
« Al=0.05m?
« A2=A3=0.095m?

Shear flow at periphery

 Is discontinuous where there are stringers (booms 1, 2 & 3) as direct stress is
provided by the booms only

* Results from discontinuous shear flow on each side of the rib due to the external
loading applied in the rib plane

Shear flow in the web panels due to this shear flow discontinuity?
« Effective only in shearing
Axial loads in the flanges?

- __a=l15" _ e ————- -
23 Al A2 A o h, =300 h, =320
; , mm mm
hy 300 M.~ 4 6
4 @ | Te=1skn v - 12KN
| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

« Shear flow at periphery
— Equilibrium of applied forces on the flanges

. 23 12 3 _ 23 12_12103_ 3 —1
20 —¢P)+ T, =0 = ¢ —¢'* = oo = 2010 N -m
. 31 7 23 6 _ 23 31_15103_ 3 -1
h. q hig> +T17 =0 = ¢~ —q° = 03 = 5010" N -m

« Moment around boom 3

2 3 9 3
/ q"°pads +/ ¢ p3ds —TOl = 0 = Qm/ pads + ¢** / pads = Tl
1 2 1 9

AQ A‘%
22__;t__

A% 4 A7
— Ql 5 + q232 (Al + —) — Tfl
— ¢'2 $1.53¢* =23.710° N-m~ ! __-¢
Pl P3
2 .‘f,q'lE’Z’¢ 5
—_—a=157° _ = _\__-_____ R
l q23§ Al d A2 A3 q31 hr :]rio hm;rr?zo
hI:SQQm____ 4 6 ’
v T3—
) q23 1 T26: 15 kN ‘ Ty 12 kN
| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

Shear flow at periphery (2)
— Equilibrium (2) ;
o oo3 s 1510

T T3

c P g 1210°

= — 2010 N -m~!
9 0.6 m

}=> 2.53¢%%> =43.710° N - m™*
« 1?2 +1.53¢%2 =23.710° N-m~*

(¢* =17.210° N-m™!

—< ¢?=¢* -2010° = —2.810° N-m ™!

\ ¢t =¢** —5010° = —=32.810° N-m !

—5010° N-m~!

-
”
-

Pt Ps
12 -
2 .‘f,q' — ' 5
- =137 _ = -] ---—- -
q%{ A K as W= 30dh, = 320
, mm mm
h, =300 mM» 4 6
___ T3 —
4 @ | To=15kn v - 12KN
| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

« Shear flow at periphery (3)
— Solution

(¢ =17.210° N -m~!
2 ¢ =¢"—-2010°=—-2810° N-m™!
' = ¢ —5010° = —32.810° N - m !

(.

— This corresponds to the
peripheral forces applied to the
rib-flanges due to the neighboring shells
and the discontinuities resulting from
rib loading

T,2 =12 kN

N T,5=15kN
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Annex 2: Stiffener/web construction

« Web panel 1

— Axial loading in rib-flange
» Equilibrium of structure
just before stiffener 24

 Moment around point 4

— Shearing in panel has

4no component along Oy
/ ¢**pads = P;ly
2 4
— q23/ pads = Pohy—= 2A'¢"* = P Iy
; : :

2A'¢*%  20.0517.210°

=—>p2 = = 5710° N
v hy 0.3
==>P? = P’ tan 15deg = 5.710” tan15deg = 1.510° N
P2 3
= P? — Y _ o710 5.910° N

cos15deg  cos15deg
— Flange in traction at point 2
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Annex 2: Stiffener/web construction

« Web panel 1 (2)
— Axial load in rib-flange (2)

» Equilibrium of structure

just before stiffener 24

 Moment around point 2

24123 20.0517.210°
pio 2Aam 2005172107 ooy
v hi 0.3

P2 = P, tan —15deg = 5.710% tan15deg = 1.510% N

A P, 5.710°

— 5910°N

cos 15 deg T coslh deg

— Flange in compression at point 4
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Annex 2: Stiffener/web construction

Web panel 1 (3)
— Web shearing

the loading In
* Equilibrium
stiffener 24

should balance

the flanges
just before

q¢'hy + P>+ Pl — ¢*h; =0

1

P? + P2 =

{
1500 + 1500
— q' = — 0+3 + 17200 = 7.210° N-m ™!
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Annex 2: Stiffener/web construction

 Web panel 2
— Loading in flange just before stiffener 56 _g¥ 5 p5
* More geometric information needed
* Flange has zero-slope
at points 5 & 6

 Areas n=
— A2 = h;l — —0'3220'3 = 0.048 m” . q® __ |T°=15kN
| =300 mm
o il 0303 5
AT = = = == =0.045m 5 5
e AZ — A2 — A% = 320
2 mm
B 0.095 — 0.045 — 0.048 o
N 2
AZC
= 0.001 m? | =300 mm

—= A2 — A%% L A%° — (0.048 + 0.001 = 0.049 m?
= A2" — A2V 4 A2¢ — 0.045 + 0.001 = 0.046 m?
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Annex 2: Stiffener/web construction

 Web panel 2 (2)
— Loading in flange just before stiffener 56 (2) _g¥ 5 p5
« Moment around Point 6

2 6
/ q12p6d8 + / q23p6d8 — PSh'm hI =
5 2

] 2 [° 5 23 [TS=15kN
T qm/ pﬁd”ff?’/ peds = P°h,, ) SN R
> 2 | =300 mm
24792 + g7 (242" + 241)
h’m
—20.049 2.8 10 + 2 (0.046 + 0.05) 17.210°
=P = t2 +005) — 95103 N

0.32

— Traction in flange at point 5

- 2013-2014 Aircraft Structures - Aircraft Components - Part | 107 v U



Annex 2: Stiffener/web construction

 Web panel 2 (3)
— Loading in flange just before stiffener 56 (2)
 Moment around Point 5

2 6
/ q12p5d8 +/ q23p5d8 — _PGh’m
5 2

2 6
— q12/ p5ds+q23/ psds = —PSh,,
5 2

2A%qIZ 4 g% (2427 4 2420 1 242 4 241
N B

—20.001 2.810% +2 (0.04 .04 .001 .05)17.210°
po_ _ 0.001 2.8 10°% + (008;—30205+000 +0.05)17.210  15510°N

.='>P6

— Compression in flange at point 6
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Annex 2: Stiffener/web construction

 Web panel 2 (4)

— Web shearing should balance
the loading in the flanges just before
stifener56 47T

— As P® and P® have no vertical
component

0.2 0.62
2 3 3 3 —1
= ¢ = —2.810°—— +17.210" —— = 15.810° N - m

/ 0.64 i 0.64

* This is the shear flow along stiffener 56 (not constant in web)
« Shear flow along stiffener 24 was equal to g* (as no vertical load on this stiffener)
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Annex 2: Stiffener/web construction

« Web panel 3
— Equilibrium of stiffener 56

Tf—(qg—q?’)hm:()

TG
— ¢ =q - = ‘ Bm— |  T5=15kN
fim 1=300mm  [—t— >
; | =300 mm
1510
— ¢° =15.810° — T 10°N-m~!

* This is the shear flow along stiffener 56 (not constant in web)
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Annex 2: Stiffener/web construction

 Web panel 3 (2)
— Loading in flange just before stiffener 13
* Moment around Point 3

2 3
/ q"*pads + / ¢**pads — TP = P,h,
1 2 :

q12 (A3+A2) +q23 (2A1+A2+A3) _ZTS
hy
—2.810% (0.095 + 0.095) + 17.210% (0.1 + 0.095 + 0.095) — 0.3 15103

0.3

— P; = —146 N

@ | TS=15kN

| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

 Web panel 3 (3)
— Loading in flange just before stiffener 13 (2)
« Moment around Point 3 (2)

P, = —146 N

—> P! = P'y1 tan (—15deg) = 146 tan 15deg = 39 N
P, 146

= pl = . = = —151 N

cos (—15deg)  cos 15 deg

— Compression in flange at point 1

h, =320
mm

@ | TS=15kN

A
\ 4
v

| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

 Web panel 3 (4)
— Loading in flange just before stiffener 13 (3)
* Moment around Point 1

2 3
/ ¢ prds +/ ¢*’prds —1T? = —P2h,
1 2 L

—q'? (247 4+ 247°) — ¢® (2AT + 2A4% — 247 + 243 — 24%°) + [T

3
| e— Py — hﬂr
s 2.810°40.001 —17.210% (0.1 +40.095 — 4 0.001) + 0.315 10?
By = 0.3

= P3 = _12210° N

Yy

h, =320
mm

@ | TS=15kN

| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

* Web panel 3 (5)
— Loading in flange just before stiffener 13 (4)
« Moment around Point 1 (2)
P} =-12.210° N

— P’ = P}tan15deg = —12.210% tan15deg = —3.2810° N

Py 12.210°
= P = ¥ = o 12710°N
cos 15 deg cos 15 deg

— Compression in flange at point 3

h, =320
mm

@ | TS=15kN

A
\ 4
v

| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

 Web panel 3 (6)
— Shearing in web panel 3 just before stiffener 13

« Equilibrium of the left part
~T% +¢*h — P —

PB

z

¢Ch, + P+ PP —¢Ph+T8 =0 — ¢’ = ;

s —1510% +17.210% 0.3 — 39 + 3.28 10?

|='>q':

0.3
= ¢° = —2210° N-m™!

g3 T,6 = 15kN
| =300 mm | =300 mm
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Annex 2: Stiffener/web construction

Web panel 3 (7)

— Shearing in web panel 3 just before stiffener 13 (2)
 Verification: Equilibrium of the right part

— Vertical equilibrium
Chy + P+ P2 = ¢*'h,

s a1 PP

l='>q p—

0.3
— ¢° = —32.810° —
— Horizontal equilibrium

@ =146 N7

P’ =-12210° N

39 — 3.2810°

0.3

= 92210 N.-m!
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